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PREFACE. 



The object sought to be attained in this book was not the 
ni&kin^ of an exhaustive scientific treatise on stresses, but to sup- 
ply at one a text book suited to the usual limited time which can 
be given to the subject, and a book of reference for the student in 
his future practical work, and for the practical engineer whose 
time is too much taken up to get with advantage from elaborate 
treatises, a working theory for whatever problem he may have 
in hand. 

This may seenj a difficult object to attain in one book. The 
method in which this object is accomplished is the only claim for 
originality which the author makes. The points which have been 
kept in mind are : 

1st. A nomenclature to correspond as nearly as possible 
to general practice in this country, and arranged alphabetically 
in a table to which reference can be made for the meaning of any 
letter in a formula wherever found. 

2nd. An avoidance of lengthy explanations of demonstra- 
tions with a multiplicity of letters and references to figures. The 
figures are made to speak for themselves as much as possible. 

3rd. While elementary proofs are avoided, there will be 
few things which the engineer, who has not studied Analytical 
Mechanics and Strength of Materials, will have to take on faith. 
Indeed, there is much which for the college student will be re- 
view, but is put in on account of its fundamental importance. 

4th. Not all the matter is intended for class room work, 
but some only for reference by the student should he have use 
for it in his future career as an engineer. On the other hand, 
many things should be amplified and taken up more in detail in 
connection with the problems which the student solves. The 
method adopted by the author is to take up a lesson first in the 
form of a lecture combined with questions, of which the student 
makes notes. These notes are studied and reviewed at the next 
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meeting of the clafis. Selutions of problenus are required to be 
kept in neat form in a separate book for future reference. 

5th. Numerous references are given so that more extended 
treatments of different subjects may be readily found by the 
engineer when occasion requires. 

As a book of reference, it is hoped that it will enable the 
engineer to put more time than usual upon questions of design, 
which generally receive too little attention both from the stand- 
point of economy and strength. A. H. Heller. 



The above preface was written by Prof. Heller shortly be- 
fore his death, which occurred February 20th, 1906. 

He had intended to cover, in his book, the common forms 
of statically indeterminate structures, as well as the three 
hinged arch and cantilever bridges, as will be seen by repeated 
references to succeeding chapters which are not included in this 
book. 

We believe that the fourteen chapters here presented, cov- 
ering as they do the stresses in all the forms of simple trusses, 
will be of benefit to the profession as a reference book and to 
schools as a text book. The manuscript for this book was used 
by Prof. Heller in his classes in typewritten form, and'is believed 
to be comparatively free from errors. We will be glad to have 
any typographical or other errors brought to our attention. 
Cohunbus, Oct. 9, 1906. C. T. Morris. 



NOTATION. 

The same letter is sometimes used to denote entirely differ- 
ent quantities which can not possibly be mistaken for each other. 
Sub-scripts and super-scripts denote particular values or 
values referred to particular axes, origins, or points. 

In general, capital letters denote totals, small letters denote 
units and distances, and Greek letters denote angles. 

Max. and min. written as sub-scripts denote maximum and 
minimum values. 

-4 = total area of cross section (square inches). 
.4£ = net area of one flange (square inches). 
-^w = gross area of the cross section of the web = th. 
a = distance shown in the figure. 
6 = width of a rectangular cross section. 
= width center to center of supports. 
= distance shown in the figure. 
C = centrifugal force per pound. 
Ci, C2, C% etc.^= constants of integration, 
c = distance shown in figure. 

D = total direct stress in posts with portal attached. 
/>!, Z>2, /?8> etc.= stresses in diagonal members. 
Z>c == degree of curve of track. 
D. i.= dead load or dead load stress. 
d == distance from the neutral axis to a parallel axis. 
= depth between centers of gravity of the flanges of a girder. 
= depth between centers of chords of trusses. 
= differential when written in connection with and preceding 
a variable. 
dA = an infinitesimal element of area. 

^ = modulus of elasticity in tension or compression (pounds 
per square inch). 
= equilibrant of two or more forces. 
^^ = modulus of elasticity in shear or shear modulus (pounds 
per square inch). 
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e = eccentricity of the center of gravity of a train with regard 
to the center line of the bridge. 
i= distance shown in the figure. 
E = horizontal reaction. 

h = height of a rectangular cross section. 

= depth of the web of a girder. 
/== moment of inertia of an area about its neutral axis. 
/q = moment of inertia of an area about an axis QQ parallel to 

the neutral axis. 
Zy = moment of inertia about the principal axis W, 
/, = moment of inertia about the principal axis ZZ. 
ft = in continuous beams, a fraction less than unity which mul- 
tiplied by the span length gives the distance of a load 
from a support, 
fco = that value of k which corresponds with x©. 
k^ = distance center to center of bearings, on the pin, at the top 

of the post. 
/c2 = distance center to center of bearings, on the pin, at the 

bottom of the post. 
L = total length. 

Li, L2, -L3, etc.= stresses in lower chord members. 
If. L.= live load or live load stress. 
Zj, I2, etc. = partial lengths of L. 

Af = moment at toy point or bending moment (foot pounds). 
3/1, M 2, il/a, etc. = moment at points 1, 2, a, etc. 
Afg = moment of resistance of a beam. 
M» = statical moment of an area. 
Mx == moment at a distance x from the origin = M, 
m = ratio of longitudinal to transverse deformation = reciprocal 

of Poisson's ratio. 
N = number of panels. 
n ^= a factor less than unity which multiplied by I gives the span 

length nl, 
P = concentrated load or force or panel load. 
Pi, Pg, P3, etc.= concentrated loads from left to right. 
Pi = instantaneously applied load. 
p z=z panel length. 
R = reaction. 
= resultant of two or more forces or loads. 
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R^y ^2) fitc.=reactions beginning at the left. 
= rays in a force polygon. 

r = radius of gyration. 
= radius of a circle. 

S = total shear or total shearing stress on a section. 

8'x = total shear at a distance x from the origin = /S (pounds). 

s = unit stress (pounds per square inch) . 

«i =unit stress in the extreme upper fiber of a beam's cross sec- 
tion. 

52 = unit stress in the extreme lower fiber of a beam's cross sec- 
tion. 

5c = unit stress in compression. 

5, = unit stress in shear. 

St = unit stress in tension. 

Sw = working unit stress. 

5u = ultimate strength in bending or modulus of rupture in cross- 
breaking. 

^ = thickness of web plate (inches). 

Ci, Cj, etc.= stresses in upper chord members. 

V = vertical reaction due to horizontal forces. 
Fj, Vo, etc. = stresses in vertical members. 

= vertical components of inclined reactions. 

V = vertical distance perpendicular to the neutral axis. 
= coordinate parallel to the principal axis VV. 

t', = distance of the extreme upper fiber of a beam's cross sec- 
tion from the neutral axis. 

v^ = distance of the extreme lower fiber of a beam's cross section 
from the neutral axis. 

W = total uniform load. 

tt' = uniform load ])er unit of length (pounds per foot). 
= distance shown in figure. 

X = horizonal coordinate or distance lengthwise of a beam. 

Xo = distance of point of zero moment from the origin. 

1/ =1= vertical coordinate or deflection of the elastic line. 

.Vi == deflection due to an instantaneously applied load. 

2/max = maximum deflection of the elastic line. 

z = coordinate parallel to the principal axis ZZ, 

a = angle shown in Pig. 

P = angle shown in Fig. 

8 = unit deformation in line of stress for tension or compression 
(inches per inch). 
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89 = unit deformation due to shear (inches per inch) = angle 
produced, in circular measure. 

SL ^= total deformation in length L (inches). 

^ = angle shown in the Pig. and usually measured from the ver- 
tical. 

7r = 3.1416. 

S = *'the sum of ''== summation of all terms similar to that fol- 
lowing this sign, 
r =sign of integration and denotes the summation of all the 
infinitesimal values of the following variable. 

<^ = angle shown in the Pig. 



CHAPTER I. 

STRESSES AND DEFORMATIONS WITHIN THE ELASTIC 

LIMITS. 

1. Object of the Study of Stresses. In order that an engi- 
neer may be able to design structures to resist forces— to carry 
loads— he must know how forces are transmitted, and the proper- 
ties of the materials of construction for transmitting them. The 
subject consists of two distinct parts : 

1. The stresses must be calculated ; this part is based upon 
that branch of mechanics called staticSy which treats of the equi- 
librium of forces. 

2. The amount and distribution of material in a structure 
must be determined so as to resist the stresses safely and econom- 
ically; this part is based upon the strength of materials as de- 
termined by experiments. 

In what follows, only so much of the second part of the 
subject will be considered as is necessary to bring out the practi- 
cal applications of the first part. 

2. Kinds of Structures. The kinds of structures to be 
considered are beams and combinations of beams, forming rail- 
way and highway bridges, roofs, buildings, cranes, conveyors, etc. 

A BEAM, in general, is a single piece, or structure, carrying 
loads beyond or between supports. 

A siMPiJB BEAM is a beam consisting of a single piece, as a 
stick of timber, an I beam, etc. This is what is ordinarily meant 
by a beam. ^ 

A GIRDER is a beam built up of a number of pieces which are 
riveted together.^ Several forms of girders are shown in cross 
section, in Pig. 1. 



Un high building construction, the floor joists are called beams, 
and any be^m which supports them is called a girder. 
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FORCES ACTING ON STRUCTURES. Art. 3. 

Hangt. Hange 
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Flange f/ange 

BOX G/RO£/^ 



Fig. 1. 

A plate girder is a girder having one web— a single plate. 

A hox girder is a girder having two or more webs. 

The flanges are usually made of angles or of angles and 
plates. 

A TRUSS^ is a beam composed of a number of members con- 
nected together, by pins or rivets, so as to form a stable struc- 
ture, the stresses in the members being tensile and compressive, 
and the loads being applied at the joints.- See Fig. 2 for the 
names of the different members of a truss and chapter XI for 
different kinds of trusses. 
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Fig. 2. 

3. Forces Acting: on Structures. The forces which act 
upon such structures as bridges and buildings are loads, reac- 
tions, and stresses. The loads produce the stresses in the structure 
and the reactions at the supports. The loads and reactions are 
EXTERNAL FORCES and the stresses are internal forces. 

4. Kinds of Loads. A dead load is one that is considered 
as being always applied in the same position on a structure; it 
may, or may not, act constantly. If it is the weight of the 

^The t«rm girder is sometimes used in place of truss, esi)ecially for 
continuous or lattice trusses. 

* Occasionally, a truss carries loads which are not applied at the 
joints and some of the members must also act as beams. 



Art. 5. MANNER OF APPLICATION OF LOADS. 3 

structure itself, it acts constantly ; if it is the force of the wind or 
the weight of snow, it acts intermittently. The force of the 
wind is very variable in intensity on and distribution over a 
structure, but its maximum effect is taken as a uniform dead 
load. 

A LIVE LOAD is a moving load, or one that moves over the 
structure, and may have any practical points of application. It 
is assumed that a railway train moves over a bridge on the track 
and a horse on the roadway. Pedestrians, vehicles, the wind 
blowing against a moving train, and traveling cranes are exam- 
ples of live loads^ 

A CONCENTRATED LOAD is ouc that is treated as being applied 
at a single point or along a line, such as a wheel load. Prac- 
tically, every load is applied over an area although this area 
may be very small. 

A DISTRIBUTED LOAD is a coutiuuous load applied over an area 
and is usually uniformly distributed. A structure's own weieht 
is usually taken as uniformly distributed, and live loads are 
often assumed to be uniformly distributed. The pressure of 
water against a dam, or of earth against a retaining wall, are 
examples of non-uniforwly distributed loads. 

5. Manner of Application of Loads. Loads are applied 
gradually, more or less suddenly, or with impact, 

A DEAD LOAD, like the structure's own weight and the weight 
of snow, is usually gradually applied but not necessarily. It is 
imi)ossible to apply a load instantaneously. Theoretically, the 
effect of an instantaneously applied load is double that of a 
gradually applied one (19), but the effect of a suddenly applied 
load is much less and the effect of a load applied with impact 
may be more, but ordinarily is not so great. 

A LIVE LOAD may be gradually applied, but is usually applied 
more or less suddenly and with some impact. The weight of a 
railway train is applied to a bridge more or less suddenly, de- 
pending on its speed; it is also applied with impact on account 
of some of the moving parts of the engine being unbalanced, on 
account of **flat wheels,'' '*low joints," etc. The striking of a 
horse's hoofs upon the floor of a bridge, and the jolting of a 
vehicle due to inequalities of the floor, are examples of impact. 



^The definitions of dead and live loads here given do not correspond 
witli those given in meclianics but with the nsage of engineers. 
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All loads, (dead or live), which are not gradually applied, 
produce vibrations which gradually disappear if the loads come 
to rest on the structure. In other words, the distortions of the 
structure are momentarily greater than for the same static loads 
and these are evidences of stresses, exceeding the static stresses, 
which may be" called vibratory stresses. 

If the impulses causing vibration are applied at intervals 
corresponding in a certain way with the time of vibration of the 
structure, the effect will be cumulative, and the stresses may be 
very great. Practically, there is more or less interference^. 

Vibratory stresses are usually the result of a number of 
diflEerent causes, and it is important that the construction be of 
such a character as to keep them within proper limits ; allowance 
is usually made for them in a more or less arbitrary manner 
under the name of impact stresses. 

Impact stresses usually include all stresses in excess of 
those due to the same loads gradually applied. The total equiva- 
lent static stress is, then, equal to the sum of the dead load, live 
load, and impact stresses. In getting stresses, all loads are 
treated as being gradually applied, producing static stresses. 
To make allowance for impact, a certain percentage of the live 
load stress is added, depending upon the directness with which 
the live load stress is imparted. The impact stress is greater for 
a short span than for a long one^ 

6. Materials of Construction. The ordinary materials of 
construction are stone, brick, concrete, timber, cast iron, cast 
steel, wrought iron, and wrought steel. Wrought steel is the 
material most largely used for structures in which the engineer 
has most to do with stresses. 

These materials have various properties to a greater or 
lesser degree, such as density, hardness, brittleness, ductility, 
elasticity, strength, etc. The most important of these are strength, 
elasticity and ductility. 

7. Elasticity and .Stress. The materials of construction are 
more or less elastic, that is, they undergo changes of form under 
the action of forces. Let Fig. 3 represent a bar held rigidly at 

iFor a full account of measurements of vibrations of railway 
bridges and their causes, see a paper by Professor P. E. Turneaure In 
the Trans. Am. Soc. C. E. Vol. 41, p. 411, and a paper by Professor 
S. W. Robinson In the Trans. Am. Soc. C. E. Vol. 16, p. 42. 

*See the bridge specifications of the American Bridge Company. 
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its upper end; if a weight W be suspended from it, it will 
stretch; at the same time a resistance is developed in it which 
increases, as the bar becomes deformed, until it balances, or holds 
in equilibrium, the external forces acting on the bar and the 
deformation ceases. 

A STRESS is the internal resistance de- 
veloped in a body by forces deforming it. 
A stress may be imagined to be carried 
from molecule to molecule as the links of 
a chain transmit a force by acting in op- 
posite directions upon each other, so that, 
at any imaginary cross section as pq, 
Pig. 3, the internal forces are acting in op- 
posite directions and away from the sec- 
tion. In this way, the effect of the weight 
W is transmitted through the bar to its 
support at the top, producing a stress at 
every cross section equal to W. It is plain Fig. 8. 

that, at the ends of the bar, the stresses will have opposite direc- 
tions, just as the external forces have opposite directions. 

In Fig. 4 the directions of action of 
the external forces and stresses are reversed 
—the bar is in compression; the bar of Fig. 
3 is in tension. 
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8. Elastic Limits. If, from the bars 
of Figs. 3 and 4, the loads be removed, they 
will return to their original dimensions or J_ 

shape, provided the stresses have not ex- 
ceeded a certain limit called the elastic 
limit. It has been found by experiments, 
that stresses and deformations are directly ^_^J 
proportional to each other within a certain Fig. 

Umit called the limit of proportionality. 
(Hooke's Law). Practically, these two limits are the same, 
although the true elastic limit is below the limit of proportion- 
ality (21). 

When the stress has exceeded the elastic limit, some of the 
deformation is permanent and the body is said to have taken a set. 

The elastic limit of any material depends upon its grade and 
quality, and is much more sharply defined in wrought iron and 
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steel than in other materials of construction. Cast iron and 
timber, for example, can scarcely be said to have elastic limits, 
but, practically, certain values may be assigned within which 
the permanent deformations are negligible. 

9. Deformations.^ Besides the longitudinal deformations 
in the bars of Figs. 3 and 4, there are also transverse deforma- 
tions; the area of the cross section is contracted in tension and 
expanded in compression, so that in one case A^ is less, and in the 
other case A^ is greater than A. Within the elastic limits th3 
deformations are proportional to the stress, and depend upon its 
intensity. 

The relation between the longitudinal and transverse defor- 
mations has not been well determined for most materials, but for 
metals the transverse deformation is usually taken from ^ to ^ 
(Poisson's Ratio) as much per inch as the longitudinal; this 
ratio may be taken as 0.3 for iron and steel. 

10. Unit Stresses. If the forces W are applied uniformity 
over the ends of a bar, the stress at any cross section will be 
uniformily distributed, and the unit stress will be the stress 
per unit of area. 

« = — = — (nearly) (1) 

Ai A 

Within the elastic limit, deformations are so small that A 
and J-i are practically equal and, in any case, it is usually the 
stress per unit of original area that is wanted. 

Working stresses for structures are the unit stresses used 
in their design (24), and are taken well within the elastic limits. 
If the elastic limits were exceeded in any part of a structure, it 
would not return to its original shape, and might finally become 
unfit for the purpose for which it was intended ; there might also 
be a dangerous redistribution of stresses. We are, therefore, 
chiefly concerned with stresst^ within the elastic limits. 

11. Modulus of Elasticity. According to Hookers Law, de- 
formations and stresses within the elastic limits, for any one kind 
of stresSy are proportional to each other. For example, if a bar of 
steel having an elastic limit of 40000 lbs. per square inch be sub- 
jected to a pull of 10000 lbs., producing an elongation of 0.01 in., 

1 The term strain is used by most writers to denote the deforma- 
tion accompanying stress, but since engineers commonly use strain to 
denote stress, the term is here avoided. 
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a pull of 20000 lbs. will produce an elongation of 0.02 in., of 
25000 lbs., 0.025 in., etc. The constant ratio of stress to deforma- 
tion is a physical constant, usually represented by E, and is called 
the modulus (measure) of elasticity ; for tension and compression, 
it is the same and is called Young's Modulus. In the form of an 
equation. g _ JLor £8 = . (2)- 

For steel E is about 29000rK)0 when 8 is in inches and s in 
pounds per square inch, that is, the longitudinal deformation per 
lineal inch is ^^^ o^oinr P^'*^ ^f <*^ i^^^^ f<^^ every pound stress per 
square inch of cross section^. 

Referring to a steel bar as shown in Fig. 3, if W=z 60000 lbs., 
6=2 in., /t=3 in., L=290 in., we have A=6 sq. in., ^=10000 
lbs., per sq. in.; S = i^WoVinr = tsVtt i"^-; ^ ^ = ^o\ = 0-1 in-; 
bi = 2 — -^^j^ and hi^ 3 — ^^t^- It is evident that Ai will 

2»UU 29UU 

be but slightly smaller than A. 

The modulus of elasticity is a measure of the stiffness of a ma- 
terial. Since 8 = -«-, for the same unit stress, the deformation 
will he least for the material having the greatest modulus of 
elasticity. Steel and iron are stiflfer than timber. Stiffness is 
important in structures subjected to impact stresses. 

There is naturally considerable variation in the value of a 
physical constant, particularly for some materials ; the following 
values of Young's Modulus may be taken as general values. 

YOUNG'S MODULI OF ELASTICITY^ 
White oak and long-leaf pine 1000000 to 2000000. 
Wrought iron 26000000 to 30000000. 
Steel 27000000 to 31000000 (includes all grades). 
Cast iron 12000000 to 15000000 (increases with strength). 



^This equation is easily remembered; it can not be J5!s=d because 
this would give an absurdly large deformation. 

*Some writers use the term ooefi&cient of elasticity in place of 
modulus of elasticity, but in order to have the coefficient in the form 
usually given to physical constants. It would h^ve to be the reciprocal 
of the modulus. For steel, the coefficient of elasticity would be 
,^^555= 0.0000000345. Comparing this with the coefficient for ther- 
mal expansion, the total change in length due to a change of tempera- 
ture of t degrees equals . 000^00665 U and the total change in length 
due to a ch^ange of stress of « pounds per square inch equals 
0.0000000345 Ls. 

^or further data with regard to the modulous of elasticity, see John- 
son's Material of Oonstruction, Burr's Elasticity and Resistance of the 
Materials of Engineering, Goodman's Mechanics Applied to Engineer- 
ing, and Swing's Strength of Materials, 
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12. Kinds of Stress. The fundamental idea of a stress is 
that of two equal, opposite forces acting in any direction on the 
opposite sides of a plane section, taken in any direction, through 
any point of a body at which the stress is desired. It is usually 
desired to find that section for which the intensity of stress is a 
maximum, since this is the stress to which the working unit 
stresses are applied to determine the required area of the section. 

It may be shown that, in general, there are three stresses, of 
tension or compression, acting at right angles to each other, 
which are called principal stresses; these simple principal stresses 
occur in any body under stress no matter how produced. Since 
we usually have to deal with forces assumed to act in a plane, we 
consider only two principal stresses ; the intensity of stress in the 
directio7i of one of these is greater, and of the 
other is less, than in any other direction} In the 
case of simple tension. Pig. 5, the maximum 
principal stress is equal to P acting on the sec- 
tion CD, On any inclined section, AB, there will 
be a normal component N (tension) and a tan- 
gential component fif, called a shExIRIng stress. 
If the material is homogeneous (isotropic), CD 
is the critical section ; but if it were timber, for 
example, with the grain running in the direction Yig. 5. 

AB, the critical section would be AB, 

It is evident, then, that wherever there are tensile or com- 
pressive stresses there will also be shearing stresses, except on 
particular planes perpendicular to the principal stresses. It is 
evident too that a tensile (or compressive) stress may be the 
resultant of a shearing stress and a tensile (or compressive) 
stress. Tensile and compressive stresses may also result from 
shearing stresses and pure shearing stress from tensile and com- 
pressive stresses of equal intensities acting at right 'angles to 
each other'*. 

Practically, it is seldom necessary to find the resultant of 
several stresses, but in addition to the three simple stresses, three 






^See Merriman's Mechanics of Materials, Greene's Structural Me- 
chanics^ Alexander and Thompson's Applied Mechamcs or Rankine's Ap^ 
plied Mechanics. 

'For investigations of interesting conlltions of stress see works on 
mechanics. 
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others are distinguished, which are due to a non-uniform distri- 
bution of tension, compression and shear. The different kinds 
of stress are, 

1. Tensile. Molecules pulling against each other. 

2. Compressive. Molecules pushing against each other. 

3. Shearing. Molecules sliding past each other. 

4. Bending. A combination of tension and compression 
in different parts. 

5. Buckling. A combination of compression and bending. 

6. Torsional. Shearing by twisting. 

Tensile stresses occur in trusses; shearing and bending 
stresses in simple beams and girders; buckling stresses in the 
compression members of all beams and in columns ; and torsional 
stresses are usually avoided. 

Combinations of the above stresses are of frequent occur- 
rence and are usually treated as being simply superimposed, but 
this is not always strictly correct. 

13. Distribution of Stress The ordinary cases of the dis- 
tribution of the intensity of stress are illustrated in Pig. 6. 
Cases (e), (f), and (g) are combinations of the other cases. 





(e) 3uck/^h^ cf 




and hencftn^ 
Fig. 6. 



Bendtn^ 



Beyond the elastic limit the distribution of stress is different ex- 
cept for cases (a) and (6). 

Practically, it is diflScult to get these ideal distributions of 
stress. The following are some of the variations from ideal con- 
ditions. 
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(a) The material may not be of homogeneous structure as 
in wood, for example; indeed any material will vary somewhat 
from perfect homogeneity. 

(b) There may be initial stresses due to unequal heat 
treatment ; this is particularly true of cast iron in which the outer 
parts are in compression, due to the cooling of the inner parts 
after the outer have solidified ; the resistance of the outer parts to 
the contraction of the inner produces initial tension in the latter. 

Initial stresses may be largely eliminated by annealing or 
by stresses which are large enough to produce considerable 
permanent set. 

(c) There may be undiscoverable defects, such as blowholes 
in castings, which might have the same effect as an eccentric 
application of the load. 

(d) It is difficult to apply a force exactly in the axis of a 
tension or compression piece so as to produce a uniform distri- 
bution of stress. 

(e) If there is any interference with the transverse deform- 
ation of a tension or compression piece, the longitudinal 
deformations will be changed. If there be a hole or a 
notch (Fig. 7) in a tension piece, the unit strength on a 
section through the notch or hole will be greater than for 
a plain piece ; the material outside of the notch, near it^ 
acts like a transverse force to prevent contraction of the 
cross section. This effect disappears when the notch is 
made long enough, but near the point of transition, from 
the smaller to the larger sections, there will be a non- 
uniform distribution of stress; the transition should be 
a gradual one. 
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Fig, 7, In a block under compression, there is always friction 
on the faces to which the external forces are applied, and this 
uiterferes with lateral expansion. 

(f ) The form of the cross section has some influence upon 
the distribution of stress and deformation, because the flbera do 
not act independently as is ordinarily assumed ; that is, a bar of 
circular cross section will not offer exactly the same resistance 
as one of rectangular cross section having the same area; nor 
win one bar, whose area is equal to the total area of four bars, 
offer the same resistance as the four bars. 

Since the parts of a solid body can not be deformed inde- 
pendently, there is, even within the elastic limit, a constant ten- 



Art 14. TENSILE AND COMPRESSIVE STRESSES 



11 



dency to equalize the stress on any section. As soon as one part 
is deformed more than another it throws more stress upon adja- 
cent parts, but abrupt changes of section should always be 
avoided in order that the stress may be unif ormily distributed. 

14. Tensile and Compressive Stresses. Tensile and com- 
pressive stresses arc alike except that they act in opposite direc- 
tions ; they are normal stresses. Forces which elongate a body in 
the direction of their action, produce tensile stresses in it, while 
those which compress it, produce compressive stresses. The in- 
tensity of stress in either case is determined by equation (1). It 
is important to note, however, that when the ratio of the length 
to the least lateral dimension of a piece in compression, exceeds 
a not well defined amount— when the piece is a column and not a 
block—there will be buckling stress ; this is treated under columns 
in chapter X. 

15. Shearing Stresses. Forces which deform a body by 
moving parallel surfaces past each other, produce shearing 
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stresses in it; these are tangential 
stresses. Scissors and shears pro- 
duce shearing stresses in a singlo 
plane as nearly as may be. In 
Fig. 8, there are shearing stresses 
in the bolt along the planes AB 
and CD. 

A weight on a beam as in 
Fig. 9, produces shearing stresses 
at cverif cross section of the beam 
because its effect must be trans- 
mitted to the supports, producing 
This is a case of much practical import- 



Fig. 9. 

the reactions R^ and /?2 
ance. The shearing stresses may be considered separately from 
the bending stress which also occurs; if the maximum (principal) 
stress were wanted at any point, the resultant would have to be 
found. (72). 

16. Shears. The shear, at any section of a body, is equal 
to the algebraic sum of all the components of the external forces 
taken parallel to the section and acting an either side of it. 
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and 18 equal to the sheanng stress 
on the section. Thus in Figure 
10, the shear (vertical) between 
Ri and Pi equals 4000 lbs. act- 
ing up; between Pi and Pj, 2000 
Fig. 10. lbs. acting up; between Pi and 

A, 1000 lbs. acting down; at the section pq, 1600 lbs. (1000 
+3X200) acting down; just to the left of i?2, 2500 lbs. (1600 
+4^X200) acting down; and just to the right of Rr there is 
zero shear (2500—2500), as there should be. In Fig. 9, there is, 
in like manner an **up" shear on each section between i?, and 
P, equal to i?,, and between P and R^, a down shear equal to 
i?i— P, (since P is larger than R^) or to ii^j- 

An *'up'' shear simply denotes that the part to the left of 
the section tends to move up, past the part to the right, or the 
part to the right tends to move down, past the part to the left. 
Beginning at the right, we get the same results if we apply the 
terms up and down to the part on the left as before. Shears are 
usually spoken of as positive and negative, an ''up" shear, going 
from left to right, being positive. 

At a load, the shear changes abruptly, sometimes passing 
through zero, so that we speak of the shear just to the left or 
just to the right of the load, never at the load. Since loads car- 
ried by trusses act at the panel points, the shear can change only 
at the panel points, and is constant in the panels, hence we speak 

of the shear in a panel. In Fig. 11, 
the shear in the first panel is equal to 
Rj^; in the second panel, to R^^P^ ; in 
the third, to R^—P^—P,,; in thfe 
- fourth, to R^—P^—P^—P^ or to R^. 
^^^' ^^' It is evident, in this case, that the 

shears are not resisted by shearing stresses, but by tension or 
compression in the diagonal members. The diagonals of the end 
panels are in tension, because the shear tends to distort the rect- 
angles so as to elongate these diagonals. In this case, as in the 
cases of Pigs. 9 and 10, there is also bending; in fact, shear 
strictly never occurs except in combination with bending. 

17. How Shearing: Stresses Occur. In Fig. 5 it was shown 
how shearing stresses occur in connection with tensile stresses; 
in like manner, shearing stresses occur with compressive stresses. 
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If, as in Fig. 12, we have a combination of 
tensile and compressive stresses of equal 
intensities, acting at right angles to each 
other, and investigate the stresses on planes 
making angles of 45 degrees with the direc- 
tions of these stresses, we shall find simple 
shearing stresses; on other planes there 
will be both shearing and normal stresses. 
Fig. 12 shows how, on both sides of the 
plane AC, the normal components of the tensile and compressive 
forces neutralize each other, and how the tangential components 
are added together : the same result will, of course, obtain for the 
plane BD, The cube may be conveniently considered as a unit 
cube so that the stresses on the faces AB, BC, CD, and DA will 
be unit stresses. 

We have, then, under the above conditions, simple shearing 
stresses, of equal intensity, at right angles to each other. Con- 
versely, if we have shearing stresses of equal intensities acting 
at right angles to each other, there will be tensile and compressive 
stresses of equal intensity on planes making angles of 45 degrees 
with the planes of the shearing stresses. This 
is shown in Fig. 13, which is the same as Fig. 
12, except that the directions of the stresses 
have been turned through an angle of 45 de- 
grees, and that the diagonal planes are the 
planes on which simple tensile and compres- 
sive stresses act. The figure shows how thn 
compressive stress on plane EO is produced. 
On FH there will be tensile stresses. 

The above investigation shows that shearing stresses occur 
in pairs at right angles to each other, if there is equilibrium. It 
would not be possible, in Fig. 13, to have the tangential forces 
acting on planes E H and F G without those on E F and IIG, 
for the former form a couple which would turn the cube in a 
clockwise direction. It follows that, wherever, in an elastic solid, 
a transverse shearing stress occurs, there is also a longitudinal 
shearing stress of eqtial intensity ; the resultants of these, upon 
planes at angles of 45 degrees vnth the shearing stresses, are equal 
tensile and compressive stresses. It may easily be shown (Fig. 12) 
that the intensities of these three kinds of stress are the same (72) . 




Fig. 18. 
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If the cubes of Figs. 12 and 13 be taken indefinitely small, 
the stresses may, in any case, be considered as 
uniformly distributed over the faces of the cube, 
and the above principle holds even if there are 

4_^_^ )lT also tangential forces (Fig. 12) or normal forces 

^/**l^ (Fig. 13) acting on the faces, or both kinds aet- 
Fig .14. -jj^ ^jj ^YiQ front and rear faces. 

In the beam of Fig. 9 we found a vertical shear, which 
would evidently produce a deformation of the part between any 
planes as pq and re, as shown in Fig, 14. But according to the 
above principle, there must also be horizontal shearing stresses; 
that the deformation will be as shown in Fig. 14 is evident from 
Fig, 13, which presents the condition of any small cube in the 
beam, and shows that the diagonal EG will be lengthened and 
the diagonal FH shortened. There are also bending stresses in a 
beam, as shown in Chapter VII, where it is again proven that 
there are horizontal shearing stresses in beams. 

18. Shear Modulus. Since a shearing stress moves the 
• molecules in one section parallel to those in an adjacent section, 

the resulting deformation, between any two parallel sections, will 
be as shown in Fig. 14. The angle §« is the measiire of the 
deformation which is r'r in the distance pr' ; unit deformation is, 
therefore, 

— =tan 8a = Sd (in circular measure), since the deformations, 

pr' 

within the elastic limit, are very small. 

The relation betw^een unit deformation and unit stress is 
constant, within the elastic limit, and is determined by experi- 
ment as in tension. 

S. = -J-or^, 8, = .s (3) 

E^, the shear modulus, may also be determined theoretically 
from the cases shown in Figs. 5 or 12, if Poisson's ratio is known. 
This theoretic relation is, 

E^ = ^ « ^ , E=~^E, when m =4 or Poisson's ratio equals -r- 
* 2 m -f- 1 6 ' ^4 

19. Work Done in Deforming a Body. Resilience. Since 
work is measured by the product of the force acting and the 
distance through which it acts, the work done in elongating a 
steel bar, for example, is equal to the elongating force times the 
elongation. If the force is gradually applied, it increases from 
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zero to the final value ir, and its mean value is i ^ W. If the 
a<*eon)panying elongation is 8L, the total work done is ^^»U'8/ ,• 
if this be divided by the volume AL, we have. 

Work done per unit volume = ^ s 8 
If s does not exceed the elastic limit, this will also represent 
the potential energy in the bar per unit volume, or the energy 
restored when the load is taken off or when the bar springs back, 
and is called the resilience. 

8 i 
Resilience per unit volume ^ ^ s 8 = ^ - - from rr/. (2). (4) 

hi 

The term resilience is also applied to designate the work 
done on a body stressed beyond the elastic limit (21). 

The work done by an instantaneously applied force \V would 
be W 8 L, and hence it will produce twice the strt^ss, on the same 
bar, that a gradually applied force produces. If the stress is 
doubled, the deformation is also momentarily doubled (within 
the elastic limit). This has been of importance in selecting 
working stresses. 

If the load is applied with impact by a wei^rht IV falling 
through a height /i, the work done at the instant of im- 
pact, will equal Why and it will be spent upon the falling weight, 
the body struck, and its supports ; how much is spent on the body 
struck would be diflScult to determine. 

The resilience is a good measure of the shock-resisting qual- 
ities of a material. To compare various materials in this respect, 
substitute the elastic limit for s in equation (4). The elastic 
resilience of a steel having an elastic limit of 40000 lbs. per 

40000 X 40000 
square inch equals 2^29^00000^^^"'^ inch-pounds per cubic 

inch. The elastic resilience of a cast iron having an elastic limit 

of 12000 lbs. per square inch equals -^ i^iooqoq = ^-^ ^^h" 
pounds per cubic inch*. 



iFor the resilience of beams see Art. (84), ^uid for a discussion 
of the whole subject, see Chapter VI of Johnson's Materials of Con^ 
%truction. 



16 QUESTIONS AND PROBLEMS. CHAPTER I. 

1. What is statics ? 

2. May a structure be composed of simple beams, girders, 
and trusses? What are the constituent parts of a truss called? 

3. Which members are the web members of a truss ? 

4. When is the force of the wind taken as a live load? 

5. Give three examples of a concentrated load and three 
of a distributed load. 

6. How may impact stresses be measured? 

7. What were the main conclusions at which Prof. Tum- 
eaure arrived, in his investigations of the vibrations of railway 
bridges ? 

8. What is the total equivalent static stress in a member 
of a bridge truss, for which the dead-load stress is 70000 lbs., the 
live-load stress 200000 lbs., and the impact stress is taken as 

800 

ofuvsT times the live load stress, L being 150 in this case. 

Ans., 403300 lbs. 

9. What are the principal uses to which the materials men- 
tioned in Art. 6 are put ? Which of these materials is the heav- 
iest? Which are brittle? Which are ductile? Which has the 
greatest strength ? 

10. What, according to Johnson's Materials of Construc- 
tion, is the elastic limit of steel? Of long-leaf pine? Of steel 
piano wire ? 

11. What is the stress per square inch in a steel tension 
member which carries a stress of 64000 lbs., and whose area of 
cross section is 6.4 sq. ins. ? What total stress will it carry if the 
working stress is 12000 lbs. per sq. in. ? 

12. If the coeflScient of expansion of steel is 0.0000065 and 
of concrete 0.0000055, what kind of stress will be induced, by a 
fall of temperature, in a bar of steel imbedded in the center of 
a block of concrete, if the adhesion is perfect? What kind in 
the concrete? 

13. If E = 29000000, what will be the total elongation of a 
steel bar 20 ft. long, having a section 6 in.Xl^ in., and carrying 
a stress of 108000 lbs. in tension ? 

W 108000 -onmiv. 

— == 8 = — == 12000 lbs. per. sq. in. 

A 6 X li 

S = J-= ^^^ = 0.000413 in. 
E 29000000 

8 L = 0.000413 X 12 X 20 = 0.099 in. 



QUESTIONS AND PROBLEMS CHAPTER I. 17 

14. U E = 30000000, and the elastic limit of a steel bar 10 
ft. long is 36000 lbs. per sq. in., what will be the elongation per 
inch at the elastic limit ? What the total elongation ? 

Ans., 0.0012'' and 0.144". 

15. An iron bar 30 ft. long stretches 0.18 in. under a stress 
per square inch of 14000 lbs. ; what is the value of E ? 28000000. 

16. The length of a steel compression member in a truss is 
247 in., the area of its cross section is 60 sq. in., and its contrac- 
tion of length during the passage of the live load is 0.0247 in. 
What is the live-load stress, E being 29000000? Ans., 174000 lbs. 

17. If a street railway rail be supposed to be rigidly held 
at its ends, what kind of stress will be induced by a fall of 
temperature of 60°F.? What will the intensity of stress be if 
the modulus of elasticity is 30000000 and the coefficient of ex- 
pansion 0.0000065? Ans., 11700 lbs. per sq. in. 

18. If a plate girder be anchored at each end to rigid walls 
so that it can not expand or bend, what stress per sq. in. will be 
imdaeed by a rise of temperature of 100° F. ? E = 29000000 and 
the coefficient of expansion = 0.0000065. 

Ans., 18850 lbs. per sq. in. 

19. Is the stretch of a twisted wire hoisting cable elastic or 
only partly elastic? Why? 

20. A steel column for an office building is made 250 ft. 
long ; how much will it be shortened when the average unit com- 
pression in it is 10000 lbs. per sq. in., E being 30000000? What 
will be the contraction if the column is cast iron under an aver- 
age stress of 8000 lbs. per sq. in., E being 12000000 ? 

Ans. 1 in. 2 in. 

21. If a tension member be made of two bars of steel, each 
6"xr', and two bars of iron, each 6''x%", so that the elongation 
is the same for all when the total stress is 252000 lbs. ; w^hat will 
be the stress per square inch in each bar if E is the same for all ? 
What if JS? = 31000000 for steel and 27000000 for iron? 
Ans., 12000 lbs. per sq. in. 11180 lbs. per sq. in. for iron and 
12820 for steel. 

22. If E is 12000000 for cast iron, what should be the 
elongations of a bar one square inch in cross section and 30 
inches long, when the loads on it are 3000 lbs., 6000 lbs., and 
9000 lbs., if the metal is perfectly elastic under these loads? 

Ans., 0.0075", 0.015" and 0.0225".. 
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23. Which is the stiflfer, steel with a unit stress of 12000 lbs. 
per sq. in. and E = 30000000, or iron with a unit stress of 10000 
lbs. and E= 27000000 1 How do they compare ? Ans. As 4 to 3.7. 

24. A steel piano wire 4250 ft. long with an 8 lb. plumb- 
bob was let down a mine shaft ; when the 8 lb. bob was exchanged 
for a 50 lb. bob, the observed elongation was 15 ft. What was tho 
change of stress per square inch, the cross-sectional area of the 
wire being 0.00038 sq. in. ? What was the modulus of elasticity 
of the steel 1 Was the elastic limit exceeded ? 

Ans. 110500 lbs. per sq. in. 31,330,000. 

25. If in Pig. 5, Art. 12, the section is 2"x3" and P = 72000 
lbs., what is the maximum principal stress per sq. in.! What 
will be the shearing stress per sq. in. on planes making angles 
of 45° with the axis? On what planes is the unit shearing stress 
a maximum ? How does it compare with the maximum unit ten- 
sile stress? 

Ans. 12000 lbs. per sq. in. max. tension. 6000 lbs. per sq. 
in. max. shear. 

26. What kinds of stresses are found in simple beams? 

27. May a combination of bending and tensile stresses re- 
sult in tensile stress over the entire section ? Illustrate. 

28. What is the maximum unit stress in a steel bar 7 ft. 
long, whose section is 3"x6", when the compressive load on it 
is 180000 lbs.? 

29. What is the difference between shear and shearing 
stress ? 

30. Will a notched bar elongate more or less than a plain 
one? 

31. What is the shear in the middle panel of a truss of five 
equal panels, and carrying equal panel loads at each panel point? 

32. What is the shear at the middle of a beam, supported 
at its ends and carrying a uniformly distributed load over its 
entire length ? 

33. Prove that the intensity of shearing stress on the plane 
AC, Fig. 12, Art. 17, is equal to s. 

34. What is the deflection at the middle of an I beam, sup- 
ported at its ends, due to shear only, for a load at the middle 
such that the shearing stress per square inch (which is assumed 
uniformly distributed over the web) is 4000 lbs? The span 
is 20 ft. and E, =12000000. Ans., 0.04". 
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35. A steel bar is 8 ft. long and two square inches in cross 
section ; its elastic limit is 30000 lbs. per sq. in. and i5:=29000000 : 
what must be the cross section of a cast iron bar of the same 
length so that it will have the same elastic resilience, the elastic 
limit being 10000 lbs. per sq. in. and E = 12000000. 

Ans. 7.43 sq. in. 

36. Ill problem 12, what will be the ratio of the unit stress 
in the steel to that in the concrete, for a unit deformation $ 
if E^ and Est are, respectively, the moduli of elasticity of con- 
crete and steel t 
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20. Non-elastic Stress and Deformation. For stresses 
above the elastic limit, the deformation is chiefly permanent, and 
deformations and stresses are not proportional— the deformation 
increases faster than the stress. Since working stresses are well 
within the elastic limit, stresses and deformations beyond it are 
of little importance in designing structures, but are important in 
interpreting tests of materials. The character of the relation 
which exists between stresses and deformations, may be seen best 
if they are plotted on a stress-deformation diagram. 

21. Stress-deformation Diagrams. Fig. 15 shows a stress- 
deformation diagram of a piece of soft steel tested in tension. 

In accordance with Hooke's Law, 
OA is a straight line, AA' being 
equal to the elastic limit, which, 
in this case, is practically the 
limit of proportionality between 
stress and deformation. Above 
A the deformations increase 
faster than the stresses, and at 
B the material may be said to 
flow, because no increase of 
stress (or even a less stress) is 
required to continue the deform- 
ation. The point B is called the 
YIELD POINT because the metal 
^^^- 1^- ** breaks down^' at this point; it 

is the ** elastic limit '^ in commercial testing and is determined by 
the drop of the scale beam of the testing machine ; it is, therefore, 
much more conveniently gotten than the point A. 

For iron and structural steel, the points A and B are iLSually 
close together, but for some ductile materials there is considerable 
difference between the stress at the elastic limit and at the yield 
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point. Timber and brittle materials like hard steel, cast iron, 
and stone, do not have a yield point, and for them the limit of 
proportionality is determined from stress-deformation diagrams. 
The vertical ordinates of the stress-deformation diagram 
measure the unit stresses accompanying the deformations meas- 
ured by the corresponding absiccas. Thus EE' is the unit stress 
when OE^ is the unit elongation. AA' is the unit stress at the 
elastic limit, and this is what is usually meant by the elastic 
limit ; OA^ is the corresponding elongation. It will be observed 
that the elastic deformation is very small part of the total OD^ 
CC is the ULTIMATE STRENGTH or maximum unit stress shown in 
the test ; it is not the unit stress at the point where rupture takes 
place. DD' is the unit stress just before rupture takes place ; this 
is less than the ultimate strength because the area of the cross 
section of the test piece decreases. The stresses in the diagram 
are per unit of oripnal area which is what the engineer wants. 
The actual intensity of stress increases up to the point of 
rupture*. ^ 

Since E=-^, the tangent of the angle which OA makes with 

OD' represents the modulus of elasticity. Since the elastic 
resilience per unit volume is equal to i^ s 8 (19), it is represented 
by the area of the triangle OAA\ The total resilience per cubic 
inch is represented by the area of OABECDD\ and is approxi- 
mately AA'XOD'+i {CC -AA') OB/ 

Testing machines are sometimes fitted with appliances for 
automatically drawing stress-deformation diagrams^. 

22. Ductility and Plasticity. After the yield point is 
passed (Fig. 15), the metal seems to harden, and it again requires 
an increase of stress to increase the deformation, but a given 
increase of stress will produce a much greater elongation (time 
being a factor) than when the stress is below the elastic limit. 
The deformation is now chiefly permanent, and the test piece is 
more or less uniformily elongated throughout its length, and its 
cross section is diminished ; it is very ductile. 

When the ultimate strength is reached, a local contraction 



^Unwin's The Testing of the Materials of Construction^ or Good- 
man's Afechanics Applied to Engineering. 

"For complete tensile and oompressive stress-deformation diagrams 
of steel, iron, cast-iron, and timber see Johnson's Materials of Construe^ 
Hon. Cliapter 11, or Johnson's Modem FSramed Structures, Chapter VIII. 
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begins— the piece ** necks down'*— and the 
elongation also becomes largely local. This is 
shown in Pig. 16, rupture occuring at R. 
This is the plastic state; the deformation is 
all permanent or non-elastic. 

Ductility and plasticity are important 
qualities in structural materials, especially 
in structures subject to impact stresses. 
Brittle materials break off short without giv- 
ing any warning of failure. These qualities 
are measured in a tensile test by the percent- 
age of elongation and the percentage of re- 
duction of area at the fracture. For struc- 
Fig. 16. tural steel, the percentage of elongation in 

8 inches (including fracture) is 20% to 30% and the reduction 
of area about 40% to 60% ; the larger figures apply to the softer 
steel. 

23. Ultimate Strengfth. By ultimate strength is meant the 
greatest unit stress which a test piece will show in a test, and is 
obtained by dividing the maximum load on the piece by its origi- 
nal area. The ultimate strength in tension, according to this 
definition, is easily determined as explained in Art. 21, and has 
been determined by many experiments on many kinds of mater- 
ial ; it is one of the results obtained in all commercial testing of 
iron and steel. The ultimate strengths in pure compression (in 
short blocks, not in columns), and in shear are of less importance, 
and have been less definitely determined for various materials. 
It is difficult to produce shearing stresses without bending 
stresses. In compression, the character of failure depends very 
much upon the kind of material; ductile and plastic materials, 
like soft steel, copper, lead, asphalt, etc., will expand laterally 
almost \M*thout limit, so that the intensity of stress reckoned on 
the original area is much larger than the real stress; fibrous 
materials, like wrought iron and wood, will split on account of 
the lateral expansion, that is, they actually fail in tension ; brittle 
materials, like cast iron, brick, stone, etc., fail with little lateral 
expansion and usually by shearing on oblique planes, the friction 
on the plane of failure, and on the faces to which the pressure 
is applied, having considerable influence. In both compression 
and tension, any interference with the lateral deformation, in- 
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creases the ultimate strength, and decreases the longitudinal de- 
formation. In compression, the ratio of height to lateral dimen- 
sion has a marked influence on the ultimate strength. 

Ultimate strength in compression has no definite meaning 
unless the conditions of the test are fully speeified\ This is true 
in a lesser degree for tension also; a bar of steel of large cross 
section, for example, will show a lower ultimate strength than 
one of small cross section. The usual tensile tests of steel and 
iron are not exactly comparable because the test pieces vary 
somewhat in shape and size, for practical reasons. 

For the purposes of the engineer, the limit of strength is 
determined by that load which produces the first sign of fracture 
or lateral flow. This limit, in both tension and compression, is 
the yield point for such materials as have a yield point, and in 
steel and iron, is about the same for both kinds of stresses. 

Some materials (timber, wrought iron, stratified stone) do 
not have the same strength in all directions. 

ULTIMATE STRENGTHS^ 





TKNSION 


COMPRR88ION 


Rivet Steel 


48000 to 58000 








Soft Steel * 


52000 to 62000 
60000 to 70000 




Medium Steel 






Cast Iron— extreme values 


10000 to 40000 
15000 to 20000 


50000 to 150000 


Cast Iron— ordinary t'ndrj 


60000 to 90000 


Timber— endwise. Dry 


6000 to 12000 


4000 to 9000 


White Oak and Long- 
leaf Pine 


10000 to 12000 
45000 to 55000 


5000 to 9000 






Wrought Iron 









*For a diBcnssion of this point see Kent's Mechanicaf. Engineer's 
Focket'book, Johnson's MatericUs of ConatrucHon, and Burr's Elasticity 
and Retdstance of the Materials of Engineering. 

*For detailed information with regard to ultimate strengths, see 
Bnrr's Elasticity and Resistance of the Materials of Engineering, Jolm- 
aon's Materials of Consirucfion, Ewlng's Strength of Materiafs Kent's Me- 
chanical Fhipineer^s Pocket-book^ and the Cambria Steel Co.'s Hand-book. 

•A single grade of steel, liaving an average ultimate stren^h of 
abont 60000 lbs. per sq. in. , is now being specified by a number of engineers. 
Nickel-steel containing ^\% of nickel, liaving an ultimate strength of 
85000 lbs. to 100000 lbs., and a minimum elaptic limit of 50000 lbs., has 
been specified for the eye-bars of the Blackwell's Island Bridge, now being 
built over the East River in New York. 
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The ultimate strength of structural steel may be said to be 
included between the limits of 50000 and 70000 lbs. per sq. in., 
the allowed variation for any particular grade being from 8000 
to 10000 lbs. per sq. in. The ultimate strength of steel may vary 
from about 48000 lbs. per sq. in. in the softest kind up to nearly 
400000 lbs. per sq. in. in hard drawn wire. 

24. Factor of Safety. To obtain working unit stresses for 
use in designing structures, it was and is still, to a large extent, 
the practice of engineers to divide the ultimate strength by a 
factor, varying from 3 to 10, called the factor of safety. Thus, 
if the ultimate strength of the steel used be 60000 lbs. per sq. in., 
and the factor of safety be taken as 5, the working stress will be 
12000 lbs. per sq. in. 

The choice of a factor of safety involves many considerations 
such as the impossibility of knowing accurately the amount and 
effect of all loads and stresses, tindiscoverdble and unavoidable 
defects in material and workmanship, and deterioration due to 
corrosion and wear. 

The distribution of the load and its possible future increase 
are nearly always more or less uncertain. Then too a structure, 
or certain parts, may be liable to receive accidental shocks as well 
as those which are incidental to varying loads; these produce 
impact stresses which are especially uncertain (5). 

Even when the loads are definitely known, theory is fre- 
quently not adequate to the determination of the resulting 
stresses except upon certain assumptions. Unavoidable eccentric 
stresses are seldom calculated, but they have an influence upon 
the choice of a factor of safety. 

The factor of safety is always taken less for wind load 
stresses and for combinations of stresses which can only occur at 
rare intervals, than for other stresses. 

The factor of safety is always taken greater for materials 
which vary greatly in quality than for those which are uniform 
and may be depended upon to be nearly as determined by tests. 
The (lualities of stone, timber and cast iron are much less uni- 
form than those of steel and wrought iron. 

There will be imperfections in workmanship as well as in 
material which no amount of inspection and testing can elimi- 
nate. Working stresses must be based upon available material 
and workmanship. 
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A steel structure over a railway will suffer much more from 
corrosion than one over a highway or one entirely enclosed. 
Neglect of repairs may result in injury to parts not subject to 
wear ordinarily. 

A temporary structure is given a smaller factor of safety 
than a permanent one for numerous reasons. 

The damage that would result from the failure of one 
structure or part might be much greater than from the failure 
of another. 

It is plain that the choice of a factor of safety depends upon 
the judgment of the engineer, nd an inexperienced designer 
should be guided by precedent, which usually means by some 
standard specification. Specifications do not give factors of 
safety at all but working stresses directly, and those may vary so 
much that it is scarcely proper to speak of a factor of safety. 
Working stresses may be based upon the elastic limit instead of 
on the ultimate strength; this is a rational basis if the material 
has a yield point or definite elastic limit. 

Specifications treat stresses in different ways, resulting in 
widely different working unit stresses, as illustrated below for a 
tension member of a truss for a railway bridge, designed in ac- 
cordance with three different specifications. The discrepancy 
in results is usually much larger. 





STRRSS 


UNIT 


ARK A KEQUIB'n 


Dead load 

Live load 

Total 


75300 
218500 

293800 


12000 


24.48 sq. ins. 


Dead load 

Live load 


75300 
218500 

75300 
218500 
142000 

435800 


20000 
10000 


3.76 
21.85 




25.61 sq. ins. 


Dead load 

Live load 

Impact 


17000 




Total 


25.63 sq. ins. 



In the last case the working unit is applied to an equivalent 
static stress, while in the other cases an allowance is made for 
impact in the working stress, the allowance in the second case 
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being equivalent to 100% of the live load stress. In specifica- 
tions of the last type, there is practically but one working unit 
stress, while in others there may be many ; in one case the impact 
is allowed for by varying the impact stress, and in the other (to 
some extent) by using different unit stresses for different parts*. 

The usual factors of safety for iron and steel structures are 
4 and 5, being 4 for buildings in general and for ordinary high- 
way bridges. For cast iron the factor of safety is usually taken 
as 8, in columns. The factor of safety for timber is 4 to 10, 
depending on the kind of stress^. 

In any case, the factor of safety should be such as to bring 
the working stress well within the elastic limit. The important 
point is to have an equal margin of strength for all parts of a 
structure. 

25. Peculiar Properties of Iron and Steel In the Non- 
elastic State. When stressed beyond the elastic limit, iron and 
steel show some very interesting qualities. A stress which pro- 
duces an appreciable permanent set in a body is said to overstrain 
it. In order to understand the phenomena of overstrain, it 
should be remembered that with increasing ultimate strength in 
steel, there goes decreasing ductility, that is, less elongation. Steel 
of high ultimate strength is called hard steel. The ultimate 
strength of steel, in manufacture, is chiefly regulated by the 
pecentageK)f carbon— the more carbon, the harder the steel. Steel 
is also made harder by heating and quenching in a cooling bath. 
It has been found that overstrain also hardens steel in a remark- 
able way, b\it impairs elasticity, and if repeated often produces 
** fatigue.'' Rest and heat restore elasticity. 

26. Shiftinsr of the Elastic Limit If a bar of steel or iron 
be stressed beyond the yield point, the stress removed, and then 
immediately applied again, it will be found that the elastic limit 
has been very much lowered but that the yield point has been 
raised, and is now equal to the maximum previous stress. If, 
however, a period of rest intervenes between the loadings, the 
elastic limit will also rise (time being an important factor) and 
may even reach the new yield point; the yield point also rises a 



^For a comparison of the main features of a number of railway 
bridge specifications see an article by the autlior in Engineering Newa^ 
Vol. 50, p. 444. 

«See "Cambria." 
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little^ The period of rest allows the metal to harden, and this 
hardening will be greater if, in place of relieving the stress, it is 
held stationary. It is thus possible, by repeated applications of 
increased loads, to raise the yield point nearly up to the point of 
rupture, at the same time raising the ultimate strength and de- 
creasing the ductility so that the fracture of a piece of soft steel 
will resemble that of hard steel. 

If the stress exceeds the elastic limit but not the yield point, 
the elastic limit is immediately raised, and by a repetition of 
such stress, the yield point is also raised. 

It has been found that if there has been overstrain in ten- 
sion, the elastic limit in compression is lowered and vice versa. 
If this lowered elastic limit is raised again by a stress producing 
a small permanent set, the elastic limit for the opposite kind of 
stress falls to zero*. Ordinary periods of rest do not seem to 
have any effect in this case, but gradually increasing stresses, 
alternating between tension and compression, establish new 
elastic limits considerably lower than the original elastic limits. 
These have been called natural el<istic limits, the original elastic 
limits being supposed to be artificially raised by the rolling of 
the metal. 

A very interesting method of restoring elasticity and raising 
the elastic limit is given in E wing's Strength of Materials. 
"When a piece of iron or steel has had its elasticity broken down 
by overstraining, it will make a very complete recovery if heated 
for a few minutes to a temperature such as that of boiling water. 
When the overstrained piece has been immersed in a bath of 
boiling water it is found to have practically perfect elasticity 
up to a new yield point, which is higher than the load used in 
the process of overstraining." 

**A remarkable experiment may be made by taking a bar of 
mild steel and stretching it in the first instance just up to the 
primitive yield point, then heating it for a few minutes up to 
100°C to produce elastic recovery, then stretching it again just 
up to its new yield point, then heating again to 100° C and so on. 
Each step raises the elastic limit, and notwithstanding its natur- 



^See Burr's EfaMieUy and ReHstance of the MaterialR of Engi- 
neering, pp. 247-250, for results of experiments made by Professor Bauscli- 
inger. For a statement of Banschinger's conclusions, see Greene's Struc' 
tural Mechanics, p. 166. 

*For stress-deformation diagrams, showing these remarkable phe- 
nomena, see Johnson's Materials of Construction, Figs. 436 and 437. 
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ally plastic quality the bar may in this way finally be caused to 
break with a fracture resembling that of hard steel, with com- 
paratively little total extension or contraction of section at the 
fracture, and under a total load much greater thgn that which 
could be applied in an ordinary test.'' 

27. Hardening: Effects of Non-elastic Deformation. After 
a piece of iron or steel has undergone a permanent set, it ia 
hardened, that is, it is less ductile and its ultimate strength is 
increased. This hardening is of great practical importance, and 
may be considered a benefit as in cold-rolled or cold-drawn shaft- 
ing and in wire for certain puposes, or an injury as in wire for 
other purposes, and in steel hammered or bent cold, or subjected 
to other severe treatment like punching and shearing. A very 
narrow strip of metal contigious to a punched hole or a sheared 
edge is hardened so much as to make it brittle. Under stJress, 
this hardened portion is not capable of deforming as much as the 
other metal, and therefore causes a non-uniform distribution of 
stress and a reduction of ultimate strength. The softer and thin- 
ner the metal, the less the injury; for the best class of work, it is 
the practice to remove this hardened part, in medium steel, by 
reaming out punched holes and planing off sheared edges. 

All of the effects of non-elastic stress may be much modified 
or entirely obliterated by annealing, that is, by heating to red- 
ness and cooling slowly. Wire is annealed for certain purposes 
which require a soft wire and, in this manner, any piece whc^e 
uniformity has been disturbed by cold working or partial 
heating is restored. 

28. Fatij^ueof Iron and Steel. If in place of a few appli- 
cations of increasing stresses, as explained in Art. 26, many 
applications of the same stress are made, the elastic limit is raised 
if the stresses do not approach too closely the original ultimate 
strength, and will be raised considerably higher than the applied 
stresses if these are not very much above the original elastic 
limit^. With continuously repeated stresses above the rising 
yield point, rupture will finally occur at a stress much below the 
original ultimate strength, and with a fracture like that of a 
brittle material or like that of a piece of steel with an artificially 

'This was investigated by Banschinger ; for the results of his experi- 
ment's, see Unwin's T'he Testing of the Materials of Construction, Chap- 
ter XII. 
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raised ultimate strength, as explained in Art. 26. This is the 
more remarkable because if a piece brought nearly to the point 
of rupture in this way, is tested in the ordinary way, it will show 
no loss of strength or ductility. This corresponds with practical 
experience for it has been noticed that failures occur after many 
years of service, yet when such metal is tested in the ordinary 
way, it shows no loss of strength. What the nature of the 
deterioration is, has not been satisfactorily explained, but it is 
called fatigue.^ There seems to be no alteration of structure 
except just at the surface of fracture. 

* * Fatigue ' ' experiments have been made by Woehler^, Sparg- 
enberg*, Bauschinge^^ Baker*, and others, but further experi- 
ments are necessary to satisfactorily settle some disputed points. 
All these experiments show that the number of repetitions of a 
variation of stress, which a piece of metal will endure before 
rupture, depends upon the range of stress ; the range of stress is 
the greater the further the maximum is from the ultimate 
strength. If for bar iron, for example, the range of stress is 
from to about 32000 lbs per sq. in., it will stand from five to 
ten million repetitions; in order to stand as many repetitions 
when the upper limit is 49000 lbs. per sq. in., the range of stress 
must not exceed about 19000 lbs. per sq. in., that is, it will be from 
30000 to 49000 lbs. per sq. in. The range of stress for stresses 
alternating between tension and compression is the sum of the 
two, and, in this case, for equal resistance, each stress is somewhat 
more than half of that for stress of one kind with a lower limit 
of zero. 

The experiments also show that for stresses within the elastic 
limit or yield point (natural elastic limits for alternating 
stresses), there is no ^'fatigue/' The yield point should, there- 
fore, be considered the limit of strength as stated in Art. 23. 
Since it has been the custom to base working stresses on the 
ultimate strength, it was the practice of some engineers to base 

^Ppof. Johnflon, in his McUerials of ConstrucHfm, Chapter XXVII, 
explains ** fatigue " by saying that some of the millions of incipient de- 
fects or ** micro-flows " gradually extend their weakening influence. 

'See Unwin's 27^6 Teatinp of Material of Construction and the 
TranscLctwns of the American Society of Civil Engineers, Vol. 41, p. 222. 

'See Burr's Elasticity and Resistance of the Materials of Engi- 
neering, p. 844. 

^See Unwin's The Testing of Materials of Construction and Greene's 
Structural Mechanicft, p. 160. 

' See Unwin's The Testing of Materials of Construction. 
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working stresses for bridges upon the range of stress in order to 

take account of *' fatigue," but this has been largely abandoned. 

According to this practice, working stresses were determined 

from a formula commonly called the Launhardt Formula, which 

for stresses of one kind was of the form 

1 . . ( % X minimum stress \ 

working streps = a \\ A :^ ) 

° \ ' maximum stress/ 

which usually also provided for impact and such other things as 
a factor of safety makes provision for, **a'' being a constant 
depending upon the judgment of the engineer writing the speci- 
fication. Since working stresses are always taken well within 
the elastic limit, ** fatigue" need not be considered in designing 
structures; moreover, the influence of periods of rest between 
loadings must be considerable^. Some engineers who used the 
** Launhardt Formula" neglected ** fatigue," but used this for- 
mula as an impact formula. There have not been enough experi- 
ments like those mentioned in Art. 5 to determine the proper 
allowance to make for impact stresses in bridges. 

It is generally agreed that if sufficient impact stress is in- 
cluded with dead and live load stresses, a working stress equal to 
about half the elastic limit affords ample security when good 
steel is used. 



^For an extensive discussion of tills whole matter, see the TVanMto- 
tion» of the American Society of Civil Engineers^ Vol. 41, p. 166. 
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1. Which is the more important to the designer, the elastic 
limit or ultimate strength ? 

2. If a floor carrying a constant load were supported by 
steel rods, what objection would there be to having the stress in 
these rods exceed the elastic limit! What objection would there 
be to having the stress in a member of a truss exceed the elastic 
limit? 

3. What is the difference between natural elastic limit, true 
elastic limit, limit of proportionality, yield point, and commercial 
elastic limit ? 

4. Name three materials that do not strictly follow Hooke's 
Law and one that does, but does not have a yield point. 

5. Why does a piece of steel pulled in a testing machine 
break, if the load does not increase up to the time of rupture ? 

6. What is the total resilience of a piece of steel 8" long 
and 1/2. sq. in. in cross section, if its ultimate strength is 60000 
lbs. per sq. in., its elastic limit 30000 lbs. per sq. in., and its 
elongation 2''? Ans., 400000 in. lbs. 

7. Up to what point are deformations practically perfectly 
elastic f Between what points are they wholly permanent ? 

8. Name four substances that will show definite failures 
when tested in compression, and five that will not. 

9. What conditions have a marked influence upon the value 
of the ultimate strength in compression ? 

10. Why is the yield point the limit of strength for the 
purposes of the engineer ? 

11. What experiments upon the strength of American tim- 
bers have been the most extensive ? 

12. What values for the ultimate strength in tension, com- 
pression and shear does Rankine give for wrought iron ? 

13. What material has an ultimate strength in compression 
greater than that in tension? And in what material is this 
relation reversed ? 

14. When may the factor of safety for dead and live load 
stresses be the same ? 

15. Why are factors. of safety for stone, timber and cast 
iron taken greater than for steel ? 

16. Why should not a highway bridge have as large a factor 
of safety as a railway bridge ? 

17. Why is the factor of safety for wind stresses taken 
smaller than for other stresses ? 
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18. Does a ** factor of safety of 5" mean that it would re- 
quire five times the calculated stress to cause failure f 

19. What factor of safety would you use in designing the 
girders for a traveling crane ? 

20. In what ways may steel be hardened? Is it possible to 
harden steel without increasing its ultimate strength? 

21. How great must be the intensity of stress in a steel bar 
to impair its elasticity ? How great to raise the elastic limit ? 

22. In what case do ordinary periods of rest not restore 
impaired elasticity? How may elasticity be quickly restored 
without lowering the yield point ? 

23. Is the metal near a punched hole hardened more on one 
side of the plate than on the other? See Johnson's Materials of 
Construction, Chap. XXVI. 

24. What is annealing and what effect does it have ? 

25. What effect woul'd a very large number of repetitions 
of stress, above the elastic limit and below the yield point, have 
upon the ultimate strength ? What upon the elastic limit ? How 
does this correspond with the effect of a single stress? 

26. What does the * *Launhardt Formula" take account of ? 

27. What would be a good working stress for dead load 
stress alone ? For equal equivalent static alternating stresses ? 

28. What working stresses would you use in designing a 
railvvay bridge? 



CHAPTER III. 

THE LAWS OP EQUILIBRIUM AND THEIR APPLICATION. 

29. The Problem. The problem to be considered is that of 
keeping structures and their parts at rest or in equilibrium. la 
order to hold a structure in equilibrium, it is necessary that the 
external forces acting on it shall be in equilibrium. In order that 
any part of a structure shall be in equilibrium, it is necessary 
that the internal forces (stresses), or internal and external forces 
acting on it shall be in equilibrium. This is a problem in statics 
(if the structure is statically determinate) ; the unknowns are the 
reactions and the stresses, and these are determined so as to 
satisfy the condition of equilibrium by means of the simple laws 
of equilibrium expressed in the form of equations. 

If ail the external forces acting on a structure are fully 
known, the stresses in it can be found, and from these the defor- 
mation of any part or the deflection at any point. The external 
forces should, therefore, be determined first ; these are the loads 
and reactions. 

Live loads for bridges and buildings are usually taken from 
standard specifications; dead loads must be estimated when not 
specified, and are taken uniformly distributed or concentrated, 
depending upon the construction. Having the loads, the reactions 
at the supports and the stresses are determined by the application 
of the laws of equilibrium. Before stating these certain proper- 
ties and relations of forces w^ill be defined. 

30. Properties and Relations of Forces. Three things are 
necessary to fully determine a force ; its magnitude, its point of 
application, and the direction in which it acts. The point of 
application is not important, and may be considered to be any 
point in the line of action of a force. The line of action of a force 
is a line of indefinite length, passing through the point of appli- 
cation in the direction of the force, any part of which laid off to 
some scale will represent the magnitude of the force; an arrow 
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PROPERTIES AND RELATIONS OF FORCES. Art. 30 




placed on the line representing the force fully determines the 
direction in which the force acts. Only co-plai%ar forces— toTce& 
whose lines of action are in the same plane— will be considered. 

Concurrent forces are those whose lines of action intersect 
in one point. 

The momejit of a force is a measure of its tendency to rotate 
a body about an axis or a point, and is equal to the magnitude of 
the force multiplied by the perpendicular distance of its line 
of action from the axis or point (foot-pounds or inch-pounds). 

The center or origin of moments is the point about which 
any force may have a tendency to turn a body. 

The lever arm of a force is the perpendicular distance from 
its line of action to the center of moments. 

In Fig. 17. the moment of R^ about 
e is U^y^ae ; of P about e is PXde ; and 
of B^ about D is R^X^d or R^XAD, 

A couple consists of two equal and 
parallel forces acting in opposite direc- 
^^^* ^'^' tions. The moment of a couple is the 

same about any point in its plane, and is equal to one of the equal 
forces multiplied by the perpendicular distance between their 
lines of action. Fig. 18 shows two parallel 
forces P acting in opposite directions, forming 
a couple. Take any point whatever as a and 
draw a line from it perpendicular to the lines 
of P. The total moment about a is equal to 
the algebraic sum of the moments of each force 
taken separately. 

PXad—PXab = P(ad—ab) = PXhd. 
Taking any other point as c, the total moment is 

PXcd+PXcb = P(cd+ch) =PXhd, 
If either b or d be taken as the center of moments, the mo- 
ment of one force becomes zero and the total moment is again 
PXbd, This exhausts all the possible cases, and proves that the 
moment of the couple is PXbd for a7iy center of moments. 

Equivalent systems of forces are such as may be substituted 
for each other without changing the effect. 

The restdtant of a system of forces is the simplest system 
that is equivalent to it. The resultant of any number of co-planar 
forces is a single force or a couple. See Art. 34. 



Fig. 18. 
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The equilibrant of a system of forces is the simplest system 
that will hold the given system (or its resultant) in equilibrium. 
If the resultant is a single force, the equilibrant is in every re- 
spect the same except that it acts in the opposite direction. If 
the resultant is a couple, it is only necessary that the equilibrant 
be a couple of equal moment tending to turn in the opposite 
direction ; the forces of the two couples may make any angle with 
each other and be of different magnitudes. In Fig. 18, if P=1000 
lbs. and &d = 5 ft., the moment of the couple is 5000 foot-pounds, 
and it can be held in equilibrium by another couple acting on 
the same body in the opposite direction, located anywhere in the 
same plane, so long as the moment of the latter is 5000 foot- 
pounds. ; for example, by forces of 5 lbs., 1000 ft. apart or 100 
lbs., 50 ft. apart. 

No single force can hold a couple in eq\iilibrium, and no 
-/» single force can be an equivalent of a 
couple. A simple case is that shown in 
Fig. 19, where the wind load P produces 
the reactions H whose sum equals P thus 
forming a couple ; another couple mast act 
at the supports, and its moment is F6 = Pa. 
¥ig. 20 shows an exactly similar case. If 
there be more than one parallel load, the 
resultant of the loads with the direct re- 
action will form a couple, thus reducing to 
the same case. 

The components of a force are any 
forces of which the given force is the 
resultant. It is often convenient to re- 
solve a force into two components, es- 
pecially two components at right angles to 
each other. It is also sometimes conven- 
ient to work with the resultant of two or 
more forces in place of the forces them- 

V V selves. 

Fig. 20. 
31. Two Forces In Equilibrium. In order that two forces 
may be in equilibrium, it is not only necessary that they be equal 
and act in opposite directions, but they must have the same line 
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Fig. 21. 



of action : if their lines of action be parallel, they form a couple 
which will produce rotation. 

32. Three Forces in Equilibrium. The resultant of two 
yf ^^ forces is shown in magnitude and direc- 

/ ^^.^'^^'^^^^^^..^^""^ tion by the diagonal of a parallelogram 
whose opposite sides represent the given 
forces in magnitude and direction as 
shown in Fig. 21. The equilibrant is 
the same as the resultant except that it 
has an opposite direction. It is, how- 
ever, necessary that the line of action of 
E or E pass through the point F, the 
common point in the lines of the com- 
ponents Pi and Pg. 

The resultant or equilibrant may 
also be found by simply constructing 
one of the triangles ABC or AQD, Pig. 
21 (6) and (c). It is necessary that' the directions of the given 
forces follow each other. Fig. 21 (fZ) shows a wrong construction 
because the directions of P^ and Pj are opposite in going around 
the triangle. 

A triangle which represents three forces in magnitude and 
direction is called a force TiiiANQLE. It is evident that the force 
triangle does not represent the location of the forces with respect 
to each other. 

// the forces in a force triangle all have the same direction 
they represent a concurrent system in eqttilibriiim, and any one 
force is the equilibrant of the other two. If the direction of any 
one is opposite to that of the other two, it is their resultant. It 
follows that a component may be greater than a resultant. 

Although the force triangle represents concurrent forces, it 
is, nevertheless, the foundation of graphic statics, as will be seen 
by what follows; by its means the resultant of any number of 
forces may be found, first finding the resultant of two of them, 
then the resultant of this resultant and a third force, and so on. 

Three non-concurrent forces can not he in equilibrium, be- 
cause the resultant of two of them would have to be equal to the 
third and in the same lin6 of action; this makes them con- 
current because the resultant passes through the point of inter- 
section of the lines of action of the first two. Fig. 22 shows 
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three non-concurrent forces Pj, P^, 
and P3 forming a closed triangle, but 




cannot be in equilibrium be- 
cause even if P3 should happen to be 
equal and opposite to R, as shown, 
they form a couple. If P3 intersects 
K, the triangle will not close. p, go 

Three parallel forces may, however, be in equilibrium, as 
is dear in the case shown in Fig. 17; they may be considered 
concurrent, intersecting at infinity. 

It is important to note that when three forces are in equi- 
librium, their lines of action inter- 
sect in a point. In Fig. 23, P is the 
resultant of the wind load on one 
side of a roof; it is desired to de- 
termine the reactions Ry and R.^ ap- 
plied at A and B so that R^ will be 
vertical. R^ passes through C be- 
cause the three forces are to be in 
eciuilibrium. Now the force tri- 
angle may be drawn, because one 
side P, and the directions of all are 
known. This determines the mag- 
Fig.'28. ' nitudes of R^ and R., as shown. 

Z3. Four Forces in Equilibrium. If four forces are in 
equilibrium, the resultant of any two must be the equilibrant of 
the other two. This is evident for concurrent forces. For non- 
concurrent forces see Fig. 24. The directions of the four forces 










Fig. 24. 
Pj, P2, -Kg* aiid ^i» and the magnitude of one of them, say P^, are 
known. The resultant of Pj and R^ passes through D and must 
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Fig. 26. 



be the equilibrant of R^ and Fj ; it must, therefore, pass through 
C also. Draw the two force triangles 123 and 453 (with JB as a 
common side), in the order in which the lines are numbered ; the 
intersections determine the magnitudes of Pj, R^ and JBa- We 
thus have a force quadrilateral^, the diagonal line representing 
two equal and opposite forces. 

This procedure evidently does not apply when the forces are 
parallel. For a method of solution which will give R^ and Ej 
and the direction of R^, when P^ and P^ are fully known, see 
Art. 45, Fig. 39. 

34. Any Number of Forces in Equilibrium. Fig. 25 shows 
a body acted upon by the force P at m. If at 
any point n, tw-o equal and opposite forces par- 
allel to the line of P and each equal to P, be in- 
troduced they can not change the effect. P is 
then equivalent to a force P parallel to it acting 
at any point n and a couple whose moment is Pa. 
It follows that any force may be considered as 
acting parallel to itself through any point if a 
couple is introduced whose moment is equal to the product of 
the force into the dis- 
iance through which 
it has been supposed 
to be moved. This prin i — 
ciple is of much prac- 
tical importance. 

Fig. 26 shows a 
number of non-con- 
current forces which 
have been treated in 
the above manner : 
each one has been 
shifted to a common 
point 0, so that there 
results a system of 
concurrent forces and 
a system of couples. The system of couples may be reduced to a 
single coHj)le (30) whose moment is 

M = P^a^'-'Prfl^—P^a^-\-P^a^y etc. 
^Tliis is the metliod of Culinann, the founder of grapliic statics. 
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The concurrent forces may he reduced to a single force B. 
See Fig. 26(c) and Art. 35. 

Any number of non-concurrent forces are, in general, equiv- 
* alent to a single force and a couple. These are again reducible 
to a single force unless R = 0, in which case the resultant is a 
couple. 

In the special case when jB = 0, the resultant is a couple, 
and in the special case when ^¥ = 0, the resultant is a single 
force (30). 

FOR COMPLETE EQUILIBRIUM 

i^ := and itf = 0. 

These conditions will now be shown graphically, remember- 
ing that R refers to the concurrent forces and M to the couples. 

35. Force Polygon. The resultant K will now be found, 
that is, the resultant of half the forces at in Fig. 26. This may 
be done by means of the force triangle (32). In Fig. 26(c) the 
resultant of Pi and P^ is Bj ; of Bj and Pg is R2 ; of R2 and P4 is 
K. The given forces are not in equilibrium since their resultant 
is not zero. The equilibrant is ea.. It is important to note that 
the given forces must be drawn so as to follow each other in 
direction in each triangle, and this results in having their direc- 
tions the same around the polygon abcdea, when E is one of thera. 
This polygon is the I'X)rce polygon and it follows that, 

When a number of forces form a closed polygon, they are in 
equilibrium if their directions around the polygon are the same 
{clockwise or anti-clockwise) y and any one is the equilibrant of 
all the others. If any one force has an opposite direction to that 
of all the others, it is their resultant. 

It is evidently not necessary, in drawing a force polygon, to 
draw the intermediate resultants, R^, R^, etc., but only to lay out, 
in magnitude and direction, one force at the end of the preceding 
one. If the polypron closes the forces are in equilibrium ; if not, 
the closing line will be the equilibrant or resultant. If the forces 
had been numbered in a different order, the appearance of the 
polygon would have been entirely different, but the equilibrant 
would have been the same (Fig. 26c). 

It remains to find the value of M if the forces are non- 
concurrent. If they are concurrent the point (Fig. 26) may 
be taken at their common point of intersection, in which case the 
arms a of the couples all become zero and Jl/ = 0. For concurrent 
forces, therefore, the number of independent equations of equili- 
brium is one less than for non-concurrent forces. 
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36. Location of Resultant. The resultant of Pi, P^, P3, and 

P4 is easily located in 
the space diagram 
Fig. 27; for the re- 
sultant of Pi and Pj 
must pass through m 
and be parallel to R^ 
in Fig. 26(c); the 
resultant of JKj and 
Pg must pass through " 




7/ and be parallel to 



Fig, 27. 

7i\, in Fig. 26(c) ; and the revsultant of R.^ and P^, which is the 
resultant of all the given forces in this case, must pass through 
parallel to R or ea ; m no p is the resultant polygon. If a force 
equal to E is applied in the line op, there will be complete equi- 
librium. If it is applied parallel to op, as in qr, the resultant 
is a couple, because E is equal to R. If it is applied at an angle 
to opy the force polygon will not close and there will be neither 
equilibrium of translation nor of rotation. 

When the forces are parallel, or when the intersections wi, 
V, fall beyond the drawing, this method of locating the resultant 
fails. A method which is applicable in all cases will now be given. 

37. The 5trinsr Polygon. In Fig. 28 there are four nearly 
parallel forces. The force polygon gives the equilibrant E, or 
the resultant R, in amount and direction. To find the location 




Fig. 28. 



of E in the space diagram, introduce at any point A, in the line 
of action of Pi, two forces, 1 and 2, to equilibrate P^ by drawing 
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any convenient force triangle a 6, and lines through A parallel 
to 1 and 2 (()a and 60) ; for equilibrium, the arrows within the 
triangle show the proper direction (counter-clockwise). 

Where the line of 2 intersects that of Pj in B, introduce two 
forces, 2 and 3, from the triangle hOc, to equilibrate Pg. 

In a like manner P3 and P4 are held in equilibrium by forces 
3 and 4 at C and 4 and 5 at 7>, from triangles cOd and dOe. 

According to triangle aOe (outer arrows), 1 and 5 will 
equilibrate E ; therefore, if E passes through their point of inter- 
section (?, there must be equilibrium, because the system of forces 
Pj, V^y Pg, P4, and E is equilibrated by the system of forces 1, 2, 
2, 3, 3, 4, 4, 5, 5, 1, and the latter balance each other, as is shown 
by the arrows in the force polygon. 

Since E must pass through O for complete equilibrium, 72 
passes through O in an opposite direction. If E were parallel to 
22, as shown in Fig. 28, the resultant would be a couple, because 
E ^=R in the force polygon. 

The polygon ABCDGA is called a string polygon}; its sidej 
are the strings, and these are drawn parallel to the components 
1, 2, 3, etc. of the force polygon, which are called rays. The point 
O is called the pole. The last line drawn in the string polygon 
is called the closing line, since it closes the polygon if all the 
forces are in equilibrium. If the last and first strings do not 
intersect on the line of one of -the forces, there can not be equili- 
brium, for they represent the lines of action of forces in the force 
polygon, which form a triangle. Therefore, when the string 

POLYGON CLOSES, THE RESULTANT IS A SINGLE FORCE; WHEN THE 
FORCE POLYGON CLOSES, THE RESULTANT IS A COUPLE; AND WHEN 
BOTH POLYGONS CLOSE, THE RESULTANT IS ZERO— THERE IS COM- 
PLETE EQUILIBRIUM, THAT IS 72 = AND M = 0. 

The pole is so chosen as to give good intersections (not 
acute) in the string polygon for locating the points B, C, etc. 

The above demonstration may be carried through by re- 
solving each of the given forces into two components ; the arrows 
on the rays will be reversed. 

38. Properties of the Strins: Polygon, The string polygon 
represents only lines of action of forces whose magnitudes are 
given in the force polygon. Forces are scaled from the force 
polygon and distances from the space diagram, or string polygon. 

^Also called a funicular polygon and an equilibrium polygon. Tlie 
force polygon is also an equilibrium polygon. 
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An infinite number of string polygons maj' be drawn in a 
given ease, because the point A (Fig. 28) may be taken anywhere 
in the line of action of P^, and the pole may also be chosen at 
any convenient point, but the point G will always fall upon the 
line of action of E if there is complete equilibrium. The strinsr 
polygon is simply a device for locating the point G, If the 
directions of the components are carefully noted, it will be found 
that they all balance each other; for example, 1 acts toward O 
ds a component of J\ and away from O as a component of E. 
This means that if the string polygon were a frame there would 
be stresses in it equal to the components 1, 2, 3, 4 and 5 (7). 
(Compression in AG; tension in AB), Such an imaginary frame 
is useful in finding reactions as will be explained later (46). 

If the five forces of Pig. 28 are in equilibrium, any one may 
be considered the equilibrant of all the others (35), and any 
string may be considered the closing line of the equilibrium poly- 
gon. It is evident that the eciuilibrant of P^, P.^ and P.^ would 
pass through the intersection of the lines of action of 1 and 4, 
and of Pj and P.^, through the intersection of the lines of 1 and 3 

Further properties of the string polygon are explained in 
Chapters IV and VI. 

Pig. 27 shows a string polygon which results when the pole 
is chosen at one of the apexes of the force polygon ; it is called a 
resultant polygon. The pole is at a Fig. 26 (r). 

39. The Laws of Equilibrium. To insure equilibrium 
among the forces acting upon a structure or upon any part of it, 
as explained in Art. 29, it is only necessary to write the equations 
of etjuilibrium and solve for the unknowns. These equations are 
the very foundation of the whole subject, and are given in Art. 
34 ; for practical application, however, they are stated as follows : 

1. S HORIZONTAL COMPONENTS = O. (5) 

2. 2 VERTICAL COMPONENTS =0. (6) 

3. 2 MOMENTS =0. (7) 

or 

1. 2 Components acting toward tlie ris:lit = 

2 •• •• left. ^'^^^ 

2. 2 up = 

2 " •• •• down. . ^ ^ 

3. 2 Cloclcwise iloments = 2 Anii-cloclcwise Homents. (7a) 
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The terms **horizontar' and **vertiear' are used because 
the loads which act on structures are usually weights which act 
vertically, and because it is usually convenient to resolve inclined 
forces into horizontal and vertical components, but it is under- 
stood that the terms may be applied to any forces at right angles 
to each other. 

That equations 5 and 6 make iJ = is shown in the force 
polygon, Fig. 29. 

^ -^ ^ Forces (or components) or 

moments acting in opposite direc- 
tions to have opposite signs in any 
member of the above equations. 
It is burdensome to use an adopted 
convention with regard to signs, 
and it is usually convenient to 
place the known quantities on one 

j^oRCE />QLyooA^ ^^ ^^ '^ equation and the unknoumSj 

Fig. 29. whose directions may not he knmrn^ 

on the other side. To illustrate the rule, the simple case shown in 
Pig. 17 gives 

R^+K^ = P or R,-P+R., = or P'-K,-R, = 0. 

Knowing the line of action of a force but not its direction, 
it may he entered in the equation of equilibrium with a -f- sign, 
upon the assumption that it acts in the corresponding direction; 
if the solution makes a — quantity of it, it acts in the opposite 
direction from that assumed. 

40 riethodsof Application of the Equations of Equilibrium. 
Having widtten the equations of equilibrium, it becomes a simple 
matter to calculate stresses. But the beginner will find his great- 
est difficulty in writing these equations. To do this successfully 
requires the strictest adherence to some method. The following 
is an outline of a method which is easily remembered, and it is 
very essential to remember to apply it : 

1. Make a good sketch (preferably to scale) giving all the 
elementary dimensions of the structure, and completely locating 
all loads by means of proper dimension lines not confused with 
anything else. A poor sketch is usually misleading, and the time 
used in making it, worse than wasted. 

2. Take time to considev the problem in all its bearings. 
Time spent in deciding upon a method of attack is always well 
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spent, while a blind attack results in failure and disappointment. 
The simplest method is also usually the one requiring the least 
work and is, for that reason, the safest. 

3. Keep all solutions in neat shape, avoiding confusion-, 
mistakes will be easier found and corrected. For this purpose it 
is necessary to have always an extra sheet of scratch paper. 

4. Consider the reasonableness of the result. Even a be- 
ginner will have some bounds beyond whch a result will appear 
unreasonable, and with experience these bounds are very much 
narrowed. See that results are in proper units. A force times 
a distance can not equal pounds. 

5. Use no short cuts. Short cuts come with practice, but 
with a beginner they lead to mistakes and useless work. 

6. Use some check. A check may consist of a rough in- 
spection of the numerical operations, the determination of an 
unknown by two dil^Perent methods, a solution by another method, 
a reversed solution, a comparison of various results, a comparison 
with a solution of a similar problem, or a repetition of the work. 
It is not a sin to err, but it is a sin to allow the error to remain 
undiscovered, and sometimes the consequences may be serious. 

7. Avoid useless refinewent. An error of 50 lbs. in a stress, 
as calculated from the assumed data, (for a bridge or a building) 
is much to be preferred to havinf? such stress expressed in odd 
figures or fractions of a pound. Some judgment should be 
brought to bear in such matters. 

8. For each unknown, decide upon a method of application 
of the equations of equilibrium and adhere to it. The unknowns 
are the magnitudes of reactions and stresses and sometimes also 
the directions of the reactions. It is not necessary to adhere to 
one method of application in a particular problem, but it is very 
essential not to get them confused in getting a particular 
unknown. 

The equations of equilibrium may be applied in six ways, 
namely, algebraically^ or graphically, 

1. TO THE STRUCTURE AS A WTHOLE. 

2. TO ANY ONE JOINT. 

3. TO ANY PART OF THE STRUCTURE CUT 

OFF FROM THE REST. 

The first method considers the whole structure in equilibrium 

^ "Analytically'' is sometimes used in place of this term, but both 
metliods are analytic. 



Art 40 METHODS OF APPLICATION. 45 

and is, therefore, applicable for finding reactions only. These are 
evidently independent of the shape of the structure, and may 
often be conveniently gotten by considering one or more result- 
ants of the loads, in place of the loads themselves. 

The conditions at the supports must be known. If a beam, 
supported at its two ends, for example, is not free to move longi- 
tudinally at one support, the reactions are statically indetermi- 
nate, and it is useless to write equations of equilibrium; but the 
assumption of such freedom is usually on the safe side. 

The second method evidently applies only to trusses but both 
stresses and reactions (in certain cases) may be gotten by its . 
means. The forces dealt with are concurrent, their lines of action 
meeting at the center of the joint. In this method only two of the 
equations are independent as explained in Art. 35. For an ex- 
planation as to which equations to use, see Art. 41. 

The third method is called the method of sections, and is 
applicable in finding stresses in all sorts of structures and the 
only method for finding stresses in simple beams and girders. 

If a structure is cut in two by a plane or curved section, 
either part must be in equilibrium, if the forces cut off are con- 
sidered like external forces. This method, then, reduces to the 
first method, the only difference being that in one case the whole 
structure is considered and in the other a part of it. It may also 
be considered to reduce to the second method when the part cut 
off includes but a single joint. 

It is very important to leave out of consideration altogether 
any forces acting on that part of the structure which has been 
discarded, and to include all those acting on the other part-loads, 
reactions and stresses. To avoid confusion the beginner should ' 
invariably erase the discarded part, or place a piece of pa^er.over 
it when writing the equations of equilibrium. 

It is evident that, since a section may be taken through any 
part of the structure, as many sections as are necessary to find 
all stresses desired may be made successively. It is useless, how- 
ever, to consider any section cutting more than three unknowns, 
because there are but three independent equations, 

41. Which Equations of Equilibrium to Use A choice may 
be made of any of the following combinations of the equations 
of equilibrium in solving for three unknowns. 
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1. Two resolution and one moment equation. 

2. One resolution and two moment equations^ 

3. Three moment equations*. 

Since there must be equilibrium for any center of moments, 
it is plain that an infinite number of moment equations may be 
written. That any three of them or any two of them are inde- 
pendent is not so apparent from what precedes. If the moment 
of the resultant is zero for any point, it can not be a couple, be- 
cause the moment of a couple is the same for every point. If the 
sum of the moments is zero for two diflferent points, therefore, the 
line of action of the resultant passes through these points; this 
fixes its direction ; it remains to impose another condition makintr 
it equal to zero. If the moment of the resultant is zero for any 
point not in its line of action, the resultant must be zero ; or if it 
has no component in any one direction it is zero; it has no com- 
ponent^in one direction if the forces are in equilibrium and the 
components are inclined to it or parallel to it. 

Graphically combinations 2 and 3 are of no importance, 
because they involve more labor than the first combination. 

It is plain that, with the exceptions noted, any one of the 
three combinations of the three equations of equilibrium may be 
used ; it is simply a matter of convenience. The applications will 
be illustrated under the different methods. 

When the forces are concurrent, there are only two inde- 
pendent equations, as follows : 

1. Two resolution equations. 

2. One resolution and one moment equation. 

3. Two moment equations. 

These equations have various advantajres and disadvantages 
in their practical use. The resolution equations involve the deter- 
mination of sines and cosines, while the moment equations involve 
the calculation of moment arms. Except in special cases, the 
unknowns are found by elimination between several resolution 
equations, while a moment etiuation may always be written con- 
taining but one unknown, if th;^ center of moments is chosen upon 
the line of action of an unknown force, or at the intersection of 
two unknown forces. The moment equations are the simplest for 

^Tlie centers of momenta must not be in a line perpendicular to the 
comi»nentfi. 

*The centers of moments mu.«{t not be in the same straight line. 
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such unknown stresses whose lever arms are equal to some elemen- 
tary dimension of the structure. Lever arms may sometimes be 
taken by scale from a proper drawing— this should be done in any 
ease as a check— when the method becomes partly graphic. A 
combinalio7i of resolution and moment equations is usually the 
most convenient for many structures. 

42. 5tatically Indeterminate Cases. In general, the three 
equatioiLs of equilibrium will suffice to determine three unknowns. 
These may be the magnitudes or directions of three forces, the 
magnitudes of two and the direction of one, or the directions of 
two and the magnitude of one. If there are other unknowns the 
structure is satically indeterminate unless geometrical conditions 
yield a further relation between unknowns; for example, it is 
sometimes evident that two unknowns are equal. 

If the conditions of concurrency or parallelism are imposed 
upon the forces, only two unknowns can be found as explained in 
Art. 35. It follows that two stresses may be determined at each 
joint of a truss. It does not follow, however, that a structure is 
statically indeterminate, if by proceeding from joint to joint, a 
joint is found where there are more than two unknown stresses ; 
it depends upon the total number of unknown stresses and the 
total number of joints. If j is the number of joints in a truss, 
2 j unknowns may be found; if it is supported at its ends, it will 
require,, in general, three equations to determine the reactions. 
Therefore, if the 

number of members is less than or equal to 2 j— 3 (8) 

the truss is sta- 
tically determi- 
nate. This is 
illustrated in 
the truss of Fig. 
30. For any 
system of loads, 
/r^ /^ the reaction R^ 

Fig. 30. having been 

calculated, stresses 1 and 13 may be found at joint 1; there 
remain then two unknowTis at joint 2 which may likewise be de- 
termined. The same procedure applies at joint 13 after which 
there remain three unknowns at joints 12, 3 or 4 and four at 
joints 14 or 5 but the truss is not statically indeterminate because 
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2 J — 3 =^ 30 — 3 = 27 = number of members. If another mem- 
ber were added vidthout adding any more joints, it would be 
indeterminate. The stresses in this case are easily gotten by us- 
ing a combination of the second method with the method of 
sections (53). 

Statically indeterminate structures are generally avoided. 
The distribution of stress in them depends upon the relative 
stiflfness of their parts. The stresses are determined by means of 
the principle of virtual work or least work. See Chapter XVIII. 

43. Comparison of Graphic and Alsrebralc Methods. In 

comparing graphic and algebraic methods, it should be under- 
stood that the slide rule is used in the latter by all experienced 
calculators, and that the matter of relative accuracy is unimpor- 
tant, excepting certain graphic solutions. If two lines make an 
acute intersection with each other, the point of intersection can 
not be accurately located, and the resulting error may be too 
great. The same objection holds for intersections found by means 
of long lines whose directions may be slightly in error. These 
objections arise particularly in the use of the string polygon, but 
the force polygon is its own check, for it will not close if the work 
is not accurate. With careful work, proper instruments, and 
proper scales, it is seldom necessary to redraw a force polygon. 

The greater the number of diflferent inclinations of fofrces 
(external and internal) to be dealt with, the more the use of the 
graphic method is to be commended, and the greater the liability 
to error in the algebraic method. The more angles there are to 
deal with, the more laborious the algebraic methods become, while 
this has no effect in the graphic method, except as it makes the 
diagrams somewhat more irregular or complicated. 

An experienced calculator will use the graphic methods less 
than an inexperienced one, because he is familiar with the method 
of calculating stresses in certain kinds of structures and is there- 
fore less liable to make mistakes and errors, and because it re- 
quires considerable time to get paper, instruments, etc. ready to 
use the graphic methods. 

Graphically, the method of application of the equations of 
equilibrium to any one joint is, by far, the most important, be- 
cause it deals with force polygons, and the method of sections is 
the least important. 

The advantages and disadvantages of the two methods for 
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finding reactions and the four methods for finding stresses, to- 
gether with those resulting from the use of the different equations 
of equilibrium, will be brougl^t out in what follows. 

44. Rules to be Observed in the Use of the Graphic Jlethods. 

In order to measure forces, it is necessary to use a scale. For this 
purpose a decimal scale (an engineer's scale) is necessary— one 
divided into tenths, twentieths, thirtieths, fortieths, fiftieths and 
sixtieths of an inch. It is not necessary to know how many pounds 
an inch represents, but the scales for distances and forces should 
be given on the drawing as a "scale of 10," a *' scale of 40," etc^ 
By placing the given scale upon a line representing a known 
quantity, it is at once apparent how an unknown quantity should 
be read. 

The scaling of stresses should not be complicated by requir- 
ing scaled distances to be multiplied or divided by 2, 3 or 4, ex- 
cept that, when convenient, such a scale may be chosen a.s wiU 
require scaled stresses to be multiplied or divided by two. Stresses 
should be scaled as closely as may be, estimating between divi- 
sions. Good instruments should be used. Triangles and straight 
edges should be tested before using. Soft paper should be 
avoided. 

Truss and stress diagrams should not be drawn on separate 
sheets, and for aU ordinary problems the sheet need not be larger 
than 8"xlC, and the diagrams should not be allowed to run off 
the sheet. A little preliminary sketching will serve to indicate 
where a diagram should be started. 

Prick points made with a fine needle point should locate 
all intersections. 

A well sharpened hard pencil should be used for drawing all 
lines and these should not be ** inked in," unless the intersections 
are protected by small circles made with a bow pen. 

Truss diagrams should be laid out accurately to as large a 
scale as the sheet^will permit, and great care should be taken in 
transferring the direction of any member to the stress diagram. 

Stress diagrams (force polygons) should be drawn to as 
small a scale as is consistent with the required degree of accuracy 
in reading stresses. If stress and truss diagrams are both large, 
it will be found difficult to transfer directions from one to the 
other. 

If inks of different colors are usedj say red for the lower 
chord, black for the upper chord, and blue for the web, the dia- 
grams will be much clearer than when made with a single color. 
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1. How are live loads determined? Dead loads f Wind 
loads t Reactions? Stresses? 

2. In applying the laws of eqjuilibrium, are external and in- 
ternal forces treated alike? 

3. Illustrate the things %7hich fully determine a force. Must 
it always be assumed that there is a rigid connection between a 
force and the body upon which it acts ? 

4. Must concurrent forces have the same point of appli- 
cation ? 

5. When there is actual rotation produced by a force, where 
is the center of moments taken? 

6. If the resultant of the two forces of a couple be regarded 
as an infinitely small force, what must be its lever arm to make 
its moment equal to that of the couple ? Why is the moment of a 
couple the same for any center in its plane ? 

7. What are the simplest systems of forces that are equiv- 
alent to any system of co-planar forces? 

8. If in Fig. 20, P = 10000 lbs., a = 8.5 ft., and b = 5 ft., 
what must be the weight of the car to just balance the wind load ? 
What will the vertical reactions be if the car weighs this amount ? 

Ans. 34000 lbs.; and 34000 lbs. 

9. Into how many sets of two components at right angles 
to each other may a given force be resolved ? 

10. If the dead load stress in a certain member of a truss 
is 15000 lbs. tension, what will be the stress in it if the live load 
produces 24000 lbs. compression ? 

11. Give three very fundamental statements in graphic 
statics which are derived from the parallelogram of forces. 

12. If three forces are in equilibrium, prove by means of 
the force triangle which represents them, that the algebraic sums 
of the horizontal and of the vertical components are zero. Draw 
a rectangle which will circumscribe the triangle^. 

13. Resolve a force into two components by drawing a force 
triangle, so that both components shall be greater than the given 
force. 

14. Show how to find the magnitude of the equilibrant of 
any two forces (not parallel) and the location of its line of action. 

15. In Fig. 24 mark the order in which the magnitudes of 
the forces are determined when P^ is the known force. 
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16. A force of 8000 lbs. acts 6 inches from the center of a 
wall ; if it be taken as acting at the center of the wall, what will 
be the moment of the couple which must be introduced? 

17. A force of 6000 lbs. acts ve3:tically downward and a 
force of 10000 lbs. vertically upward; their lines of action are 
5 ft. apart ; what is their resultant, and how far from the line of 
action of the greater force is its line of action ? Ans. 7^^ ft. 

18. What are the conditions for complete equilibrium of a 
body acted upon by a system of forces— algebraically and 
graphically? 

19. What is the foundation of the force polygon? 

20. If the direction of two forces in the force polygon were 
opposite to that of aU the other forces, what would it indicate? 

21. What is the fundamental principle used in drawing a 
resultant polygon ? A string polygon ? 

22. If in Pig. 24 K^, Poy and Pj were known, what would 
ACDBhel 

23. What is the function of the string polygon in Pig. 28? 
In Pig. 32? In Pig. 43? In Pigs. 62 and 63? 

24. .How are the points A and chosen in Pig. 28 ? 

25. If the string polygon of Pig. 28 is considered as a 
framed structure, to what will the stress in BC be equal? In (7Z>? 

26. How may the closing line in Pig. 42 be made horizon- 
tal? In Pig. 28? 

27. Where is the resultant of the loads in Pig 43 located? 
In Pig. 61? In Pig. 63? 

28. What is the difference between the string polygon and 
the resultant polygon ? 

29. If there is complete equilibrium when B = and M = 
0, why are there three independent equations 1 

30. Which of the eight directions given in Art. 40 plainly 
lead to a saving of time? Which to reliable results? Which to 
accuracy ? 

31. By which of the six methods of application of the 
equations of equilibrium are reactions obtained? By which 
stresses ? 

32. In Pigs. 59 and 60, do the arrows on the members cut 
by the section represent the forces exerted by the part shown 
upon the other part, or vice versa? 

33. Show how a curved section would be more convenient 
than a straight one in getting stress D^ in Pig. 53. 
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34. What combinations of the equations of equilibrium may 
be used in getting reactions? In getting stresses by the methods 
of sections and of joints ? 

35. What is the simplest method of getting the stress D^ 
in Pig. 501 

36. What are the disadvantages in the use of the resolution 
equations of equilibrium? Of the moment equations? 

37. Are reactions usually found graphically or algebraic- 
ally ? In what cases should a graphic method of finding stresses 
be used, and which one ? 

38. What is meant by a statically indeterminate structure? 
How may the truss of Fig. 52 be made statically indeterminate 
as regards stresses ? As regards reactions ? 

39. What tools are necessary for drawing stress diagrams? 
What are the points upon which particular care should be 
bestowed? 



CHAPTER IV. 

APPLICATION OF THE LAWS OF EQUILIBRIUM TO THE 
STRUCTURE AS A WHOLE. 

REACTIONS. 

Reactions will now be determined both algebraically and 
graphically for a number of different cases. It will be evident 
that for the usual problem with vertical loads, the algebraic 
method involves the least labor. 

45. Reactions for a Single Force. Fig. 31 shows a beam 
carrjdng a load P and supported at 
its ends A and B, The reactions, 
22i and -B^, will be vertical if the 
support at one end is such that the 
beam is free longitudinally. 

Since all the forces are ver- 
tical there are no horizontal com- 
ponents. Applying the other two ^^- ^^• 
equations of equilibrium, we have S vert, comps. = 

Bi— P+B2 = or 722 = P— i?i 
For S moments = 0, the center of moments may be taken at any 
convenient point ; if it is taken at B, the moment of R^ is zero and 
we have R^ directly from 



tzL-^^i^i: 





RJj' 


-Pf, = 0orB, = p4- 








This value of R^ 


substituted in 


the equation above 


will 


give 
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valueof JB2 = P- 


-4 


='.• 
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center at -4, 
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This illustrates the law of the lever, to which the student 
should become accustomed so that it will be unnecessary to think 
of the moment equations. Thus, if (Fig. 31) L = 20 ft., and l^ = 
12 ft., and l^:^S ft., R^ =^"0 P=iP, awd i?2 = ii} P=iP. As a 
clieck,R,+R,={i + i)P = P. 
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R. 




Graphically, the problem is to find two vertical forces R^ and 
which will be in equilibrium with P. 

It is only necessary to draw a closed string polygon and a 

corresponding force polygon. 
The three forces P, JK^, and R^ 
must act through the apexes of 
the string polygon. In Fig. 32, 
draw the strings 1 and 2 from 
C parallel to the equilibrants 
(60 and Oa) of P; where these 
strings intersect R^ and i?2 in D 
and J?, there must be apexes of 
" J»wy /hy^a/r the string polygon ; hence DCED 
is the string polygon. Draw- 
ing nO parallel to D E, it is the 
, _ -_ . ray corresponding to the string 

u E and therefore cuts off the 
^^•32- forces -Bi and R^ in the force 

polygon which is a 6 n a, a straight line, since the forces are par- 
allel. The student should prove that there is equilibrium as was 
done in Art. 37. 

It is evident that P = jBi+i^a ; ^^^^ ^^ "<^ ^^0, drawn parallel to 
the closing line, divides P into two parts equal to R^ and R^* 

Exactly the same pro* ^ t a \^ 

cedures apply to any kind of 
a truss supported at its ends, 
because reactions are inde- 
pendent of the form of the 

structure. K;- L 

In Fig. 33, the panels ' Fig. 33. 

being of equal length, the resultant of the two loads evidently 
acts at d and is 2 P, so that 

i2i = |2P=|Pand P2 = f 2P=f P 
i?i + i?2=(f + |)P=2P(cA€cfc). 

Graphically, the solution would be 
exactly like that in Fig. 32. 

In Fig. 34, if R^ is horizontal, the 

line of R^ must pass through C because 

i?2, P, and R^ are in equilibrium. The 

magnitudes of R^ and R^ may be found 

Fig. 34. ' from a force triangle. 
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This may also be solved by passing a string polygon through 
the one known point A ot K^ aa shown in Fig. 35. 





Fig, 35. 

The case of Fig. 36 is the same 
as that of Fig. 31. If Rz were hori- 
zontal, it would be the same as that 
of Fig. 34 and R^ would be in- 
clined. 

Algebraically, Fig. 34, from 
2 vert, comps. = 0, R^ cos P = P, 
and from S hor. comps. ^0, 
R^ sin p=--R^^ and from 2 moms. 
= witb center at A, R^y^Ltan a 
= Pl^, To eliminate between these equations, makes this method 
somewhat laborious. This case is similar to that of Fig. 23. 




^ _t_4^ _./,._. 



Fig. se. 







Fig. 37. 

Fig. 37 shows a cantilever beam, the part EC extending 
beyond the support B, 

Taking moments about B, R^XAB = PXBC and with A as 
a center, R^X^iB = PXCA, As a check, R^ = R^+P. 
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Graphically a string polygon is drawn beginning at D. On 
parallel to the closing line gives the force polygon ahna. 

If the truss in Fig. 38 is 
fixed at both supports A and 
B, the reactions are statically 
indeterminate. If they be 
assumed parallel to the load 
whicli is the resultant of the 
lo.ads acting at the joints in 
the line AC, we have, with 
center at B, Fig. 38. 

^1(^+^2) =^^2 «^d with center at .1, 

Graphically the problem is the same as that of Fig. 32. 

In Fig. 39, Pi is the re- 
sultant of the wind loads at 
the joints of AC and Pj of 
the vertical loads at the joints 
of AC and CB. This case may 
be reduced to that of Fig. 23 
by finding the resultant 22, of 
Pj and P2; it must pass 
through Z>. Now R^j R, and 
R., being in equilibrium, they 
meet in the point E. This 
gives the direction of Rj^ 
and the force polygon deter- 
mines the amounts of R^ and 
i22(33). 
Fig. 39. Should any of the inter- 

sections be very acute resort should be had to the string polygon, 
but the original forces should not be used unless their resultants 
are not readily located. 

A hinge is a joint about which the parts of a structure are 
free to turn: it is assumed to be frictionless and, therefore, the 
moment at its center is zero for a structure in equilibrium. 

Fig. 40 shows a three-hinged arch with a single load P, on 
the left half. T?ie line of R2 must pass through the hinge C, for if it did 
not J R2 loould turn the right hand half about O. This determines the 
point Dj and since Ri is in equilibrium with P and R^ its line of 
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action passes through Z>. The force polygon gives the magni- 
tudes of iZi and R^ 




Fig. 40. 

In like manner, reactions may be found for a load on the 
right hand half. By finding the resultant of the two reactions 
at A (for example) we get the reaction for both loads. If there 
are a number of loads, the case may be reduced to the above by 
£rst finding the resultant of all the loads on each half. 

Algebraically, we have from S hor. comps.= 
Hor. comp. JBj = hor. comp. R2 = H 

From 2 vert, comps. = 0, 

jP = vert. comp. Ei+vert. comp. i^2 = T^i4"^2- 

From S moms, about C = 

HT=V^X\rorRr-^P{\L-U) = VxX\L. 

Three of these equations determine the unknowsff, F,, and 
Tj- ^1 is the resultant of H and Fj and Uj of H and F^- Equa- 
tions may, of course, be written with centers at A or B. 

In this case, just as in that of Fig. 31, 



ri = P-rand V^=P 



h 



Substituting V^ in the equation above, 
Hr = \Pli and, H= ^ P 



h 



46. Reactions for Any Number of Loads. The reaction 
for a number of loads may be gotten by finding the reaction for 
each load separately and adding these reactions, or by finding 
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Fig. 41 
first method is the better. 



the location of the resultant of 
the loads thus reducing the prob- 
lem to that of finding reactions 
for a single load. 

In Pig. 41, the location of 
the resultant of the three loads 
is not apparent, therefore the 
By the law of the lever, 

^i = i^lO + ^V15 + i*20 = 22|. 
ii2 = A20 + Ml5+i*10 = 22i. . 
i2i + fia = 22| + 22^ = 45 = 20 + 15 + 10; check. 

Applying the equations of equilibrium directly, 
20 ^1 = 20X14+15X9+10X4 = 455 from which 
A = W = 22| 
20 /t%= 10X16+15X11+20X6 = 445 from which 

^2 = W = 22i 
Graphically, the problem is to divide the equilibrant of the 
three loads into two parts, B^ and Ui^ such that when acting at 
A and B respectively, they will balance the loads. 




n)remfhfygon 



Fig. 42. 

The force polygon (Fig. 42) abcda gives the equilibrant da. 
To find the point n, draw the equilibrium polygon DFHKED 
and On parallel to EB, The ray 5 corresponds with the string 

D E the closing line. The force polygon abcdiia closes, and 

dn = i?2, and na^B^, B^y 1, and 5 are in equilibrium at Z>, 
also B2, 5, and 4 at E. 

The student should prove that there is equilibrium as was 
done in Art. 37. 
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The resultant of the loads passes through C, the intersection 
of 1 and 4, since 1 and 4 are in equilibrium with ad (triangle 
adO). The string polygon DEC is similar to that of Fig. 32. 




Fig. 43. 
Fig. 43 shows a cantilever beam, the part BC extending 
beyond the support. The loads 20 and 16 will produce an up- 
ward reaction at A, while the loads 8 and 15 produce a downward 
reaction. The direction of the resultant Ri is in doubt. As- 
suming Bi to act upward, and with center at B, 

18fii-20Xl3-16X7+8X4+15X9 = 
^1 = W^- Since this is plus as was assumed in writing the 
equation of equilibrium, the assumption was correct. See rule 
Art. 39. 

R2 evidently acts upward. With center at ^1, 

18 R. = 20X5-f 16X11+4X18+8X22+15X27. 
R2 = 9j\«-. As a check Ri + R2= W + W = ^^^ = 20 +16+ 
4 + 8 + 15. 

In drawing the string polygon, it is 
necessary to have the lines of action of 
those rays which form a triangle with a 
load or reaction in the force polygon, 
intersect on the line of action of that 
load or reaction. Thus 5, 6, and the load 
15 form the triangle efO and their lines 
of action intersect at H, 

nO, parallel to the closing line, de- 
termines Ki and R2 

^ Fig. 44 shows a trestle bent with 
foundations at A and B, and wind loads 
Pj, P2, and P3 ; the resultant of the en- 
tire weight is Pw and acts in the axis of 
symmetry. It is convenient to use only 

Fig. 44. 
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the horizontal and vertical components of the reactions, and it is 
assumed that the horizontal components are equal. 

The direction in which V^ will act depends upon the rela- 
tive magnitudes of the horizontal and vertical loads. If it acts 
downward as shown, the structure must be anchored. 

From S hor. comps. = 0, we get, 

P,+P,+P, = 2n; (a) 

from S vert, comps. = 0, we get, 

^w = Fx-F.; (6) 

from S moms. = 0, with center at A, we get, 

Pi (a+e+c) +P2(e+c) +P, c-y^h Pw-T,& = 0. (c) 

The moments of the other forces (ff and Vi) are zero. Equa- 
tion (a) gives the value of ff ; equation (c), that of Y^\ and 
equation (6), that of Y^, As a check a moment equation for B 
may be written. 




Fig. 45. 

A problem quite similar to this is solved graphically in Pig. 
45. The force polygon is abcdefna and the string polygon is 
ABCDEFGA. 

The reactions R^ and /?2 ^^^ ^^ opposite directions. 
47. Reactions for Uniform Loads. A uniformly distributed 
load may he conceived to he a series of equal infinitely small con- 
centraied loads infinitely small and equal distances apart. In 

Fig. 46, the resultant of these loads 
would equal W and act at the middle of 
the beam, so that, hy symmetry, each re- 
action is ViiW. 



if///A-y//Ay/y • ^ . w/.> v ^/ ' ///////w^ 



Fig. 46. 
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In Pig. 47 the raraltant of 
the uniform load acts at its 
middle or 14 ft. from A and 6 
ft. to the left of B. 



/OO/^S /omr- ff 



^ ZO' *!• 8'- 



Fig. 



47. 

:0 



3f^ =3000X28+2800X14-20/^2: 
fia = i-2|ji)A == 6160 lbs. 
Assuming Rj^ to act upward, 

M, = 20^1-2800X6+3000X8 = 0. 
/Ji = — i^g-i*^ = — 3G0; Ri acts doimward. 
Graphically, the solution of this problem is like that of 
Pig. 43, the resultant of the uniform load being used as one load. 
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r 

1. Upon what equation of equilibrium is the law of the 
lever based? 

2. If a beam is supported at its quarter point what must 
be the ratio of the load at the end of the short arm to that at the 
end of the long arm when the beam is balanced, neglecting the 
beams own weight ? If the beam is 20 ft. long and weighs 50 lbs. 
per ft., what load, at its end, will be required to balance it. 

3. What are the reactions for a beam 20 ft. long, supported 
at its ends, weighing 100 lbs. per ft., and having a load of 15000 
lbs. at 5 ft. from one end ? 

4. Find B^ and R^, Fig. 33, for P = 20000 lbs. Also for 
the same panel load at each of the joints 6, c, d, and e. 

5. Draw a truss of eight equal panels similar to that of 
Fig. 33 and number the intermediate joints, from right to left. 
Find the values of B^ for a load P at 1, at 1 and 2, at 1, 2, and 
3, etc. 

6. If the truss of Fig. 33 consists of 5 panels at 20 ft. each, 
what will be the panel loads at c and d produced by a load 44 ft. 
from i?i, so placed upon the floor of the bridge that 6000 lbs. will 
be carried to one truss 1 What will be the reactions produced at 
the ends of the truss? What will be the reactions produced at 
the ends of a girder having a span of 100 ft., by a load of 6000 
lbs. located 44 ft from one support ? 

7. Show how the construction of Fig. 39 will be modified 
for the wind load on the other side of the roof. 

8. What will be the horizontal and vertical components of 
the reactions for a symmetrical three-hinged arch having a span 
of 160 ft., and a rise of 40 ft., for a load of 80000 lbs. at 40 ft. 
from one support. (Apply the equations of equilibrium and do 
not use formulas). 

9. Take the figures representing the loads in Fig. 43 as 
thousands of pounds, and find the reactions when these loads are 
combined with a xmif orm load of 400 lbs. per foot. 

10. In the above case, what will be the shear at 15 ft. from 
A1 At 7 ft. from C? 

11. Find all the reactions for Fig. 49 when P = 30000 lbs., 
h = 20 ft., and 6 = 16 ft. 

12. How would you find the reactions in Figs. 51 and 53 
' when the panel loads and panel lengths are unequal? 
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13. Is there any distinction between loads and reactions so 
far as the string polygon is concerned? 

14. How would you find the location of the resultant of the 
loads in Fig. 61 ? 

15. Calculate ff, F^, and F^, Fig. 44, for Pi= 13500 lbs., 
p^= 6000 lbs., I\= 4000 lbs., a = 13 . 5 ft., e = 20 ft., c = 18 ft., 
6 = 20 ft., and P^= 24000 lbs. 



CHAPTER V. 



APPLICATION OF THE LAWS OF EQUILIBRIUM TO ANY 

ONE JOINT. 

As explained in Art. 40, the application of the equations of 
equilibrium to one joint of a truss at a time, involves only con- 
current forces. Graphically, we deal with force polygons only. 
Any joint may be treated graphically or algebraically but there 
is usually nothing to be gained by using both methods for one 
truss. 

Since there are but two independent equations, the solution 
must begin at a joint where there are but two unknown quantities. 
The reactions are first deterfnined by the methods of chapter IV. 

48. Stresses in the Simplest Form of Truss; Stress Dia- 
{rrams. Fig. 48 
shows a triangular 
truss carrying a 
single load at its 
apex.^ To find the 
stresses (the reac- 
tions being known) 
it is only required 
to draw a force 
polygon for each 

joint. In this case, yof^^ / jo,nr ^n 

there are three rorce /^/y^ons 

forces at each joint, Fig. 48. 

two being unknown. Laying out P to some suitable scale and 
drawing a force triangle for joint 2, stresses Z>i and D^ are deter- 
mined. Since these three forces are in equilibrium the direction 
of the arrows is clockwise as determind by the known direction 




Joint ^ 



iBow's method of lettering is frequently used in grapliic solutions. 
By this method the spaces between the forces (external and internal) are 
lettered and a force is designated by the two letters adjacent to it. In the 
stress diagram, these letters come at the intersections, so that a stress is 
represented by a line with letters at its ends. 
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of P. Transferring the directions of D^ and Dg to the truss dia- 
gram, we find they act toward the joint. 

Laying out R^ and drawing L and D^ parallel to their direc- 
tions in the truss diagram, the force triangle for joint 1, deter- 
mines the stresses L and D^. The directions are counter-clock 
wise as determined by R^ ; transferring these to the truss, D^ 
acts toward the joint and L away from the joint. 

Treating joint 3 in like manner, it is found that each one of 
the stresses has been determined twice. To avoid this unneces- 
sary labor, the force polygons (triangles in this case) may be 
drawn in one diagram, called a stress diagram,^ as shown. 

Starting with any known force, in the stress diagram, the 
direction in which any stress acts at a certain joint, can be deter- 
mined by going aro^ind the force polygon for that joint. Since 
the lines are common to two joints, the directions which they 
show will be opposite to each other ; if these directions are toward 
the two joints in the truss diagram, the stress is evidently com- 
pressive, and if they are away from them, the stress is tensile 
(7). Thus are the stresses fully determined. 

Tensile and compressive stresses may be distinguished from 
each other by means of arrows in the truss diagram, or by lines 
of different colors, or by any other convenient sign. The usual 
signs used are + and — (as shown in Fig. 48), which have noth- 
ing whatever to do with the signs in the equations of equilibrium. 
In this book the + sign is used to denote compression, and the 
— sign to denote tension. This convention is oftei| reversed: 
practice is not uniform on this point. In mechanics, the -[- sign 
is nearly always used to denote tension. 

In drawing a stress diagram, it is not necessary to draw it 
joint by joint. The method of procedure is as follows : 

1. Lay out the force polygon for the external forces. This 
will be a straight line for parallel forces but, since the polygon 
must close, the line will be traversed twice in going over all loads 
and reactions. 

2. Draw lines parallel to the outer members (upper and 
lower chords) ; these will go through the points in the force 
polygon in which the adjacent outer forces in the truss diagram 
meet. If a number of members lie between two adjacent forces. 



^Stress diagrams are also called Cremona diagrams, Maxwell diagrams, 
and reciiirocal flgnres. 
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the lilies parallel to them in the stress diagram will all go through 
the same point. See Figs. 48 to 53. 

3. Complete the stress diagram by drawing a succession of 
lines parallel to the inner members. 

4. Determine the character of each stress by going around 
the force polygon for each joint, starting with a konwn force or 
stress. The character of each stress, together with its scaled 
amount should be put on the truss diagram. 

It will be found that, if the external forces have been laid 
out in a clockwise direction, the order of the forces at any joint 
will be in a clockwise direction, as determined by the force poly- 
gon, and vice versa. 

Algebraicall}'^, we have 
At joint 1, Z>i cos d = Bi ^i = B^secB 

D^sinO = L = Ri tan 6 

or M% =\ pRi—Lh = L = Rx^ = RitanQ 

M$=Rjp— 0^008 6=0 Di = Ri8ece 

The stresses Di and L were first determined by two resolu- 
tion equations and then by two moment equations. They may 
also be gotten by means of one resolution and one moment equa- 
tion. It is to be noted that the equation in M^ determines an 
unknown without finding a function of an angle, it being as- 
sumed that h is a known dimension of the truss. 

The angls $ should always be measured from the direction of 
the loads, and its functions should always be expressed as ratios 
of lengths and thus used on the slide rule^. This necessitates the 
calculation of the lengths of the diagonal members which may 
easily be done by means of a table of squares. 

The stress D^ is equal to D^ because the truss is symmetrical. 
They may also be gotten at joint 2 from D^ sin6 = D2 s^iiiO; 
hence I>i = D^ and 21>i cos 6 = P; D^ = %P secO which is the 
same as was gotten above since R^ == YoP. Using a moment equa- 
tion we have, 

M3 = y2pP—D,pcose = ; Z>, = y^PsecO 

All stress diagrams are simply extensions of the above simple 
case excepting a few apparently statically indeterminate cases 
(42). 

49. Stresses in a Crane. Fig. 49 shows a crane with sup- 
ports at A and B and carrying a single load P. 



lAn exception to this rule is the case of tf = 45**. «in45® = co«45®=- 
0.707; ton 45° = 1,000; «ec 45^ = 1.414, 
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The vertical reaction at A must be equal to P forming h 
couple whose moment is Pb; Hh = Pb determines the reactions 
ff at A and B, 

Joint 2. U9ina = H £7 = H-~-((en8ion) 

" H -r- {termon) 



Uc08a=V=H- 



a 



/» 



D=iH-f- (compression) 




Joints. D8inp = H 

It is to he noted 

that those equations 

have been chosen which 

involve but two forces, 

and it thus becomes a 

very simple matter to 

determine the character 

of the stress. Thus the 

horizontal component of 

U at joint 2 must act 

away from the joint to 

balance H. 

Fig. 49. 

The stresses may be checked by writing other equations of 
equilibrium, as follows. 
Joint 1. U sin a = D sin p, 

U cos a-\-P=^D COS p. 

Joints. D cos p=^P-i-V. 

M^ = Pb-^II{a+h)-['Vb = 0. 

The above equations are but solutions of the triangles in the 
stress diagram. The force polygon of external forces is abaca. 
The force polygon for joint 1 is PDU; for joint 2, HUV; and for 
joint eS, RHVD, 

SO. Stresses in an Unsymmetrical Truss Unsym metrically 
Loaded. Pig. 50 shows a truss of three equal panels with parallel 
chords. 
45.^ Sin, e=co8, d=0.707. Sec ^=1.414. Tan tf = 1.000. 

TJie force polygon for external forces is ahcda. 

At joint 4, from 2 vert, comps. = 0, we have V^ = 0, and at 
joint 7, from 2 hor. comps. = 0, we have L^ = 0. These two 
stresses will, therefore, not appear in the stress diagram. 

The force polygon for each joint is easily followed and the 
signs of the stresses determined. These are also readily found 
by inspection because the truss is a beam supported at its ends : 
it bends so that the upper chord is shortened and the lower chord 
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Fig. 50. 

lengthened ; hence the upper chord members are in compression 
and the lower chord members in tension. The diagonals are de- 
termined by the shears in the panels; thus, the shear in panel 
1-3 shortens D^, the shear in panpl 3-5 (2000 lbs. up) lengthens 
Z>2> 3iid the shear in panel 5-7 lengthens J)^, Y^ is in tension be- 



24000 lbs. (-f) 
17000 lbs. (-) 



cause it must be directly opposite to Pj. 
Joint 1. D^ = U, sec (9= 17000X1.414 

D^ sin ^ = Li = 24000X0.707 
Joints. T\=P, = 15000 lbs. (-) 

£^ = 2,^ = 17000 lbs. (-) 
Joint 2. />! cos 6—Vj^ = D^ cos 6. D^ = Z>i— Fi sec 0. 

Z>2 = 24000-15000X1.414 = 2800 lbs. (-) 

?7i = D^sinO+D^ine = 26800X0.707=19000 lbs 

l/\ = ?7^ = 19000 lbs. (-f) 



( + ) 



Joint 4. 
Joint 7. 
Joint 6. 



73 = ^2 = 19000 lbs. ( + ) 



1/3 = 19000. 



Z>3 COS 6 

2>3 = 19000X1.414 



: 26800. ( — ) 



Joint 5. Z>2 cos 0+D^ cos e = P^ = 21000 lbs. 

(2800+26800) 0.707 = 21000 lbs. Check, 
Only resolution equations have been used above but in some 
cases the moment equations are even simpler. Thus, for joint 1, 
J/2 = 207?i--20Li = 0; hence L^ = R^. 

51. Stresses in a Roof Truss for Wind Load. Fig. 51 shows 
a roof truss with a normal wind load on the j5xed-end side of the 
roof. When there are so many diflPerent inclinations of members 
and external forces, the stresses as well as the reactions are 
best gotten graphically, ahca is the force polygon for external 
forces. Two methods are shown for finding the reactions. The 
string polygon is drawn through the one known point of B^. 
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Stress Oiagrofri 



Fig. 51. 

Beginning at joint 1 or 12 and constructing the stress dia- 
gram, it will be found that the stresses Tj, Z>3, F^, Z)^, and Fj 
are zero, and that U^ = U^ = l\y and L^^L^=^ L^, That V. 
and V^ are zero is also apparent from S vert. comps.= at joints 
3 and 11. At joint 10, since V^ = 0, D^ must be zero because the 



resultant of D^ and TJ^ (say) would not fall in the line of i/o, the 
remaining force. At joint 9, since D^ = 0, V^ must be equal to 
zero ; then joint 8 is similar to joint 10 and D^ = 0. 

The stresses will be altogether dilBferent for wind load on 
the roller-end side of the roof. 

The compression and tension members should be carefully 
noted. 

—3' 4*^ — -5' H 




Stress O/et^rom 



Fig. 52. 

52. Stresses in a Cantilever Truss. Fig. 52 shows a bracket 
supporting two loads, and it is assumed that it is so held at A 
and B that there can be a vertical reaction at A only. 



70 STRESSES IN A CANTILEVER TRUSS. Art. 62 

The resultant of the two loads forms a couple with the ver- 
tical reaction so that 4H = 8000X6+6000X3 = 66000 ft. lbs. 
7/ = 16500 lbs. 

V¥+^ = Vis ==S.6{t. = diagonal length. Sin$=-^ Cb« « = g^ 

Joint 1. Lico«d= 8000 Li = 8000?^ = 14400 lbs. (+) 

Li8ine=Ui= 8000 ?#X-^= 12000 «>«. (— ) 

Joint 2. y, = 6000 lbs. (+) 

t;, ='17^ = 12000 lbs. (-) 

Joints. U8ine=H=l&5O0lb8. I^ = 16500?^ = 19800 ^6«. (+) 
LiCO8d — U0Q0= 72 = 19800^— 14000 = — 3000»8,(+) 

Joint 4. Di cos tf=F2=3000 2)i = 3000?|^=5400 lbs, (— ) 

Di sin 6+U2==^H = 16500 lbs. 

Di= (16500—12000) ^= 5400 lbs. {—). Check. 

Graphically, the force polygon of external forces is Pi Pj 
H H R. Ui being between P^ and Pj, draw a line parallel to it 
through b; likewise U^ goes through c; Fj goes through d; and 
L^ and L2, through a. D^ and Fj complete the stress diagram. 
The character of the stresses is apparent. At joint 4, for ex- 
ample, since U2 acts toward the left and is less than H, D^ must 
also act toward the left, which makes it tension ; now the vertical 
component of Z>i being downward, Fg must act upward, which 
makes it compression. 

The scaled stresses are given on the truss diagram in 1000 
pound units. 

53. Stresses in a Compound Pink Roof Truss for Vertical 
Loads. Pig. 53 shows the case mentioned in Art. 42. The stress 
diagram may be constructed if one stress (L3 for example) is 
calculated and laid out to scale ; but, in this case , it is apparent 
that Z>4 = Z>2 on account of the symmetry of the truss and the 
load. From any point a, in the line of Z>s, lay out in its proper 
direction D^ = D^ ; project this distance parallel to itself, so that 
one extremity will lie in the line of Z>8 and the other in that of P, 
which are the stresses in the members adjacent to D^ at the joint 
in the rafter. 
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FiNK TRUSS 
Fig. 53. 

The ^Stresses will be the same in the two halves of the truss 
and a stress diagram for half of the truss only is necessary unless 
a check on the work is desired. The character of the stresses is 
indicated on the right-hand half of the truss. The limits of any 
stress in the diagram are easily determined ; for example, L^ be- 
ing between Z>2 and Z>3 in the truss, is measured from the inter- 
section of 2>2 ft°d />.. in the diagram. 
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1. What is the difference between a stress diagram and a 
force polygon? 

2. Explain fully how the signs of stresses are determined 
when algebraic methods are used and when graphic methods are 
used. 

3. What should be the uniform practice with regard to the 
angles giving the inclinations of the members of a truss and theii 
functions ? 

4. Find, graphically, the stresses in a truss like that of 
Fig. 61, with panel loads, at joints 3, 5, 7, and 9, of 15000 lbs. 
each, the panels being 15 ft. and the depth d, 7i/^ ft. Also for a 
single load at joint 9 such that R^ = 1000 lbs. 

5. Find the stresses in problem 4 algebraically and compare 
the results. 

6. Take a truss similar to that of Fig. 51 with a span of 60 
ft. (six panels of 10 ft. each), a height at the center of 15 ft., and 
vertical panel loads at joints 2, 4, 6, 8, and 10 of 6400 lbs. each. 
Find the stresses algebraically and graphically and compar'r 
them. 

Note.— This style of truss is called a Howe truss. When the 
diagonal w^eb members are inclined in the opposite direction, it 
is a Pratt truss. The instructor may assign individual problems 
by varying the span, the pitch, and the panel load. The above 
truss is one-fourth pitch because the ratio of height to span is Vi- 

7. Find the stresses in the truss of problem 6 when the sup- 
port is at joint 9 in place of joint 12 and a half panel load is 
added at joint 12. 

8. If the reaction Ri were known, would it be possible to 
draw a stress diagram for a full arch like that shown in part in 
Fig. 60? 
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APPLICATION OF THE LAWS OF EQUILIBRIUM TO A 
PART OF A STRUCTURE. 

The method of sections is of considerable importance, es- 
pecially the algebraic application, on acex)iint of its ready appli- 
cation to the forms of trusses usually used. This is the only 
method applicable for. finding stresses in simple beams and gird- 
ers. In trusses, the stresses in the members cut by the section 
dividing the structure into two parts are obtained. As explained 
in All;. 40, this method reaUy reduces to one of the other meth- 
ods. 

54. Stresses in Solid Beams. Fig. 54 shows a solid beam 
(stick of timber or girder) cut by 
a section pq. Either the part to 
the left or to the right of pq may a 
he considered, but not both. Con-' 
sidering the part to the left of pq, 
and writing equations of equilib- 
rium between the forces acting on 
this part, we have 

2 vert. comps.=0=2?i— Pi— P^—shearing stress at section: 
or the shear at the section = the shearing stress at the section 

2 moments about C = = l?iO— Pi(a— ^i— PgCa— Zi— Zg) 
— moment of the stresses at the section; or the bending moment at 
the section ^= the moment of resistarice at the section. 

The distribution of the shearing and bending stresses over 
the cross section is discussed under the theory of flexure, Chapter 
VII. 

Pig. 55 shoAvs a similar case 
1^ with a uniform load. 

'^^"^ m 2 vert. eomps, = = R^—wa 

i ,^ —shearing stress at the section pq ; 

or the shear at the section = the 

shearing stress at the section =-- 

E^—wa. 

78 
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1, moments about C = = /^ia—u;aXV^«— moment of the 
stresses at the section ; or the bending moment at the section = 
the moment of resistance at the section. M = M^ =Bia— ^/oira-. 

The uniform load to the left of the section is wa; it is treated 
as a concentrated load at its center of gravity ; hence its lever arm 
is ^/^a and in the bending moment for uniform load there will al- 
ways be a term of the form V^t<;a^. 

55. Stresses in Trusses. Algebraic Solution. In a truss 
it is also often convenient to speak of the shear at a section (in a 
panel since this is constant) and the bending moment at a section 
(at a joint since this is the most convenient point in finding the 
resisting stresses), but these are resisted by members in direct 
tension and compression. 

In Fig. 56, for 
example, the part to 
the left of the section 
which cuts the 
stresses U, D, and L 
is considered. The 
shear in the panel is>fl 
resisted by the ver- 
tical components of pjg^ 5^^ 
U and D (5 vert, comps. = 0). The bending moment at any 
point is resisted by the sum of the moments of ?7, D, and L about 
the same point. 

In Fig. 33, the chords being parallel they take no shear, so 
that, taking successive sections, the vertical component of aB = 
Ri, the vertical component of Be ■-= A\, the vertical component of 
dE = R^—P, the vertical component of Ef = R2. These equa- 
tions determine the diagonal stresses. Getting their horizontal 
components and using the horizontal resolution equation, the 
chord stresses may be determined by taking successive sections, 
but these are more easily found from the moment equation. 

Taking the more general case of Fig. 56, to find L, the center 
of moments is chosen at C, the point of intersection of the two 
other unknowns, so that their moments are zero. There being no 
loads to the left of the section, in this case, the only forces left 
are L and R^. 

For M^ =0, R^X2p = LXd or L = R^^ 
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5^or finding TJ, the center of moments is taken at E. 
JKk = or iiiXSp = UXc U= Ri^. 

For D, the center of moments is taken at the intersection A, 
of {/and L. 

M^ = OoT Ria = Db or D = Ri^. 

o 

The directions of U, L, and Z> are obtained by a considera- 
tion of the direction which the resisting moment must have. A 
stress acting toward the part under consideration is compressive 
and one acting away from it is tensile. 




J^^.. 



In Pig. 57, if a section is taken through three members only, 
and the left hand portion considered, as shown, there are six 
forces in equilibrium, namely, i^j, P at By P at C, CD, ND, and 
NM. 

M^ = OoTNMxd = RiXiL—PHL + iL) 

Af^ = or ND X a = P{iL + iL) 

Mj, = Oor CDxb = RiX c— P(c— |L) + PHL—c) 

In a truss of this kind, the calculation of the lever arms is 
tedious; they may be taken by scale if a proper scale drawing oE 
the truss is made, but the stresses are usually gotten graphically 
from a stress diagram (53). The above method is quite con- 
venient for some members —iVAf for example. 

The component equations require elimination between sev- 
eral equations for most of the stresses. 

56. Stresses in a Truss With Parallel Chords. Fig 58 

shows a truss of five equal panels carrying a load at each upper 
joint. The diagonal length \9 1/18^+20^=26.9 ft. Sec 6= 
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Spaneb at 20 ff- - fOO ff. - 



Stresses and loads in thousand-pound an/j^ 

Fig. 58. 

Section pq. 2 vert, comps. ^0 or shear in panel 7-8 = vert, 
comp. Z>i = i?i—y2P = 5P = 30000 lbs. 

A = 30000 sec $ = 30000 -^ = 44800 lbs. (— ) 

3f6 = 0or (Pi— }P;20 = 18C/i = 30000x20 
jy^^ 30000X20 ^333QQ ^^^ ^^^ 

Mt =0 or 18Li = 0. That Li is zero is also appar- 
ent at joint 6. 

2 vert. comps. = or Pi— i/2P = y2 = 30000 lbs. 

Shear in panel 8-9 = vert. comp. Do == 15000 lbs. 

A = 15000 sec = 15000^ = 22400 lbs. (-f ) 

Jlf, = or (P.-i/gP) 40-PX20 = 181^2. 



Section rs. 
Section tu. 



U2 = 



30000X 40—15000X20 



= 50000 lbs. (+) 



18 

Ms =0 or (A\_i/2P) 20 = 181^2 = 30000X20. 
r 30000X20 



18 



^=33300 lbs. (— ) 



Section vw. 



2 vert, comps. = or shear in panel 9-10 = vert. 

comp. Z>8 = 0. Hence D^ = 0. 
M^ = 0, or 30000X40-15000X20 = 18t^3. 
30000X40—30000X10 



Uz 



18 



= 50000 lbs. {+) 



3/ 10=0 or 30000X60-15000(40+20)= 18 L«. 



U = 



30000X60-30000X30 



18 



= 50000 lbs. (— ) 



Since the loads are symmetrical about the center line, and 
^8 = 0> the stresses will be symmetrical. It will be noted that 
the stresses I7i and Lj ^^^ equal and opposite as they should be 
in order that the sum of the horizontal components, for section 
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rs, shall be zero. Likewise must V2 = is and V^ = L3. It is also 
apparet at joint 9 that Z/j = TJ^ and Fg = 15000 lbs. 

The signs of the stresses are apparent upon inspection. The 
top chord is in compression, the bottom chord in tension, the di- 
agonals in tension, and the verticals in compression. 

If the loads were applied at the lower joints in place of the 
upper ones, the signs of the stresses would be the same, but Fg 
would be zero (joint 9), Fo would be decreased by P, and Fi by 
i^-P- The stress in each post is decreased iy the amount of load 
transferred from its upper to its lower end. 




fbrce f^/^on 






2 c\ 



Fig. 59. 

57. Qraphical Solution. Culmann's Method. Fig. 59 
shows a part of a truss cut oflf by a section for the purpose of 
finding the stresses Z7, 2>, and L, R is the resultant of the exter- 
nal forces jBi, Pj, and P^\ thus the sj'stem is reduced to four 
forces in equilibrium— 1?, U, D, and L. B may be found by 
drawing force and string polygons (see Fig. 37), and V, D, and 
L may be found by the method of Art. 33 as shown in the force 
polygon of Fig. 59. The resultant of U and R is R^ and must 
pass through a ; the resultant of L and D must also equal R\ but 
be opposite in direction, and must pass through c. Then ac de- 
termines the direction of R\ In the force polygon R is laid out 
to scale and through its extremities lines are drawn parallel to 
the directions of V and R\ thus determining their amounts from 
the force triangle 1-2-3 ; in like manner, from R/ and lines par- 
allel to the directions of D and L, the force triangle 1-3-4 is 
formed. 

Three independent solutions are possible by means of the 
following combinations : 

R with U and D with L (as shown). 

R with L and D with U, 

R with D and U with L. 
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Combinations giving acute intersections, either in the force 
or space diagrams should be avoided. When this is not possible, 
it is possible to find the three stresses by using two convenient 
components in place of K. 

By taking successive sections all the stresses may be found, 
or any three stresses gotten by some other method may be readily 
checked. In the former case, by combining the various force 
polygons, a stress diagram is formed, but the construction is not 
so simple as that of Chapter V. If, however, the sections are 
taken in the order indicated in Pig. 59, there will be but two 
unknowns in each case, and the construction reduces to that of 
Chapter V. 




Fig. 60. 



Fig. 60 shows a case in which R is determined by means of 
a resultant polygon and Fig. 61, a case in which R is determined 
by a string polygon, 1-2-6. 

58. Graphical Solution. The flethod of Sections by Ho- 
ments. In Culmann's method, stresses are determined by m^ns 
of force polygons, that is, the resolution equations of equilibrium 
are used. In order to use the moment equation, we resort to the 
string polygon. 

Fig. 61 shows a simple truss with vertical loads and reac- 
tions. The force polygon of external forces is abcdena. The 
shear diagram is drawn opposite it and shows how the shear 
changes at the panel points and passes through zero at joint 7 
or at load P.,. From any pole draw the rays 1 to 5, and in the 
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Fig. 61. 

space diagram, the corresponding strings; string 6 determines 
ray 6 and point n. 

To find stress Cj, for example, take section pg and center of 
moments at joint 5, then 

if, = or U,Xd = R^X2p-P^Xp. 

The moment of the external forces (Ki and PJ is equal to 
the moment of their resultant Ry which from the force polygon 
(fiabn) is equal to nb, K acts at the intersection of strings 2 
and 6— triangle nfeOn— and its lever arm is a^. The above equa- 
tion becomes 

Prom the similar triangles formed by rays 2 and 6 and 
strings 2 and 6 with R and 1/5, we have 

— = — or Ra6 = Hy6 
ys a« ^ 

Hence V^d^^Hyf^. 

Thus we get a value for the sum of the moments of the exter- 
nal forces to the left of any section by scaling an ordinate be- 
tween two strings, for may be so chosen that H is some conven- 
ient quantity like 100 or 1000 lbs. 

This is not true for non-parallel forces unless a string poly- 
gon is drawn for each section, which would be very laborious. 
For parallel forces H is the same for any resultant. 

n, the perpendicular distance from the pole to any force, 
is called the pole distance of the force, although it is really a 
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force; the product i/1/5 will be the same, no matter which is 
called the force or the distance, so long as the scale of forces is 
used in the force polygon and the scale of distances in the string 
polygon or space diagram. 

To find U2 then, it is simply a matter of scaling y^, locating 
the decimal point, and dividing by d (the lever arm of U^)- U.^ 
may also be found by constructing any two similar triangles, 
for ZJj :H '. ly^ \d. 

For Lo, the section is the same as for J/j a.nd, therefore, E 
will be the same ; the center of moments is joint 4 and L^d = Hy^. 

For L.^, the external forces are 7?^, P^, and Pg* whose result- 
ant is nc; since 3 and 6 are components of n>c, the ordinate t/« will 
be measured between strings 3 and 6 on a line through the center 
of moments which is at joint 6. 

Since R^ is always one of the external forces, the ordinate 
y will always he measured from the closing line to that strinq 
which is parallel to the other component of the resultant of the 
forces. Thus if the moment of R^ about joint 6 were wanted, 
the ordinate would extend from the closing line to string 1 pro- 
duced. 

For the truss of Fig. 61, the diagonal stresses can not be 
found (the center of moments being at infinity) unless the chord 
stresses are found first and then used in the equation of equilib- 
rium for the diagonal stress. If the centers of moments for the 
diagonals are taken at the middle of the top or bottom panels, 
their lever arms will be d^=dsin$. For D^, D^Xd^+L2Xd^=Hy^, 
the center of moments being in Un directly above joint 5. Now 
Lzd being equal to Hy^, we have 

Drawing a line through the upper extremity of y^ parallel 
to string 6, it cuts off, on i/p, the distance 2/5—2/4; constructing 
two similar triangles upon this distance, D^ is determined. 

59. The Strins: Polygon as a Moment Diasram- When th»i 
forces acting on a structure are all parallel, H is constant and 
the moment at any section is proportional to the ordinate of the 
string polygon. The string polj'-gon is, therefore, quite similar 
to the moment diagram especially if the pole is chosen on a 
horizontal line through n so that the closing line will be horizon 
tal. For example, if 77 = 10000 lbs. and y scales 34.5 ft., the 
moment is 345000 ft. lbs., while in the moment diagram the 
moment would be scaled directlj'^ and this scaled distance would 
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have exactly the same length as y if the scales were properly 
chosen. 

The string polygon is of greater importance in theory than 
in practice; it furnishes a graphic representation of the varia- 
tion of the moment. 

60. The Graphic flethod of Sections for Uniform Loads. 
According to Art. 54 (Fig. 55) the bending moment at any sec- 
tion of a beam distant x from the left support is, for uniform 
load, Mjt = RiX—y:>wx^. This shows that Mx may be represented 




Fig. 62, 
by ordinates to a parabola whose maximum ordinate is at the 
middle of the beam and is equal to 

^^4L = V2WLXV2L-V2WLXVAL = VswL' = i/sWL. 

The parabola may be constructed by the method shown for 
the right half of the beam, Fig. 62, or by constructing a string 
polygon ajs shown. The load is divided into a number of equal 
parts, and each part is considered as a concentrated load acting 
at its center of gravity. This is equivalent to the procedure for 
finding the moment at any of the sections of division and, there- 
fore, the string polygon will give the correct moments at these 
sections. An inscribed curve, tangent to the string polygon 
(Fig. 62) is the string polygon for uniform load. 

In truss bridges the uniform load is transformed into con- 
centrated loads (panel loads) at the panel points, and the apexes 
of the string polygon will lie on a parabola. 

61. rioment Areas, In Fig. 63 the moment at any section 
as /^ or 55 is Hy, y being the ordinate made by the string polygon 
in the section. The area enclosed by the string polygon is called 
the moment area. The moments represented by the ordinates 
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Fig. 63. 
above the closing line are of opposite sign to those below the 
closing line. ^Moments which make a beam concave on the upper 
side (produce compression in the upper fibers) are usually called 
plus moments. 

A moment area gives a graphic representation of the bend- 
ing moment at every section of a beam and is, of course, appli- 
cable to trusses as well as solid beams. Thus at sections through 
points a and h, the moment is zero and at load P4, it is a maxi- 
mum. Between the points c and d, the moment is positive, and 
beyond them it is negative ; these points of zero^ moment are 
dividing points of contrary flexure. The part cd of length L is 
exactly like an ordinary beam of the same length supported at 
its ends, because the moments at the supports are zero. The end 
reaction of such a beam, at c, can be gotten from the location of 
P„, I\, and P., but it is also equal to the shear at c which is 
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1. Wbat is the bending moment at the middle of a beam of 
24 ft. span for a load of 8000 lbs. at its middle? 

2. What is the maximum bending moment in the above 
beam for a load of 9000 lbs. 8 ft. from one support? What t\w 
maximum shear ? 

3. At which load, in the beam of Fig. 41, is the bending 
moment a maximum? 

4. At which joint of the truss, Fig. 50, is the bending mo- 
ment a maximum ? Where does the shear pass through zero ? 

5. What is the bending moment at the middle of a beam of 
span L, carrying a uniform load W 1 What the shear ? 

6. What is the bending moment in a beam of 20 ft. span 
at 4 ft. from one support for a uniform load of 400 lbs. per ft. ? 
What the shear? 

7. In the method of sections, the sections are taken so as 
to cut how many numbers? Where are the centers of moments 
taken ? 

8. In Fig. 57, take a section and write a moment equation 
for the stress in BC, 

9. Find the stresses in the truss of Fig. 50 by the algebraic 
method of sections. 

10. Find the stresses in the truss of Fig. 61 by the algebraic 
method of sections for the data given in problem 4, Chapter V. 

11. Calculate U^ and Vo, Fig. 52, by the method of sections. 

12. Find Uz, D^, and Lg, Fig. 61, for the data given in 
problem 4, Chapter V, by Culmann 's method. 

13. For the same data as above, find the chord stresses by 
the method of Art. 58. 

14. Find, graphically, the maximum moment in the beam 
of Fig. 42 for loads of 18, 40, and 24 in place of 20, 15, and 10, 
respectively. 

15. Find the stresses in the truss of problem 6, Chapter V, 
by the algebraic method of sections. 



CHAPTER VII. 

STRESSES IN BEAMS AND GIRDERS. 

62. Classification of Beams. According to Art. 2, beams 
are of three kinds, simple beams, girders, and trusses. Simple 
beams and girders may be called solid beams to distinguish them 
from trusses, which are trussed beams. 

Simple beams usually have a uniform cross section from end 
to end. Timber beams usually have a rectangular cross section 
and steel beams an I-shaped one. 

Girders may have a uniform or variable cross section; the 
variation may be due to a variable depth or to a difference in 
length of flange plates. 

I beams, channels, Z bars, and girders have webs and flanges. 
See Fig. 1, Art. 2. 

Beams may be classified in accordance with the manner in 
which they are supported. 

1. Supported at both ends (commonest case)— simply rest- 
ing on the supports so as not to interfere with elastic bending. 

2. Fixed at both ends so that the axis at these points does 
not change direction when the beam bends. 

3. Fixed at one end and free at the other (cantilever). 
(/Bse 2 becomes case 3 when one support is removed. 

4. Fixed at one end and supported at the other. This case 
is intermediate between cases 1 and 2, or 1 and 3. 

5. Continuous over three or more supports. 

In practice the condition of fixity at the supports is not met 
with except when the beam is continuous over the supports and 
loaded beyond them ; in other cases the fixity is only partial and 
the beam is often considered as simply supported. '* Fixed 
ends'' implies freedom to change length due to elastic deflection 
and changes of temperature, which is the usual condition in the 
other cases. 

Beams may have straight axes or curved axes as in arches. 
The latter are treated in Chapters XVI, XVIII and XIX. 
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63. General Consideration of Stresses in Solid Beams. In * 

the most general case of forces acting in any direction and in 
any position on a bar, there will be produced, on any section, 
tensile or compressive stresses (normal), shearing stresses (tan- 
gential, bending stresses (normal), and torsional stresses (tan- 
gential). In special cases, any one of these stresses, or any com- 
bination of two or three of them may occur. According to the 
usual assumption, these stresses may be investigated independ- 
ently and the results of like kind, for any point, may be added. 
In Chapter XX combinations of bending and tensile or compres- 
sive stresses are treated. In this chapter only the usual cases of 
simple bending and shearing stresses are treated. When these 
two are combined, it is seldom necessary to find the resultant 
principal stress (12) ; a method of doing this is, however, given 
in Art. 72 and the lines of principal stress, for a certain case, are 
shown in Art. 73. 

Ordinarily, beams have loads acting perpendicular to their 
axes; they may be spoken of as vertical loads and horizontal 
beams. When the loads are inclined to the axis of a beam, there 
will be a combination of bending, shearing, and tensile or com- 
pressive stresses— the horizontal components producing the lat- 
ter. Stresses are investigated upon sections perpendicular to 
the axis of a beam. In arches the shearing stress acts in a radial 
direction, and, in general, there will be shearing, bending, and 
compressive stresses upon the radial sections. In beams with 
straight axes, provision must ordinarily be made to resist the 
shear and the bending moment (54), and these are treated in- 
dependently although, in general, both shearing and bending 
stresses act upon each particle. Like provision must be made in 
trusses, but in this case the shear is not resisted by shearing 
stresses, but by tensile or compressive stresses in the web mem- 
bers and inclined chord members (55). 

64. BendinR Stress in Solid Beams. Theory of Flexure. 

In the special case shown in 
:^ Pig. 64, the shear between the 
loads is zero, and in this part 
of the beam there is only 
bending stress. Stresses in 
Fig. 64. solid beams are investigated 

on planes perpendicular to the axis of the beam by the method 
of sections, as explained in Art. 54. It was there shown that the 
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bending moment at a section (the sum of the moments of the ex- 
ternal forces to the left of the section) is equal to the moment of 
resistance at the section (the sum of the moments of the stresses 
at the section). That the bending moment is equivalent to the 
moment of a couple is shown in 
Fig. 65, where i? at c is the re-'^ 
sultant of all the external forces 
to the left of section mn ; this is 
equivalent to a force R at the 
section and a couple whose mo- 
ment is 7?a (34). To resist the 
single force, the shearing stress, S = B (^ vert comps. = 0) ; to 
resist the couple, it is only necessary that there be stresses at the 
section forming an opposite couple of equal moment (30). Since 
there may be many couples fulfilling this condition, the distribu- 
tion of the bending stresses is statically indeterminate. The dis- 
tribution of the bending stresses over the cross section of a beam 
is assumed to be in accordance with the theory of flexure. 

It is a matter of common experience that a load placed on a 
beam will bend it. In some cases the bending may not be appar- 
ent, but it nevertheless takes place on account of the' elasticity 

of the material. Fig. 66 shows, 
to an exaggerated degree, the 
bending in the simple case of 
Fig. 64. If before the beam is 
loaded, two vertical lines were 
marked on each face, BB and 
B'B\ Fig. 66, it would bo 
found that when the beam is 
bent, these lines are no longer 
parallel to each other, but that 
the distance between them (in 
this case) is diminished in the 
upper part of the beam and increased in the lower ^rp— 
part. If the upper part of the beam is compressed and 
the lower part elongated, there must be an intermedi- 
ate surface in which the length of the fibers is un- 
changed ; this is called the neutral surface and is indi- 
cated by the line iViA^i. The line in which the neutral surface 
intersects any cross section as iVA^ (Fig. 66) Ls called the neutral 
axis. 
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The assmnplions in the theorij of flexure are: 

1. Originally plane cross sections will be planes after bend- 
ing takes place. 

2. The modulus of elasticity is constant throughout the 
beam. It follows that it is the same for tension and compression 
(for there wnll evidently be both kinds of stresses), and the 
stress must nowhere exceed the elastic limit (11). 

3. The fibers do not act upon each other but independently. 
When bending takes place, the fibers between any two cross 

sections are compressed above the neutral surface (Fig. 66) and 
elongated below it. According to the first assumption the change 
of length of the fibers is directly proportional to their distances 
from the neutral axis, as shown in Fig. 67, DD being parallel 
to BB. 

Under the section assumption, Hooke's law (8) must hold 
for all parts; it therefore follows that the unit stresses vary di- 
rectly {IS the deformations that is, the intensity of the bending 
stress increases directly as the distance from the neutral axis as 
shown ill Fig. 66. This simply means that if the stress per 
square inch is 150 lbs. at a distance of one inch from the neutral 
axis, at a distance of two inches it will be 300 lbs., at a distance 
of 10 inches, 1500 lbs., etc. The total stress at a certain distance 
from the neutral axis will, of course, depend upon the width ot 
the cross section. 

Since the moment of resistance must be equivalent to the 
moment of a couple, the resultant of the tensile stresses must 
e^iual the resultant of the compressive stresses, which makes 
**the sum of the horizontal components *' zero because all other 
forces are vertical. 

It is evident that the maximum intensity of stress will occur 
in the fiber which is most remote from the neutral axis. The 
stress per scjuare inch upon this fiber must not exceed the work- 
ing stress, and if the cross section is made of such dimensions and 
such shape that the unit stress in the extreme fiber is equal to th? 
working stress, the moment of resistance wdll equal the bending 
moment, and the problem is solved. 

The first assumption upon which the theory of flexure is 
based has the merit of being the simplest which can be made 
under the given circumstances. The second assumption limits its 
application to certain materials, and to stresses within the elastic 
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limits. It has been found, by careful experiments, that original- 
ly plane cross sections remain plane and perpendicular to the 
neutral surface, and that the length of the neutral surface docs 
not change ; and this is practically true for stone, which does not 
follow Hooke's law, even when it is, at the same time, also sub- 
ject to shearing stresses. Stone, concrete, and cast iron do not 
meet the requirements of the theory of flexure because they do 
not follow llooke's law; the discrepancy is particularly large 
for cast iron, but the error is on the side of safety. 

The influence of shearing stresses which are usually com- 
bined with bending stresses is discussed in Art. 83. 

The third assumption can, of course, not be in accord with 
the facts. Since there is tension on one side of the neutral axis 
and compression on the other, there will be transverse contrac- 
tion and expansion (9), and the interaction of the fibers will be 
difTerent from that in pure tension and compression, because the 
the stress on the inner fibers is less than on the outer ones. Since 
the contraction and expansion decrease to zero at the neutral 
axis, the inner fibers interfere with both the transverse and longi- 
tudinal deformations of the outer fibers (13). 

The effect of the interactions of the fibers depends upon thi* 
form of the cross section, but the assumption is on the side of 
safety ; the interference with the deformations of the outer fibei-s 
mak(^ the maximum stress less than the theory of flexure indi- 
cates. The more the area of ^the cross section is concentrated 
into two narrow strips parallel to the neutral axis, the less the 
discrepancy. The error is greater with a rectangular than with 
an I-shaped cross section. With a cross section, unsymmetrical 
about the neutral axis, this axis would have a sligthly different 
location from that indicated by the theory of flexure; if this 
were not so, the **sum of the horizontal components'* would not 
be zero, because there would be a greater resistance on that side 
of the neutral axis where there is a greater proportion of fibers 
vertically over each other (Above NN, Fig. 66). 

lender the usual working stresses, the assumptions in th»» 
theory of flexure are practically correct for all materials of con- 
struction and their adoption has been all but universal. It 
should be remembered, however, that long compression flanges 
of beams should be stayed against transverse buckling, and that 
when bending and shearing stresses are combined, the limita 
tiors pointed out in Arts. 83 and 63 nnist also be observed. 
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65. Bending Stresses and Moments of Resistance for a 
Beam of Rectangular Cross Section. The moment is the same at 
any section, between the loads, of the beam in Fig. 64, because 
the forces on either side of such section form a couple (30"^. 
The bending moment is, therefore Pa, and M^ must equal Pa, 
that is, M = Pa = il/.. 

M. is easily found for a rectangular cross section as shown 
i^ in Fig. 6S. If the maximum al- 

*~*^ T ^ ~Y,'/ooc ""^^ lowed stress in the extreme fibers 
' " be 1000 lbs. per sq. in., the 
wddth of the section 10", and its 
"s^^/o^ — depth 18", then the average unit 
/?-/» stress in ffHsion and compression 

Pig^ Qg^ is 500 lbs. per sq. in. ; these 

stresses act over an area of 10X9 = 90 sq. ins.; hence the total 
tension below and the total compression above the neutral axis 
equals /i? = 90X500 = 45000 lbs. It is evident that the neutral 
axis must be in the middle of the section in order that this con- 
dition of equilibrium may hold. 

These resultants of 45000 lbs. each act at the centers of grav- 
ity of the stress diagrams; and since these are triangles (for con- 
stant width), they act at two thirds of the altitudes from the 
vertexes, or at 6" from the neutral axis. The lever arm of the 
couple is then 12" and its moment is 45000X12 = 540000 in. lbs. 

If a=:4.5 ft., P should not be greater than -/V = 
10000 lbs. 

In the same manner a general formula may be deduced. 
The average unit stress is Vii^i ; it acts over an area Y^bh ; y^s^bh 
is one force of the couple, and its lever arm is ^ h; its moment 
is J- Sjbh^ = Af .. 

This value of 3/, will be again gotten from the general for- 
mula for itf„. applicable to any cross section, which will now be 
deduced. 

66. Homent of Resistance for a Beam of Any Cross Section. 

Referring to Fig. 66, v denotes the vertical distance, from the 
neutral axis, of any element of area, and s the corresponding 
unit stress. Having decided upon the maximum unit stress 
(working stress) to be allowed' in the extreme fibers— s, or 82 — 
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the unit stress at unit distance from the neutral axis is -— or — 
and at a distance v, 8 = 8\ — or 82 — (9) 

' t'l V2 ^ ' 

If an infinitesimal area dA be considered, the stress over 

it will be constant and equal to sdA, and its moment about the 

neutral axis will be vsdA. (The center of moments may be 

taken at any point since the moment of resistance is equivalent 

to the moment of a couple). Summing up the moments of all 

. M-i 
the elementary stresses, 



vsdA. 



Opposite signs for the parts above and below the neutral axis 
simply denote that the stresses are of opposite sign, as they 
should be, to make the moments of the same sign^ (Fig. 67). 

Substituting the value of s from equation (9), 

v'dA 



v^dA^-^ / v^d 



= 8i-- = S2~ (10) 

't^dA (11) 

I is called the moment of hiertia of the cross section; it is a 

'^second moment," while j vdA is the first or statical moment. 

The moment of inertia accounts for the fact that the stress 
varies as the distance from the neutral axis, and that the moment 
of this stress about the neutral axis varies in the same way. 

Since v appears as a square, the moment of inertia of the 
lower as well as the upper part of the cross section is positive, 
and they are added together. 

It is evident that the more the area is disposed away from 
the neutral axis, the greater will be the moment of inertia, and 
the greater the moment of resistance. For this reason steel 
beams and girders have I-shaped crass sections; the average unit 
stress is nmch greater than in rectangular cross sections of the 
same height and area. Fig. 69 shows four different ways in 
which four angles and a plate may be riveted together to from a 

^It does not follow tliat tlie moment of the resultant of the tensile 
stresses equals that of the comprassive stresses, about the neutral axis; this 
is true for sections symmetrical about the neutral axis, but it is not neces- 
sary in order to satisfy the conditions of equilibrium ; it is only necessary 
that the total tension shall equal the total comjiression, and tliat tlie mo- 
ment of resistance shall equal the bending moment. 
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beam, and the manner in which the strength is increased oy 
moving the area away from the neutral axis, A'iV. 

Equation (10) is perhaps the most valuable in the entire 
subject of stresses, and the student should be as familiar with 
its use as with the use of the ordinarj^ multiplication table. 

If fi is greater than r^,, s^ will be the maximum unit fiber 
stress (working stress) and vice versa. The extreme fiber gov- 
erns the section. 

Perhaps the most convenient form in which to remember 
equation (10) is, since 3f, =3/, 

— = — or — = — = section modulus. ( 12 ) 

This is most frequently written in the form (dropping the 

subscripts), ^ = -y- • 

In any case this equation must be solved by trial, because 
both / and V depend upon the section, unless a table of section 

moduli is available. — is called the section modulus because it 

V 

is a measure of the sections value in resisting bending. The 
tables for rolled shapes given in the rolling-mill handbooks give 
the section moduli and for these, equation (12) furnishes a di- 
rect solution as the following example shows. 

A beam of 20 ft. span carries a total uniform load of 9000 
lbs. The maximum moment will evidently be at mid-span and 

is equal to ^^^^ =22500 ft. lbs. (60). If the maximum 

allowed fiber stress is 16000 lbs. per sq. in., the required section 

22500 X 12 
modulus = — YmoQ — =16.9 in.* (The moment must be in 

in. lbs. in order to divide it by lbs. per sq. in.). According to 
column 8, Cambria p. 158, this requires a 9"X21.0 lb. I beam. 
An 8''X25.25 lb. beam has nearly the re<iuired section modulus 
but it weighs more; while it meets the requirements, the 9" I is 
not only more economical but stronger and stiflfer. Stiffness is 
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sometimes an important consideration as in the case of floor 
beams carrying plaster. 

A similar calculation usually fully determines the size of 
a beam to carry a given load, except in certain cases, of long or 
very short beams (72). 

If t\ and 1*2 are not equal, the section moduJi for tension 
and compression are not equal. If the working stresses in tension 
and compression are the same, that one governs whose extreme 
fiber is the farther from the neutral axis, and this is the one given 
in the handbooks for unsymmetrical sections. The other one 
may be easily calculated from the moment of inertia which is 
also given for various axes. How to calculate the moment ol 
inertia for any section about any axis is explained in Art. 68. 

67, Location of the Neutral Axis. The neutral axis is 
located by the requirement that the total tension on a cross sec- 
tion must equal the total compression, or that the algebraic 
sum of the normal stresses must be zero, that is, 

«di4 = 0, which from equation (9) becomes -^- / t?di4 = 0. 
-vi •/ — vs 

This can be true only when 

vdA = . (18) 



/ vd, 

J — V2 



This is the algebraic sum of the moments of the areas about 
the neutral axis, and requires that the moment of the area abovf^ 
the neutral axis shall balance the moment of the area below it ; in 
other words, the neutral axis must pass through the center of 
gravity of the cross section. 

Unless otherwise particularly specified, the moment of in- 
ertia of a cross section is referred to an axis through its center of 
gravity. 

The location of the center of gravity of the sections of rolled 
shapes is given in the handbooks. For other areas the engineer- 
ing pocket-books, or any book on theoretical mechanics may be 
consulted.^ The location of the neutral axis, or center of grav- 
ity, is determined below for a few cases. 

The center of gravity of an area is simply the point about 
which it would balance if it had weight which was uniformly 

^See Groodman's Mechanics Applied to Engineering^ cliapter m, 
and "Cambria" 
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distributed over the area; it is the point of application of the 
resultant of all the elements of an area treated like forces^and 
may, therefore, be found algebraically or graphically. 

It follows that the center of gravity is always on an axis of 
symmetry. Thus in Fig. 66, the center of gravity is on VV; it 
is only necessary to find v^ or v^. 

In equation (13) v is the distance of any element of area 
from an axis through the center of gravity. But since it is the 
location of this axis that is to be found, moments can not be 
taken about it. Moments may be taken about any parallel axis 

as QQ, Fig. 66. Now / v^dA = A(v2-\-di), in which v^ h 



yrc/i+vi4-i'2 
v'dA = . 



measured from QQ, Since dj may be any assumed distance, it 
may be zero, whence 

ra = ~V I v'dA 



rvi- 



(14) 






I 



T 



/1.M 



Mo 



Fig. 70. 



The center of gravity of a rectangular 
cross section lies, of course, at the middle of 
its height, but applying equation (14) 

Ci/dA Cv'bdv' 

^ J fj Jo/t* ^_ ,1 

^— 6^ — ' W— bh —^^' 

Since the location of the center of gravity of a rectangle 
is known, the center of gravity of any section which may he 
divided into rectangles, is easily calculated. Any irregular sec- 
tion may be thus treated, the accuracy depending upon the num- 
ber of divisions made. It will sometimes be simpler to consider 
a section as a combination of rectangles and triangles. 

Fig. 71 shows an area which may be divided 



ss. 



f- 



>L 



-/- 



T 



F^ 



into two rectangles whose areas are 
6xy2=3.00 sq. in. 
8X1 =8.00 sq. in. 

A =11.00 sq. in. 
Taking moments about QQ 
Ad = ll.OOd = 3X8.25+8X4.0 = 56.75 
Prom which d = 5 . 16 inches. 

The center of gravity may be found with fewer figures if 
we take moments about an axis through the center of gravity of 



1. 



Fig. 71. 



V 



94 



LOCATION OF THE NEUTRAL AXIS. 



Art. 67 



one of the parts, when the moment of this part becomes zero. 
In the above caae, with axis Q'Q' 

11 d'=8X4. 25 = 34. 00 and d'=3.09 in. 

This is the same location as found above for, 

d == 8.25-cZ'= 8.25-3.09 = 5.16 in. 

A steel shape, whose properties are given in the handbooks, 
should not be divided in the above man- 
ner. Referring to Fig. 72 and *' Cam- 
bria'' p. 174, the center of gravity of 
the angles is 0.75 "in. from the back of 
the longer leg. Taking moments about 

Fig. 72. a-'^is QQ- 

1.3.5 d = 6(6.125-0.75) =6X5.375 = 32.25 and d = 2.39 in. 

For a triangle, Fig. 73, the application of equation (14) is 
as follows. 



^^m^- 



g 



2 If s'nS'i^'m T^ 






I 





Fig. 73. 



Fig. 74. 



/7i 



This becomes, since jr : h 

Vi 



; h and x = -7- v\ 



i-Jj^'d^ = l>^ 



ih^=ih. 



68. floments of Inertia. Having located the center of 
gravity of an area, the moment of inertia about an axis through 
it (the neutral axis) is found by means of equation (11). /is 
a quantity of the fourth order— the square of a distance times 
an area. 

For a rectangle, Fig. 70, 

vmv = \b(lP+ih^)=^i,bh^ (15) 

-JA 
This value should be remembered as it is frequently used. 
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For a trill ngle. Fig. 73, 



^ r 

j-h 



or one-third as much as for a rectangle of the same base and 
height. 

For a circle, Fig. 74, 

7= I t^xdv = 4: I 7^m?<t>rco8<fircoBifid<i> 



r+r r 

J -r Jo 



Jo 

The moment of inertia is four times that of one quadrant. 
In like manner 7 for a rectangle is twice that for half of it, and 
it follows that 7 for a rectangle aboyt one edge is^ hh^ in which 
h is twice the height, that is 

h = 2hi2.r\AI=-^h{2hiy = ^hhi^ 

It is often necessary to find moments of inertia for axes 
parallel to the neutral axes. In Figs. 71 and 72, for example, 
the neutral axis NN of the combination is the one about which 
the moments of inertia of the elements of area (rectangles and 
angles) is desired. Equation (11) is applicable; thus in Fig. 66, 

7,= / (t?4-d)2d^== / ^dA+2d I rd^+cP / dA 



= / (v+dydA^ / MA-\-2d I rd^+cP / 

../ —Vi J — V2 J —V2 J - 

Sinre / MA = I, I vdA = and / d^ 



—Vi 

-\-vi 
dA = A 



[See equations (11) and (13)]. 

I^=I+Ad^ (16) 

This equation is of much practical importance and the stu- 
dent should be familiar with its meaning. Equation (16) means 
that the moment of inertia of any area, about an axis parallel to 
the neutral axis, is equal to the moment of inertia of the area 
about its neutral axis, plus its area times the square of the dis- 
tance between the axes. 
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The same result may be gotten as above by integratine: 

I^ = I v'^dAy and these operations are applicable to any kind 

^ di 
of area, Figs. 70 to 73, for example. 

Moments of inertia of irregular areas may be gotten ap- 
proximately by dividing them into a number of rectangles, or 
mechanically by means of a moment planimeter. The moments 
of inertia of angles, channels, Z bars, etc. should be taken from 
the handbook. 

To find the moment of inertia of the cross section shown in 
Fig. 71, about its neutral axis NN, equations (15) and (16) are 
used, the area being treated as two rectangles as was done in 
finding d. 

A(P = 8X3.09^+8X 1.16^ = 39.41 

/for axis JV7Vr= 82.14 in.4 
For the section of Fig., 72 refer to Cambria. 

/=-jij X h + 12»(for plate) + 2 X 2.58 (for angles) 

= 72.0+5.16 = 77.16 

Ad' = 6X (61/8-0.75-2.39)2+7.5X2.39^ = 96.30 

/ for axis A'iV^ =173.46 in.* 

It is often more convenient to find / by subtraction than by 
addition ; thus for a ring whose external radius is r^ and internal 
radius rg, I=V4..ir {rj^—r^*), 

69, Oblique Loadins^. In what precedes it was assumed 
that the neutral axis is perpendicular to the plane of the bending 
moment. In Fig. 66 the plane of the. bending moment cuts the 
cross section in VV, an axis of symmetry. On account of this 
symmetry, the plane of the resisting moment is evidently coinci- 
dent with that of the bending moment, and it follows that the 
neutral axis is perpendicular to this plane, since the moment of 
resistance is a moment about it. This may also be true if the 
section has no axis of symmetry as is shown by the following 
consideration. In Fig. 66, the origin of a rectangular sytem of 
coordinates is at the center of gravity of the section and the axis 
of Z is coincident with the neutral axis. Since the external forces 
lie in the plane whose trace is the axis of V, the sum of their 
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= 0or 



moments abont this axis is zero; the sum of the moments of the 
stresses about this axis must also be zero, that is, 

CsdAz = 

Substituting the value of s from equation (9), — I vzdA 

CvzdA^O (17) 

When equation (17) holds, the plane of the bending moment 
and that of a moment equivalent to the sum of the moments of 
the bending stresses are coincident. In Fig. 66, there is, in the 
second quadrant, an element of area for every one, similarly 
located, in the first quadrant. The product vz is plus in the first 

quadrant and minus in the second, hence j vzdA, for these 

quadrants is zero. Similar reasoning applies for the third and 
fourth quadrants; therefore, when the plane of the bending mo- 
ment cuts the cross section of a beam in an axis of symmetry, the 

i V2dA = 0; this is also true when there are similar areas 

similarly situated in the first and fourth quadrants, w' 
and in the third and second quadrants, as shown in r=> 

Pig. 75, because | vzdA for these quadrants cancel ] 

J /• z— H--Z 

each other, and therefore I vzdA = 0. If the plane of j 

the bending moment corresponds with ZZ, we have I^L^ 
the case of symmetry. For these two cases the neutral Ik 
axes are at right angles to each other. The similar ^*^* ^^• 
axes for a single angle of equal legs are shown in 
Fig. 76. 

A Z-bar cross section does not have an axis 
of symmetry, but there are also two axes, at right 
angles to each other, each of which will be the 
neutral axis when the other is the trace of the 
plane of the bending moment. For these axes 
vzdA = as will be seen by ref- 
erence to Fig. 77. For the axes 
FiFj and Z^Z^, Cv^z^dA = for< 

the web, since they are axes of |^ 

symmetry; for the flanges this is ^' 
not true because v^z^ is minus for 
both of them. Now if the axes be 
turned so as to take some position 




/ 



z — 



Fig. 77 
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VV and ZZ, some of the area passes into the first and third 
quadrants (phis) and some passes out of the second and fourth 
(minus) ; there must be some position of the axes for which the 

plus value of I czdA is equal to the minus value and therefore 
j vzdA = 0, and the neutral axis is perpendicular to the plane 

of the bending moment. 

If the following values are calculated for any two rectangu- 
lar axes as V^V^ and Z^Z^, for example, viz. CviHA = /jd, 

I ziMA = /vi, and j v\z\dA = /vizi, the J v^dA = T^ may I e 

found in terms of these quantities and the angle a Differentiat- 
ing with respect to a and putting the first differential coefficient 
equal to zero, it will be found that li is a maximum or a mini- 
mum, when a is determined by this equation : 

tan 2a='^^^- (18) 

■^vi — Jzi 

Equation (18) will give two values of 2a differing from each 
other by 180^, or two values of a differing by 90°. These two 
values locate two axes, at right angles to each other, about which 
the moment of inertia is a maximum or a minimum. These may 
be distinguished from each other by inspection; thus in- Fig. 75, 
/, is a maximum and /y is a minimum; the corresponding axes 
are called principal axes. Every cross section^ no matter what 
its shape may he, has two principal axes. 

Equation (18) shows that when 7^, = 0, o =0 and 90°, 
that is the principal axes coincide with the axes of V^ and Z^. 
Since it has been shown that /vz = when one axis is an axis of 
symmetry, it follows that an axis of symmetry is a principal 
axis. See Figs. 66, 75 and 76. An axis at right angles to an 
axis of symmetry is a principal axis, since it has been sho^vn that 
principal axes make an angle of 90° with each other and that, in 
this case, Zv. = 0. 

For angles of unequal logs, and for Z-bars, the principal 
axas are located in the Cambria handbook. 

In practice, sections having at least one axis of symmetry ar* 
usually used for beams, and they are so placed that a principal 
axis lies in the plane of the outer forces. A common exception 
to this is the case of a roof purlin, which has an axis of symmetry 
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parallel to the roof while the load, which it carries to the roof 
triLsses, acts vertically. This is illustrated for a timber purlin 
\K^^ in Fi^. 78. 

In order to find the maximum fiber 
stress, it is not necessary to find the posi- 
tion of the neutral axis. The bending mo- 
ment is M and its plane is vertical. If it 
is resolved into two components whose 
planes contains the principal axes (as 
shown), the extreme fiber stresses for each 
component may be calculated, according to 
and the results added algebraically. 




Fig. 78. 
equation (10), 






Msiva 



(19) 
Mco8a produces compression at a and b, and tension at d 

and c. Msina produces compression at b and c, and tension at a 

and d. The maximum resultant compression will evidently be 

at b and the maximum tension at d. 

A single channel is frequently used as 

a roof purlin, as shown in Fig. 79. For a 

quarter-pitch roof (rise equals one-fourth 

of the span), a =26° 34'. Knowing the 

span and the load, M is easily calculated. 

Assuming ilf = 68000 in. lbs., in this case, 

Msin a = 68000 X 0.447 = 30400 in. lbs., 

and Mcos a = 68000 X 0.894 = 60900 in. 

lbs. The other quantities of equation (19) 

are given in the Cambria handbook. 
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8 at 6 : 



60900 
13.0 



8 



3Oi00 



8 at d: 



60900 Q I 
= "13:0~^^+' 



1.4 = 74800 lbs. 
0.52 = 36000 lbs 



per sq. m. 



in. 



0.70 
00400 

^i^-u.o:^ = ijiiow lbs. per sq. 

At c and a, the stresses will be less, because the two terms 
will have opposite signs. 

Since these stresses exceed 16000 lbs. per square inch, the 
usual working stress, the channel is too small, although as com- 
monly designed, the maximum stress is found to be less than 
16000 lbs. per sq. in. This stress is calculated as if the plane of 
M coincided with that of the principal axis, in which casc 



«: 



M 



r V- 



^000 .. 
'' 13 ' '' 



^ V — r, -^ 15700 lbs. per sq. in. 

The above discrepancy may be much reduced, as it often is. 
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by preventing deflection in the direction of the axis of Z ; this 
cancels M^inaand then equation (10) is applicable. 

It is evident that the position of the neutral axis is not 
needed in getting the maximum fiber stress, but it may easily be 
found from equation (19), if the moments of inertia about the 
principal axes are known (/v and /z). If the coordinates, v' and 
z\ of a fiber on the neutral axis are substituted in (19), s must 



be zero and sino. -7- = — co^a -=r- or 
—7- = — iana. 'j-=tanp 



/» 



£> 



r 



(20) 
in which fi is the angle between the neutral axis and the axis of Z. 

In the above case, Fig. 79, tan )8=— 0.5-^= .928 and 
^==42" 52'. p determines the direction of the neutral axis 
and the deflection must be in a direction perpendicular to it. 

When the direction of the neutral axis is not known, it may, 
in certain cases, be doubtful which are the extreme points; this 
is easily determined by calculating the stresses from equation 
(19)^ 

70 Relation Between the Bending: Moment and the Shear 
^ \fi ^ ^ at Any Cross Section 

i^ of a Beam. A very 
important and very 
J simple relation exists 
between the bending 
moment and the 
shear. Pig. 80 shows 
Fig. 80. a beam supported at 

its ends and carrying concentrated loads, but the same relation 
holds in beams loaded and supported in any manner. R is the 
resultant of the forces to the left of the section pq, 

R=:rS^ = Bi—yP and M^ = Bb = R^x^-^IP (x— a) 
For the section at a distance dx from pg, 

M^+dM^ = R {b+dx) =8^{b+dx) 
and the increase of the moment is dM^ = Sxdx. The rate of in- 
crease of the moment along the beam is therefore, 

dx 



= 5, 



(21) 



^For a more general discuBsion of this general case of bending, with 
examples, see Johnson^s Modem Pramed Strttctures p. 154, or (German 
works on technical mechanics or the statics of oonstmction. 
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The same result is obtained by differentiating the value of 
itfx above and substituting Sx for its value. 

The importance of this simple relation is apparent when it 
is remembered that the moment is constant, is a maximum, or 

is a minimum when —r^ = Q. It follows thai, 

1. Where the shear is zero or passes through zero, the mo- 
ment is constant or is a maximum or a minimum. 

2. Where the shear is uniform, the increase of the moment 
is uniform. 

3. That the area of the shear diagram to the left of any 
section is equal to the moment at the section since 

CdM=: Csdx=-M. 

The shear and moment diagrams of Figs. 93 to 111 should 
be carefully compared to understand these relations. It should 
be remembered that the moment is not a maximum where it 
passes from a positive to a negative value, and that the shear be- 
comes zero or passes through zero at a support. 

That the moment is dependent upon the shear (a resultant) 
and the distance through which it acts is shown in Fig. 80, where 

71. Shearing Stresses in a Solid Beam. In addition to the 
bending stresses (normal) at a section, there are, in general, also 
shearing stresses (tangential) in order that **the sum of the ver- 
tical components'^ shall be zero as was shown in Art. 54. The 
shear (the sum of the vertical components of the external forces) 
is equal to the shearing stress (the sum of the vertical comppn- 
ents of the internal forces). 

It is usually assumed that shearing stresses are uniformly 
distributed over the cross section of a beam. This is a reasonable 
assumption for an I-shaped section and perhaps also in certain 
other cases as will be pointed out below. 

As was shown in Art. 70, the shear and the bending moment 
are dependent upon each other; it follows that the shearing 
stresses and bending stresses are interdependent and that the dis- 
tribution of the shearing stress depends upon the distribution of 
the bending stress, that is, upon the theory of flexure. 

In order to fxilly investigate the stresses at any point of a 
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beam, three planes should be passed through it. In the usual 
ease, which is the only one here considered, the cross section is 
symmetrical about the plane of the bending moment, and there 
is no variation of stress parallel to the neutral axis, or perpen- 
dicular to the plane of the bending moment. It remains to find 
how the stress varies vertically, and horizontally lengthwise of 
beam. That there are horizontal shearing stresses will now be 
shown. If we find how the horizontal shearing stresses are dis- 
tributed, the distribution of the vertical shearing stresses will 
be known because, according to Art. 17, their intensities at any 
point must be equal. 

A numerical case will be first worked out and a general 
formula derived afterward. 




Fig. 81. 

Considerinj? the simple case of a rectangular beam, 10"X 
16", carrying a single load as .shown in Fig. 81, the shearing 
stresses at all sections between the left reaction and the load will 
be alike, because the shear at each section is 3000 lbs. It follows 
that the horizontal shear does not vary lengthwise of the beam, 
in this part of it. 

Considering two cross sections AB and A'B\ one inch apart 
the difference in the bending moments is 3000 in. lbs. If the 
equilibrium of a block cut out by these two sections and the 
neutral plane be considered, the forces acting upon it come 
from the stresses cut in these three planes as illustrated in Fig. 
81. 

The difference in the extreme fiber unit stresses is A'C'—AC 
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f 



andthis i8,accordii.gto equation ( 12),«i= ^r = ^^^o^^^iex TQ 
= r^=7.03 lbs. per sq. in. The mean difference in unit 
stress upon the planes .VB' and AB is one half of this or 3.515 
lbs. per sq. in., and the total difference of stress is 3.515X8X10 
= 281.2 lbs. acting towards the left. This can be balanced by 
a shearing stress on the plane BB' only. The area of this plane 
is 10 sq. ins., hence the intensity of the horizontal shear at the 
neutral axis is 281.2-7-10 = 28.12 lbs. per sq. in. This is just 
50% greater than the mean unit shear on the cross section, be- 

3000 
cause that is ^^^^ =18.75 lbs. per sq. in. 

The horizontal shear evidently decreases from the neutral 
axis outward, because the difference in the normal stresses on 
AB and A'B' decreases. At the upper and lower edges of the 
cross section, it becomes zero, hence the vertical shear is also 
zero at these edges. This is evident also, if the action of shear at 
a section is considered. Fig. 82 shows the 
movement which tends to take place at a sec- 1 
tion AB. It is seen that there is no resistances 
to the downward movement of an extreme^ 
particle at F; likewise there would be none 
to C moving up, if there were no external 
forces applied at D. Such forces are applied at certain sections 
of pins and rivets used in connecting parts of trusses and gird- 
ers, and modify the distribution of the shearing stress in an 
unknown manner. The usual assumption of uniform distribu- 
tion seems to be jastified by experiment. 

When a cross section is curved at any point of its perimeter 
the shearing stress must act tangen- 
tialhf, because the normal component 
miLst be zero, since the condition in its 
direction is the same as at the upper 
and lower edges of a rectangular 
section. 

Fig. 83 shows a cross section sym- 
metrical about the plane of the shear 
aS\ At the points P\ the shearing 
stress must act tangentially and it is 
usually assumed that the resultant of 
' all the shearing stresses, acting at the 
points of a horizontal line, goes 



*7 

Fig. 82. 
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through the point and is opposite to S. This makes the ver- 
tical components of the unit stresses along P'P' equal, and since 
the horizontal components increase toward the points P', the in- 
tensity is greatest at these points. 

To derive a general formula for Sg at any point of a cross 
section, the procedure is similar to that for the numerical case 
above. In place of taking the two sections one inch apart, as in 
Fig. 81, they will be taken a distance dx apart, so that the stress 
in this distance may be considered of constant intensity, and the 
horizontal section will be taken a distance v above the neutral 
axis. The longitudinal stress on an element of area 2iv wide and 
dv deep is 2wdvs and the total stress, above the horizontal soc- 

tion is I 2u'sdv. Substituting for s its value from equation 



tion IS I 2i 

(12), the total stress on one end of the block is-j- / 2wvdv ; the 

total stress on the other end of the block is "j" / 2wcdv. The 

J V 
difference between these stresses is equal to the horizontal shear 
on the area 2wdx. M'—M = dM=rSdx according to equation 

(21); therefore, — j — / 2tcvdv =— j- / 2u)vdv = total hori- 

zontal shear. «,' = i^ I 2vwdv = unit shear in a strip whose 

sides are vertical = s, co84> in a strip whose sides are not vertical 
(Fig. 83). Therefore, 



S^ 

^" 2WC08<p 



7 / -"^^"^ = 2tv COS <!> I <2^) 

in which il/g is the statical moment of that part of the section 
lying above a horizontal line through the point where s^ is to be 
calculated. 

For a rectangular cross section <l> becomes zero and cos4> = ^ 



Equation (22) reduces to 8, = ^^T-^^^3- J bvdv When ij=0. that 
is, for stress at the neutral axis, 



.9 f^ 



Jo 
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This shows that the unit shearing stress at the neutral axis 
of a rectangular cross section is 50% greater than the mean 
value. This corresponds with what was found in the numerical 
example above. 

When V = yJt, 5,, =:: as w^as found above from general con- 
siderations. 

For a circular cross section equation (22) becomes, for 
iwints on the circumference, 



r 

J I '^r COS <^' 1 

J r sin 0/ 



Of 

^-= 2rcflSV// '^rcostl>'rsin<l}'rco8<l>'d^' = 



6r> 



r 

J I 8in4> 
J <P' 



co^^^' I \ sinf^co^^d^' 

J ¥ 
/=-j^irr* (68) and for stress at the neutral axis, <^^0, and s. is 

constant over the full width, so that 

/flO° 
sm 4/ co^ 4>' d¥ = 37^ — 8 T C^^)- 

This shows that the unit shearing stress at the neutral axis of 
a circular cross section is 33 1-3% greater than the mean value. 
Equation (22) is not applicable to an I section on account 
of the sudden change in width at the junction of the flange and 
web. For such a section the usual assumption of uniform distri- 
bution of the shearing stresses, over the section of the wch only, 
is on the side of safety. These stresses must be zero at the upper 
and lower edges of each flange, but since the flanges take some 
stress, the efl:Vct is to approximate to a uniform distribution of 
stress vertically Thus the actual maximum unit stress will bo 
about the same as the unit stress on the Jissumption. 

NA.ccording to the above investigation, the 

"T~pv shearing stress is the greatest at the neutral axis 

<^^ \ and becomes zero at the upper and lower edges. 

J \^ The law of variation between these extremes de- 

* i'J P^"^^'*' upon the crgss section. For a rectangular 

:J^ / cross section, the stresses vary as the ordinates to 

_Ld^ a parabola whose middle ordinate is^-j. This is 

Fig. 84. ig illustrated in Fig. 84. 

72. Resultant of Bending: and Shearing Stresses. Principal 
Stresses in Beams. The bending and shearing stress(»s in beams 
and girders have so far been considered separately, and it has 
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been shown that, in general, both occur at any point in a beam. 
The question arises, why is the resultant stress— the principal 
stress (12) —not calculated! 

According to Art. 71, the shearing stresses increase from 
the neutral axis outward, and according to Art. 64, the 
bending stresses increase in an opposite direction. In the outer 
fibers, the bending stresses are a maximum and the shearing 
stresses zero; at the neutral axis the reverse is the case. The 
maximum resultant stress occurs somewhere between the 
neutral axis and outer fiber, and its intensity might be greater 
than the maximum intensity of the bending stress, dependinjj 
upon the form of cross section. The common I section is an un- 
favorable one in this respect. Since it is unknown how shearinu: 
stresses are distributed over an I section, calculations must al- 
ways be made upon certain assumptions; such calculations in- 
dicate that, within certain limitations, the bending and sheariner 
stresses may be considered separately, and, in simple beams, th^ 
shearing stresses need not be considered at all (See example Art. 
66). 

The resultant stress is evidently less in a beam uniformly 
loaded (supported both ends) than in one carrying a concen- 
trated load, because in the one case the maximum vshear comes at 
the supports, and the maximum moment at the center section, 
while in the other these sections coincide. (See Figs. 100 and 
95. Also compare shear and moment diagrams for other cases'). 
Suppose a beam to be designed to resist the maximum moment 
caused by a single load; if now the span be decreased, the moment 
becomes smaller, and the shear remains the same. It is evident 
that in veri/ short beams, the bending stresses are negligible afr 
compared with the shearing stresses, and the usual procedure is 
not applicable. This is especially true for timber beams. The 
resistance to shear in sections parallel to the fibers being the 
least, short timber beams sometimes fail (at the neutral axis) in 
horizontal shear. A similar failure might occur in very short I 
beams heavily loaded, because the web is thin. 

For example, if a timber beam 12"X12" has a span of 4 ft. 
and carries a load of 24000 lbs. at its middle, its extreme fiber 

Btre88i8«=^^ = ^|^^=10001b8.per8q.in.(Eq.lO). The 

maximum unit shearing stress is g^X y^Y}= 1^5 lbs. per sq. in. 
(Eq. 23). Now if the working stresses are 1000 lbs. in the ex- 
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trerae fiber and 100 lbs. in shearing with the grain, the beam is 
overstrained in shear. (See Cambria p. 361). The shear is the 
same near the load as at the end and therefore the maximum re- 
sultant unit stress may be greater than either of the above. How 
to calculate this principal stress will now be shown. This is of 
importance only in exceptional cases and for theoretical con- 
siderations. 

It has been shown that on a vertical section of a beam 
there are normal and tangential stresses, and on a horizontal sec- 
tion there are tangential stresses. If equations are written giv- 
ing the stresses on a plane making an angle 4^ with the vertical 
section, in terms of these stresses on vertical and horizo^tal 
planes, the value of <t> Avhich will make the normal stress on the 
inclined plane a maximum can be easily found. 

Fig. 85 shows the face of a triangular block, 
taken indefinitely small, so that the unit stresses 
on the three surfaces whose traces are AB, AC, 
and BC may be taken constant. The plane ^ 
whose trace is ^C is taken in a vertical section 
on the tension side of a beam. The unit stresses 
and not the total stresses are shown in the figure! Fig. 85. 
It should be remembered that there is no variation in stress per- 
pendicular to the plane of the paper, that there are no stresses 
on the front and rear faces of the block, and that the unit shear- 
ing stresses on AB and AC are equal (17). Fig. 85 is a repre- 
sentation of the various stresses in a beam.^ The problem is to 
find that value of <^ which will make 5t' a maximum (Also Sg'). 

Taking dA as the area of the plane whose trace is BC, the 
equilibrium of the block requires the sum of the horizontal and 
vertical components of the forces to be separately equal to zero. 
The area of the plane AB = dA dn tj} Rud of AC, dAcos<l>. 

From the sum of the horizontal components 
s^dA cos if^'-^^dA sin <f> — s^dA sin <^ — s^dA cos <^= 0. 
Canceling the factor dA, this equation becomes, 

«/ cos <f> — sj sin <l>'-s^ sin <l> — s cos 4>= 0. ( a) 

In like manner from the vertical components, 

«t' sin <^+«.' cos ^ — «, cos <^= 0. ( b ) 

^Tliis is a special case of the general problem in which there is also 
a normal stress on A B, 
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Multiplying the first Equation by cos4^ and the second by 

9in <l>y and adding, s/ is eliminated. 

St' coi?<f> — «,' sin <l> cos ^ — », sin ^ cos <^ — s^ co^ <^ = 0. 

«/ sin^ <A+«/ sin <l> cos <^ — s^ sin <f>cos<l> = 

s* = St cos^ <^+2 s, sin <^ cos fft which reduces to 

s/ = ist ( 1+cos 2 <^)+s. stw 2 <^ (25) 

s/ = i St sin 2 <f>-\-s, cos 2 <^ (26) 

Equation (26) is gotten by multiplying (a) by sin^, (6) by 

cosif}^ subtracting, and introducing the angle 2<t>. 
From (25), for a maximum or a minimum St' 

-^= — St sin2<^+2s, cos 2<^ = (c) 

tan2it> = 2^ (27) 

Tan 2 <^ has the same value for two angles differing from 
each other by 180° ; therefore 4> has two values differing by 90°, 
one of which locates the plane upon which St' is a maximum, and 
the other the plane upon which St' is a minimum. By substituting 
the value of 2 <^ from (27) in (25) these values are determined. 
From (c) or (27), 

stn2<l>= ± -——==^ ; cos 2<^ = ± ■ 



These values in equation (25) give 

•'■0 = *'.*T^ = *-**v'.-?T57 (2S) 

The larger value is the maximum principal stress and the 
smaller value the minimum principal stress (12). These will he 
of opposite sign, because the negative term is greater than the 
positive term; this means that one is tension and the other 
compression. On the compression side of a beam St is replaced 
by Sc and s/ by s/. 

If equation (28) gives the values of the principal stresses, 
the value of <l> from equation (27) should make s,' = in equa- 
tion (26) ; that this is true is apparent by comparing equations 
(c) and (26). 

When Sr is zero as it is' in the extreme upper and lower fibres, 
equation (28) becomes St' = St or 0; the resultant stress is equal 
to the bending stress— tension in this case— and the compressive 
stress is zero. Now the principal stresses lie in the horizontal 
and vertical planes, as is also shown by equation (27). 

When St = 0, as it does at the neutral axis, equation (28 "i 
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becomes 8^' = ±: s^ and equation (27) gives <l> =45° and 135°, 
which agrees with the conclusions in Art. 17. At the neutral 
axis the principal stresses are equal, of equal intensity with the 
shearing stresses, and act on planes making angles of 45° with 
the neutral plane. 

Prom equation (26), for maximum or minimum «', 



d</> 



-5j COS 2 <t> — 2 8^ sin 2 4>= 



(d) 



ton2^=-^ 

This value is the negative cotangent of the angle determined 
by equation (27), therefore the value of 2<^ for maximum or 
minimiun «.' differs from that for maximum or minimum s/ by 
90°, and the values of <l> differ by 45°. This fact has already 
been brought out for points on the neutral axis. 

By comparing equations (d) and (25), it is apparent that 
«/ does not become zero when s^' is a maximum or minimum; 
its value is St' = ^/^^t ; this is true in the case of Fig. 5, Art. 12, 
when the inclination of AB is 45°, as may readily be proven. 
By substitution in equation (26) from equation (29), 

, /tnax\ , , ,t^rx\ 

'•\min) = ^'^^'''+"'-' <30) 

Equation (30) shows that the maximum and minimum 
values of the shearing stresses are numerically equal, which 
agrees with the conclusions of Art. 17. 

73, Lines of Principal Stress. Knowing the intensity of 
the shearing stress (Sg) and the bending stress (st or 5c) at any 
point in a vertical section of a beam, the inclinations of the 
planes on which the principal stresses act may be gotten from 
equation (27) ; these will also be the inclinations of the lines 
of principal stress, because they are at right angles to each other. 

Curves having these 
inclinatione for every 
point through which 
they pass are lines of 
principal maximum 
and principal mini- 
mum stress. Fig. 86 
shows approximately 
the location of such 
Fig. 86. lines in a beam, sup- 

ported at its ends and carrying a load at the center. 
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The dotted lines are lines of tension, and the full lines, lines 
of compression. The former are evidently lines of maximum 
principal stress below the neutral plane, and of minimum prin- 
cipal stress above it. The reverse is the case for the compression 
lines. 

In accordance with the previous article, these lines cross 
each other at angles of 90^ and the neutral plane at angles of 
45°. The stresses along them gradually decrease from the cen- 
tral plane to their ends, at the upper and lower edges. At a 
the shearing stress is zero, the bending stress alone acts, and the 
line is horizontal; toward the neutral axis, the influence of the 
shearing stresses increases, and that of the bending stress de- 
creases, bringing the line to an inclination of 45° at 6, where 
the shearing stresses alone act; above the neutral plane the 
compressive stresses gradually reduce the tension to zero at c. 
and the line becomes vertical. At d, e, and /, the lines are in- 
clined, owing to the influence of the shearing stress. 

In a beam carrying uniform load the lines would all bc- 
horizontal at the middle section, because the shear is zero, and 
the curves would be flatter, because the shear increases toward 
the supports. 

If the lines of maximum and minimum shear were drawn 
they would cross the lines of principal stress at angles of 45°. 

74, Working: Stress for Cases of Compound Stress. It 

was pointed out in Art. 13 that transverse forces, acting upon 
the sides of a bar in tension or compression, interfere with the 
longitudinal deformation so that it is no longer proportional to 
the longitudinal stress. There is a similar state of things in a 
beam, the shearing and bending stresses resulting in tensile and 
compressive stresses acting at right angles to each other. 

Working stresses are based upon experiments in simple 
tension, compression, and shear, for which cases equation (2), 
ES=-s, holds. When stress and deformation are not directly 
proportional to each other, the question arises, Shall the working 
strcvss be based upon the intensity of the maximum stress or upon 
the maximum deformation? Experiments alone can determine 
this, and these are beset with such difficulties that authorities do 
not agree, as yet, upon this matter. The weight of authority 
seems to be in favor of considering the maximum dcformntion. 
in the line of principal stress, as the best basis for a working 
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stress. Having calculated this, as explained below, an equivalent 
direct stress is used as a working stress. 

Knowing Smax*? »^w ■= E Smax. 

For the case of Art. 72, 



y, (max)=-^ 
^c(max) = — 



8\ (max) h\ (min) 

m 

8'c (max) — s'c (min) 



Substituting -^ for S^ax 

«^ = «/(max)— — s;(min) or«^ = a/(max)— — 8c'(min) (31) 

At the neutral axis of a beam, the shearing stresses are 
principal stresses, and their values are+Sg and — Ss from equa- 
tion (30), St being 0. 

These values in equation (31) give 

«w = Sg+ --5. or 8s = :i^s^ (32) 

that is, theoretically, the working stress in shear should be i 
of that in tension, when m = 4 or Poisson's ratio is l^; it is, 
however, always taken less than this, and usually low enough 
so that the shearing stress may be taken as uniformly distributed 
over a cross section (71). 

75. Stresses in Girders. All of the preceding general 
discussion of solid beams applies, of course, to girders. In Fig. 
65 are shown the forces acting upon a part of a girder to the left 
of the section mii. The shearing stress S = R'j this is assumed 
to be uniformly distributed over the area of the cross section 
of the web only (71). Therefore, 

A^ = ^''=ht (33) 

This equation determines the area of the web; its depth, h, is 
determined by considerations of economy; its thickness, t, is 
never made less than ^", and for railway bridges seldom less 
than %'\ 

Since there are compressive stresses in the web (73), it is 
usually stiffened, because its ratio of depth to thickness is much 
greater than for I beams. The unknown influence of the tensile 
stresses acting at right angles to the compressive stresses, makes 
a calculation of the buckling stresses impossible. 

The bending stress in a girder may be calculated by means 
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of equation (12), which must be solved by trial, as there are 
no tables oi' section moduli as there are for I beams. In order 
to avoid the labor of calculating the moment of inertia of each 
section which may be tried, the calculation is much simplified 
by making two assumptions. 

1. The stresses in the flanges (tension and compression) 
are uniformly distributed over their areas and their resultants, 
therefore, act at the centers of gravity of the flanges. 

2. That the depth of the web, h, may be set equal to d, the 
distance between centers of gravity of the flanges. 
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Fig. 87. 



Pig. 87 (a) shows the actual distribution of the inte^isity of 
bending stress over the cross section, while Fig. 87 (6) shows the 
effect of the assumptions, with the diagrams for the intensities 
of stress in flanges and web superimposed. Fig. 87 (a) corres- 
ponds with the formula A/ =« — ; po does Fig. 87 (6) so far as 

the web is concerned, except that the second assumption changes 
its depth a little. The depth of the web is sometimes equal to 
that of the cross section; it is sometimes less and sometimes 
greater than d. The diagram for each flange is a rectangle, 
which results from the first assumption, and which is the same 
thing as neglecting the moment of inertia of the flange about its 
own axis, in comparison with that about the neutral axis of the 
whole cross section; equation (16) becomes /» =Ad^ = 

2A, (|d)2, and from equation (10), M^=8^-^^^^ = sA4^ 

That this is true may be easily seen by reference to Fig. 87 (6) ; 
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sAt is the stress in each flange, and d is the lever arm of a couple , 
whose moment is the moment of resistance of the flanges. 

The moment of resistance of the web = « — = fiAi- = 

I 8th^==\sA^ h=^i8A^ dhy the second assumption. 
The total moment of resistance is 

M^=s(At+iA^)d==M (34) 

which shows that one-sixth of the area of the web may be treated 
like flange area, that is, the couple formed by the stresses in the 
web may be replaced by an equivalent couple (isA^d) whose 
forces (JsA^.) act in the centers of gravity of the flanges, so 
that there results a sti-ess diagram as shown in Pig. 87 (c). Now 
it is plain that the 

Af 

Equivalent flange stress = -^ (35) 

Equivalent flange area = "■^^"•^7"'''"^' ' (36) 

Flange area proper (net one flange) = 

equiv. flange area — J A^ (37) 

Flange area proper (net one flange) = 

equiv. flange area — I A^ (38) 

Equation (37) is used when there is no allowance to be made 
for rivet holes in the web; equation (38) makes an approximate 
allowance for a vertical line of rivet holes in the web; (these 
occur at stiflPeners) ; an exact allowance can be made by deduct- 
ing the moment of inertia of the areas cut out of the web by 
the rivet holes on the tension side from the total moment of 
inertia of the web. 

The moment of resistance of the web is sometimes neglected, 
in which case the equivalent flange stresses and areas become the 
actual ones, and the term in A^ drops out of equations (37,> 
and (38). 

Since d, the effective depth, can not be calculated until the 
flanges are known, an approximate value, or the depth of th'^ 
web, may be used for the flrst trial. Two or three trials will 
usually give a flange that is exact. 

Equation (36) determines the net area of the tension flange,, 
that is, the gross area less that cut out by the rivet holes. 

The top flange is usually made the same as the bottom 
flange (gross areas alike), but it must be held against sidewise- 
buckling, if it is long. There are many points in the design of 
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girders whose discussion would be foreign to the purpose of this 
article. 

76. Beams Stressed Beyond the Elastic Limit. When the 
extreme fiber stress in a beam is greater than the elastic limit 
of the material, the theory of flexure is no longer applicable, 
and the equations based upon it are not applicable. The discrep- 
ancies between the theory of flexure and the facts in the case 
are negligible wdthin the elastic limit, but not beyond it. The 
stresses do not increase uniformly from the neutral axis out- 
ward, even though the deformations may sensibly do so ; Hooke 's 
law does not hold. Hence experiments on the ultimate strength 
of beams can not confirm or disprove the theory of flexure. 

If the extreme fiber unit stress at rupture is calculated by 
equation (10), it will be found to be much greater than the 
ultimate strength in tension or compression, unless there is con- 
siderable difference in these, in which case it will lie between 
them; its value will depend upon the form of the cross section 
to a large extent. Timber being stronger in tension than in 
■compression, fails on the compression side of a beam ; the reverse 
is true with cast iron. For a rectangular cross section Su in a 
cast iron beam will be nearly twice the ultimate strength in 
tension. 

The discrepancy between the ultimate strength in bending 
as determined by equation (10), and the ultimate strength \n 
tension or compression, is explained as follows : 

1. The stresses do not increase outward from the neutral 
axis as rapidly as for stresses within the elastic limit. 

2. The neutral axis moves toward the stronger side as the 
stresses increase, since eciuilibrium requires the total tension to 
be e(iual to the total compression. 

3. The interaction of the fibers, preventing transverse 
deformation as explained in the third assumption under the 
theory of flexure (64), has a much greater influence for stresses 
beyond the elastic limit than for stresses w- ithin it ; in both cases 
this influence is such as to increase the strength of the beam in 
bending. 

4. The influence of the shearing stresses is greater beyond 
the elastic limit than within it. 

5 The usual ultimate strength in tension is not the real 
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strength, on account of the contraction of area. In a beam* there 
is very little contraction on the tension side, or expansion on 
the compression side. 

The adequacy of this explanation is disputed by some 
authorities, because certain experiments have shown that the 
neutral axis moves very little in a cast iron beam, and that the 
ultimate strength in bending does not differ greatly from that 
in tension, for stone and concrete, provided the latter is de- 
termined accurately, which is a difficult matter to do.^ 

Equations applicable beyond the elastic limit have been 
developed, but for the sake of simplicity, the form of equation 
(10) is used to compare the ultimate strengths of beams. Thus, 
if a beam having a certain length and cross section is loaded 
until rupture occurs in the extreme fiber, the moment may be 
calculated from the breaking load and length, and v and / are 

known ; from these may be calculated 5u = ^ . Su is an exper- 
imental constant, for a certain kind of material, and may be 
used to calculate the breaking load for other beams of the same 
material, 4iaving difi:erent lengths and cross sections. If the 
forms of the cross sections are different, the results may be 
largely in error, particularly for cast iron, s^ is called the 
modulus of rupture in cross-breaking. 

Steel and iron really have no modulus of rupture in cross- 
breaking, because they do not rupture like stone, wood, and 
cast iron, but bend indefinitely; for them the elastic limit is 
the proper limit of strength. 

»See F6ppl's Techniache Mechanik, Vol III § 22a. 
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1/ What constitutes the web and what the flanges of a 
plate girder? Are there corresponding parts in a truss? 

2. Illustrate five cases of beams supported in different 
ways. May one span of a continuous beam be considered as 
fixed at its ends f 

3. Why are stresses in beams investigated on sections per- 
pendicular to their axis? What kinds of stresses are found on 
these sections, in general? 

4. Are the three equations of equilibrium applicable in 
beams having only vertical loads ? 

5. What, according to the theory of flexure, is the relation 
between the unit elongations of fibers in a beam at distances 
of 2 inches and 12 inches from the neutral axis? What is the 
relation between the unit stresses in these fibers ? What law Is 
involved? 

6. Upon what does the variation of the total stress on a 
cross section of a beam depend? 

7. State the facts contrary to the first assumption in the 
theory of flexure. To the second. To the third. 

8. To what is the moment of resistance of a rectangular 
cross section equal ? Derive this from the general formula. 

9. What is the difference between the moment of inertia 
and the statical moment of the area of a cross section? How 
should a given area be disposed with respect to the neutral axis 
in order that either may be as large as possible ? 

10. What is the greatest stress in a timber floor joist, 
3"xl2", if the maximum moment is 12000 ft. lbs. ? 

11. What are the unit stresses in the extreme upper and 
lower fibers of a beam composed of two angles 6"x4"xi^", the 
longer legs being vertical, and the maximiun moment being 
138800 in. lbs. ? Ans. 7930 and 16000 lbs. per sq. in. 

12. Upon what does the section modulus depend ? 

13. What are the section moduli in problem 11 ? 

14. Do the section moduli given in the Cambria handbook 

equal— for I beams and channels ? 

15. What is the section modulus of a 10"x30.0 lb. I beam 
for an axis through its center of gravity parallel to the sides 
of the web? 

16. If 16000 lbs. per sq. in. is the working stress, what 
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size of I beam should be used as a floor joist, in which the 
maximum moment is 93300 ft. lbs. Ans. 18"x55.0 lbs. 

17. Where is the neutral axis located in the sections of 
Fig. 69? 

18. Prove that the neutral axis in the beam of problem 11 
is located a^ given in i' Cambria.'* 

19. Find the location of the neutral axis of a section 
composed of an lS''x60.0 lb. I beam, having a 12''x20.5 lb. 
channel riveted to its upper flange, through the web of the 
channel (flanges down). Make a complete sketch. 

Ans. 11.34 in. from lower edge. 

20. What is the moment of inertia of the section given in 
problem 19? Ans. 1221.5 in.* 

21. What is the extreme fiber stress in the beam whose 
section is given in problem 19 if the maximum moment is 105000 
ft. lbs. Ans. 11460 lbs. per sq. in. 

22. What is the moment of inertia of a triangular area of 
height h and base b about its base? 

23. In the fourth section of Fig. 69, what is the moment 
of inertia of one of the angles about the axis NN, through the 
center of gravity of the section? Of the four angles? Of the 
plate? Of the entire section? 

24. What is the moment of resistance of the web of a plate 
girder which is 48'' deep and %" thick, when the extreme fiber 
stress is 10000 lbs. per sq. in. ? 

25. What will be the maximum moment allowed in the 
beam of problem 23 if the working stress is 12000 lbs. per sq. in. ? 
What in a beam whose cross section is shown in Fig. 72 ? 

26. In what cases is the neutral axis perpendicular to the 
plane of the bending moment? 

27. What is the axis of a beam? The neutral axis? The 
neutral plane? 

28. What is the location of the principal axes of a 6"x4"x 
3/8" angle? 

29. If in the problem illustrated in Fig. 79, a timber 
purlin 4'' wide by 10" deep is substituted, what will be the 
extreme fiber stresses? 

30. What is the location of the neutral axis in problem 29 ? 

31. Find where the shear passes through zero in Fitr. 80 
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when the span is 36 ft., P^ = 80, P^ = 120, P3 = 60, P^ = 40, 
P5 = 112, ai = 5 ft., 02 = 11 ft, 03 = 20 ft, 0^ = 24 ft, and 
Og = 32 ft. Find the maximum moment. Where is the moment 
a minimum ? 

32. Illustrate a case in which the shear is uniform over a 
part of a beam, along which the increase of the moment is 
uniform. 

33. Construct a shear diagram for problem 31, and find 
the area of that part to the left of the section of maximum 
moment. 

34. What is the unit shearing stress at the neutral axis, in 
a vertical section of a timber beam 12"xl2", if the total shear at 
the section is 43200 lbs.? What is the unit horizontal shearing 
stress at the same point ? 

35. At what points in a circular cross section is the shear 
ing stress zero? At what points is it a maximum? In what 
direction does the shearing stress at the circumference act? 

36. At what points in a beam is the bending stress a prin- 
cipal stress? Can a shearing stress be a principal stress in a 
beam? At what points are the resultants of shearing stresses 
principal stresses? 

37. When does the shearing stress in a beam become more 
important than the bending stress? 

38. What is the direction of lines of maximum and mini- 
mum shear at the neutral plane? 

30. What are the principal stresses in the web of an 1 
beam at a point where the bending stress is 11000 lbs. per sn. 
in., and the shearing stress 28001bs. per sq. in. ? 

40. In the above problem, what is the equivalent simple 
stress according to equation (31) ? 

41. What is the function of the web in a plate girder? Of 
the flanges? 

42. Do the assumptions made in calculating stresses in 
plate girders give results too large or too small? What is the 
value of these assumptions ? 

43. How is the effective depth of a girder determined? 

44. What is the effective depth of a girder having a 56"x 
5-16" web and 2 angles 6''x6"x%'' in each flange, the extreme 
depth outside of flanges being 56 Vi"? What is the equivalent 
flange stress if the moment is 480000 ft. lbs.? What is the 
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required net area of the flange proper, if the working stress in 
tension is 10000 lbs. per sq. in. ? 

Ans. 52.97 in. effective depth. 108800 lbs. equiv. flange stress. 
7.96 or 8.69 sq. ins. flange area (net). 

45. If in the above problem, the maximum shear is 48000 
lbs., what IS the maximum shearing stress per square inch? 

46. If the modulus of rupture in cross-breaking of Georgia 
pine is 7000 lbs. per sq. in., what will be the bending moment 
in a beam at rupture, its cross section being lO'' wide and 12" 
deep ? 



CHAPTER VIII. 

DEFLECTION OF BEAMS AND GIRDERS. 

77. Equation of the Elastic Line. The bending stresses 
in a beam shorten the fibers on one side, and lengthen them on 
the other side, of the neutral plane; the result is, the beam is 
bent, that is, it is deflected from its unstrained position ; its axis 
forms a curve, called the elastic line. 

Only elastic deflections are of importance, because working 
stresses are taken well within the elastic limits. It is sometimes 
important to know the elastic deflection of a beam or girder, 
although this is quite small in properly designed work. 

Since the bending stresses are determined according to the 
theory of flexure, the equation of the elastic line must be based 
on this theory. The origin of coordinates is usually taken at a 
support, y being the deflection at a distance x from it. The 
amount of the deflection evidently depends upon the length of 
the beam, the manner in which it is supported, and the loail 
which it carries; these are taken account of by M. It also de- 
pends upon the elastic property of the material, and the amount 
and distribution of material in the beam ; these are taken account 
of by E and / respectively. The equation of the elastic line must 
therefore be a relation between y, x, M, E, and /. It is evident 
too that y, the deflection, increases when M increases, and de- 
creases when E and / increase. 

A general equation of the elastic 
line is easily derived. Fig. 88 repre- 
sents a piece of a beam in which the 
bending caused the sections AB and 
CD, a distance dx apart, to make an 
angle d <t> with each other. A fiber at 
a distance v from the neutral plane 
NX, originally dx long, is increa.se<l 
in length an amount fd-t^.and the unit ' pig 88 

ISO 
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deformation is -— , which according to equations (2) and (12) 

gives 

t?d0 %_ Mv / V 

~a^~ E~ El ^^ 

This reduces to 

d<f>=dx§j (6) 

In order to get <^in terms of x and y, the radius of curvature 

/), of the elastic line is introduced; this is the distance from the 

neutral plane to the intersection of AB and CD produced. Since 

dx 
pd<l> = dx, d<tt=^ — and equation (6) becomes 
P 

— = tTr or M= — {c) 

Prom the calculus 



b+mi , 



Since the deflections are very small, -J^, the tangent of the 

angle which the elastic line makes with the axis of x, is a very 
small quantity, and its square is negligible. 
Equation (c) becomes 

^jg = -M (39) 

The minus sign is gotten by adopting the following conven- 
tions with regard to the moment and the deflection. It is usual 
to call a moment positive when it bends the beam so that it will 
be concave on its tipper side, as is the case in a beam supported 
at its ends. The deflection is always downward and is. usually 
called positive, that is, y is positive downi§ard. Now, in a beam 

supported at its ends, ~ will be plus at the origin (the left 
support), will decrease to zero and then become minus, that is, 
it decreases over the whole length of the beam, and ^ must 
therefore be negative. M is positive over the whole length of the 
beam; therefore the two sides of equation (39) have opposite 
signs. This will be found to be true in any case, including 
beams in which the moment changes from positive to negative, 
or vice versa. 

Equation (39) is called the differential equation of the 
elastic line. Expressing M in terms of x and integrating twice. 
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an equation driving y in terms of jr~the equation of the elastic 
line— is gotten. The first integration gives ^- the slope of the 

elastic line. 

A differential equation must be written for each segment 
of a beam into which the loads divide it, because the expression 
for M is different in each segment. Thus in a beam supported 
at its ends and carrying a single load, the terms in x, of the 
values of M, for the two segments are different; the curve of thf^ 
elastic line is continuous past the load, but tw^o equations art* 
required to express it. When there are a number of loads on a 
beam, the evaluation of the constants of integration becomes 
burdensome. 

The constants of integration are evaluated by means of the 

limiting conditions. At the supports i/ = ; at fixed ends ^ =0; 
at the juncture of two segments, tj and ^ from one equation are 

equal to y and -j-- from the other equation. 

The deflection at any point due to several loads is the 
resultant of those due to the loads considered separately. The 
equations of the elastic line for all the usual cases of simple 
loading accompany Figs. 93 to 104. The manner of their 
derivation is given below, for several cases. 

78. Deflection of a Cantilever Beam for a Load at its 
End. Fig. 98 shows a beam fixed at the left end and carrying 
a load P at the free end. The maximum moment is evidently 
at the support, and is equal to — PL (concave on lower side). 
From ''the sum of th^ vertical components equals zero,'' Ri = P. 
Taking a section at a distance x from the support, the bending 
moment is —P{L—x), considering the part to the right of the 
section. The same result is, of course, obtained by considering 
the left-hand part; in this case J/x = — PL+Px = — P(L— x). 

From equation (39) 

EI ^,r=P{L-x) 

£/-g=P(Lx-ir')+(C = 0) 

Since 7^-== when x^=0, C must also be zero. If the load 
were not at the end of the beam, the part to the right of the load 
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would not be bent. The above ec^uation would give the slope of 
this part when the value of x at the load is substituted. When 
the deflection at the load is known, the deflection at the end can 
be readily determined. Integrating again 

When x = 0, y = and therefore C^ = 0. 
The maximum deflection evidently occurs at the end when 
x = L, 

The slope at B= ^ = :£(i^^-i^^) =S 

79. Deflection of a Beam Supported at its Ends and 
Uniformly Loaded. Pig. 100 shows a beam with a uniform load 
W. The bending moment at a distance x form the left support 

is M^ = y2Wx—y2Wx\ 

Since «^= "2;- this becomes il/x = Mj^( x — -j^ j 
From equation (39) 

Since ^ = ^ evidently, when x = %£, 

= w(^^-i X ii^)+ C and C = tIj WL' 
2EIy = W(^-^ - K + iVi*=^)+ ( Ci = 0) 

The deflection is evidently a maximum when a; = i/^L. 

If the load on a 10''x25.0 lb. I beam having a span of 20 ft. 
is 13000 lbs., uniformly distributed, the deflection at the middle 
will be 

_ 5X13000X240X240X240 _r,aa ;^ 
y^Mx — 384x29000000X122.1 — ^ "^ ^"• 

With the same total load on a span of 10 ft., the deflection 
of this beam would be only one-eighth as much, since the deflec- 
tion varies as the cube of the length. 
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80. Deflection of a Beam Supported at it« Ends and 
Carrying a Single Load at Any Point. Fig. 95 shows a beam 
carrying a load P at distances l^ and Iz from the supports. 

For the segment AC 

Equation (39) becomes 

dx^ L 

EI^^=-i/.P-^7?+C {a) 

EIy = - i^^ + Cx+{C, = 0) (6) 

When x = 0, y = 0, and therefore C^ = 0. In order to 
evaluate C, it is necessary to find y and -^ for the segment CB ; 
this may be done by taking A as the origin, but if B is taken as 
the origin, the equations will be exactly similar to those above- 
Imagining the beam turned end for end, 

EI^lL^-pJl. X, 

£/yi = _ JP ^:r«i + Cx, + (C{ = 0) (d) 

C and C may be evaluated by means of the conditions at 

the load where, when x = li and x^^ = l^^y = y^ and ^= -^ 

The deflection is positive in both cases, but since x and x^ have 
been taken positive in opposite directions, the slopes from equa- 
tions (a) and (c) will be the same if they are given opposite 
signs. From (a) and (c) 

\P-^h^-C=-\P\k^+C' (e) 

From (6) and {d) 

- \P-j:h' + c/i = - \p\- 1? + ck (0 



Multiplying {e) by Zj and subtracting .(/) from it 



P^-^ (Sl,h+2k'+kn=C{h+h) 



This value of C in equation {b) gives 



s'^wzC'^ + '^'^^-x) (^) 
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y at C = 

where -r^ =0. 
ax 

and 
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but j/nuix occurs in the longer segment 
From equation (a) yzP -j;^^ = P ^ (h+^h). 



X = \/i{ii* 4- 2lih) where y is a maximum. 
Fig. 94 shows a special case of the above (1^ = 1^), but the 
equation of the elastic line may easily be deduced independently. 
The elastic line is evidently horizontal at the middle of the beam. 

81. Deflection of a Beam Carrying a Number of Loads^. 

It is evident from the preceding case that the evaluation of 
the constants of integration in the equation of the elastic line 
would become increasingly burdensome as the number of loads 
increased. Equation (39) must be written for each segment. 
Finding the location of the section at which the maximum 
deflection occurs might be practically impossible by this method, 
but the deflection at a particular section may be obtained by 
taking the sum of those calculated for each load separately. 

The deduction of the equation of the elastic line for simple 
cases of combined loading does not become very involved, par- 
ticularly if the loading is symmetrical about the middle of a 
beam, whose end conditions are alike. Thus the cases of Arts. 79 
and 80 might be combined, or a uniform load might be combined 
with that given in Art. 78. 




Fig. 89. 

Fig. 89 shows a cantilever beam carrying four loads. The 
deflection at the end consists of four parts ; y is due to the uni- 



^For a complete general discnssion of this snbject, with numerical 
examples, see Mueller-Sreslau's Oraphiache Statik^ Vol. n, Part 2. 
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form load (Fig. 99), y^ to P^ (Fig. 93), y^ to P^, and j/, to P,. 
The deflection at C due to Pn is a case similar to that of P^ at the 
end; the effect of P^ at the.ciid is found from the slope of the 
elastic line at C (78). In a similar way, the effect of P^ is found. 
The total deflection at the end is 2/+i/i+t/2+i/.v By adding the 
ordinates of the four curves, at any section, the ordinate of the 
elastic line is obtained. 

The deflection at a 
particular section may 
be gotten by a single in- 
tegration. If in Fig. 88 
tangents be drawn to 
the elastic line, NN, at 
the two sections, the an- 
gle between them will 
p^„ gQ be d4>y because they are 

perpendicular to AB and CD. This is illustrated in Fig. 90 foi 

a particular case. xd<l> = y' and y=l 3'rf<^. Substituting the 




0* 



value of d<^ from equation (fe). Art. 77 

When E and / are constant, they may be placed outside of 
the integral sign. J Mdx is evidently the area of the moment 

diagram, and j Mdx x is the statical moment of this area about 
an axis passing vertically through the origin. 

The advantage of equation (40) lies in its applicability to 
beams carrying more than 'one load, for the statical moment of 
the area of any part of the moment diagram is easily gotten. It 
should be noted that equation (40), in the case of Fig. 90, really 
gives the deflection of the support from the tangent. 

The application of equation (40) to the case shown in 
Fig. 90 is as follows : From Art. 79 M = Y^^vU — ^\ £and 
I are constant. 



2/ma« ^£ 
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which is the same as was deduced from the elastic line equa- 
tion, Art. 79. 

82. Deflection of a Beam or Qirder Having a Variable 
Cross Section. When the cross section of a beam varies con- 
tinuously, / may be expressed in terms of x in equation (39). 
The etiuation of the elastic line may then be deduced as in the 
cases above, if the integrations are possible. 

In a girder with flange plates, the cross section changes 
abruptly at the ends of these plates. The sections of abrupt 
change are similar to sections at which concentrated loads are 
applied. Dealing with the case shown in Fig. 89 in a somewhat 
different way from that used in Art. 81, the elastic line for the 
part AB is gotten at once by treating this part as a beam carry- 
ing a uniform load of length xiB, and a concentrated load at its 
end B, equal to the sum of all the other loads. The slope at B 
being calculated, the deflection at D, due to the bending of AB, 
may be obtained. The parts BC and CD would be treated in a 
similar manner. If there were an abrupt change of section at E, 
the segment BC would be divided into two parts, because / 
changes at E and is a factor in the deflection formula. The slope 
and deflection at E would be found from the general formulas 

for -~ and y, for a beam of length BC, carrying a uniform load 

and a load at its end C. See Figs. 99 and 93. 

A similar procedure applies to a beam supported at its ends, 
if the direction of the tangent to the elastic line at some point 
is known ; any part of the beam may be considered like a canti- 
lever beam, the reaction and loads acting in opposite directions. 

To find the maximum deflection of a beam supported at its 
ends, the graphic method is the simplest and safest except in 
special cases. In this method the moment diagram is divided 
into a number of strips, at whose centers of gra^dty imaginary 
forces, proportional to the areas of the strips, are supposed to 
act on the beam. Drawing a string polygon (37) for these loads, 
the ordinates will represent deflections if the pole distance is 
taken equal to EI, as is shown by the following comparison 
between the elastic line and the moment {M'), 
dy , dM' e 

d^_M d^M' _ 

dx^" ET da^ ~"^- 
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Art. 82 



If -^ is taken as the unit load (w) at any point of a beam, 

then y will be the moment (M') at that point. Graphically, y 
will be the ordinate in the string polygon, for this imaginary 
load, if the pole distance is unity; if the pole distance is made 
equal to EI, then the ordinate of the string polygon will corres- 
pond to a unit load equal to M, It follows that if a string poly- 
gon be drawn for a distributed load represented by the moment 
diagram, this polygon will represent the elastic line, if the pole 
distance is equal to EL 

In a girder with flange plates there will be several values of 
EI, and hence the string polygon must be constructed with 
different pole distances^. 

83. Deflection of a Beam Due to Shear. In the preced- 
ing discussion of the deflection of beams, only the bending 
stresses were taken into account; it will now be shown that the 
influence of the shear is negligible except in very short beams^ 
and in plate girders, in certain cases. 



Web Ffafb 36'»f«/3.'So 




11 21S e"**'*^" '9 so 
/ s 70S/. 7 



Fig. 91 



Fig. 91 shows the cross section of a girder of 24 ft. span, 
carrying a load of 40000 lbs. at its middle. Each reaction is 
20000 lbs. The shear in the girder, between the support and th? 
load, is constant, and is equal to 20000 lbs. Upon the usual 
assumption, this shear is resisted by a shearing stress in the web 
only, which is uniformly distributed over its cross section. The 

20000 

unit stress is therefore Sb = -t^-f* = 1*80 lbs. per sq. in. By 

ii5.0 

the deflection per inch of length of girder is 
1480 



equation (3), 
ft _ 1480 



En 

IS 2/.= 



1480 



120000<K) 



inches; the deflection in 12 ft. (144 in.) 



12000000 



144 = 0.0178 inches. 



iSee Mneller-Breslau's Oraphische Statik Vol. n, Part 2. 
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The deflection due to bending may be calculated from the 

e of 2/ma; 

20000XH4» 



value of 2/max in Art. 78, when L = 12 ft. y^M=£J^ 



=0.094 inches. 



3X300UO0UOX7U61.7 

la calculating 1, no allowance is made for rivet holes; this 
will give a iMisult nearer the truth than for a section through 
rivet holes. 

The deflection due to shear is about 19% of that due to 
bending; this is, however, in the nature of an estimate, on ac- 
count of the assumption upon which it is based. 

In beams having rectangular and circular cross sections, 
the deflection due to shear is less than in beams having I-shaped 
cross sections. This deflection is calculated in a different man- 
ner, because the shearing stresses are not uniformly distributed 
over the cross section (71). In the above case of uniform distri- 
bution of the shearing stresses vertically, the deflection in a 

length da; is d2/= ^dx, but in general it is dy = k-^ dx, in 

which /c is a factor depending upon the form of cross section, 
and is greater than unity, that is, the deflection is greater than 
upon the assumption of uniform distribution of stress over the 
entire area of the cross section. For rectangular cross sections 
k = 1.2, and for circular cross sections k = 1.185^ ; for / beams- 
assuming the stress distributed over the entire cross section in 
accordance with equation (22)— fe = about 2.4 for a 3 inch I 
beam and about 2.0 for a 20 inch / beam. 

For a timber beam of width b and depth h, having a span of 

L ft. and a load P at the middle, 

__ jPiiD^ PL^ __ PU 

y^~ SEI ~4SJEx^b^~4Ebh'^ 

y^ + y^ = vmTi{^+^) 

In the above Es has been put equal to ^E (74). The last 
equation shows the following relations : 

^=10; 5; 2; 8; 16 

j^__3_. J2^. _75_. jL7_, rjl 
yb ~ 100 ' 100 ' 100 ' 100 ' 100 * 



iSee Bach's EUuHeUaet und FeatigkeU Oliap. DC, § 52. 
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' For a ratio of span to depth of 10, the deflection due to 
shear is but 3% of that due to bending; when this ratio is 5 the 
percentage is 12, and as the ratio decreases, the deflection due to 
shear becomes more important than that due to bending. In very 
short beams it is more rational, therefore, to .neglect the bending 
stress than the shearing stress ; this is also indicated by the fact 
that the assumption, that plane cross sections remain plane after 
bending, can not be true. The shearing stresses at the upper 
and lower edges of the cross section are zero and therefore 8, is 
zero—the cross section remains perpendicular to the axis of the 
beam ; toward the neutral axis the deformation increases so that 
the cross section becomes curved. 

In beams with circular cross sections— pins of pin-connected 
trusses, for example— the influence of the shear is somewhat 
greater than in those with rectangular cross sections. 

The above considerations show the limits within which the 
formulas of Arts. 77 to 82 and Art. 86 are applicable. 

84, Resilience of Beams. As explained in Art. 19, resil- 
ience is equal to the work of deformation, and elastic resilience 
is equal to the potential energy stored in a beam. 

If the deformation due to shear is neglected, only the bend- 
ing stress, that is, tension and compression, need be considered. 
Equation (4) is applied to an element of volume, and the total 
work of deforming the beam is then obtained by integration over 
the cross section and length of the beam. 

Work per unit of volume=^-^ = i __L_ by substitu- 
tion from equation (12). 

Work per element of Yohnxie = i^^l^dxdA 

£ I* 
Total work of deformation — -— ^ / J^ ^ ^ I v^ dA 



t/ J -v% 

v2d^= J this becomes 

Elastic resilience of a beam = -^ I ^ dx (41> 

i/o ^ 
In deducing the above equation it should be remembered 
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that M and / may vary along the length of the beam, that is. 
with Xy and v varies in the cross section. 

The same result may be gotten by considering the stress sdA 
on an elementary fiber and the distance vd4* through which it 
acts (Fig. 88). The force increases from zero directly as the? 
deformation increases (within the elastic limit), so that thd 
mean force is ^d^. Substituting the values s and d<^ from 
equations (12) and (6) Art. 77, and integrating as before, equa- 
tion (41) results. 

An expression for the work done by the shear will be quite 
similar to equation (4). 

Equation (41) is an expression representing the potential 
energy stored in a beam, and this must be equal to the external 
work done by the load deforming the beam, if the elastic limit 
is not exceeded. Thus, in a cantilever beam with a load P at 
the end, 

Work = iPi/_ = ^ f^d^=^jf{L^ydz 

Jo Jo 

I being constant. (See Fig. 93). 
Upon integration there results 

xA, __^P!^ and!/ -^^ 

which is the same as was found in Art. 78. The deflection at a 
single load may be thus conveniently gotten. In the case of Art. 
80, the integration would have to be between the limits ic = 
and Zi, and x^ = and L, the total work being the sum of that 
performed upon the two parts of the beam. 

If the deflection at each load is known, the resilience may, 
of course, be calculated from the external work performed. Thus,, 
in a beam supported at its ends and carrying a load at its middle, 

Pi' 
the elastic resilience will be equal to %P -jojiy (^^® ^^S- ^* '^^ 

the deflection). This may be put in terms of the maximum 

moment or the maximum fiber stress. Jf max = %Pi = ^T >• 

therefore P = ^ and P= = ^-g^' 

Resilience = -^-^j^^=-^^-^ 

For a particular form of cross section, a rectangular one- 
for example, this will become 
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Resiliences f^L^,^,^bhL = ,i,^ V. 

It is to be noted that this equation shows, that for the same 
form of cross section, the resilience of a beam does not depend 
upon the size or dimensions of the cross section, or the length of 
the beam, but only upon its volume. 

Since the resilience is a measure of the shock-resisting qual- 
ities of a beam, the question arises, What is the resilience of a 
beam for a load not gradually applied ? This case is similar, of 
course, to that explained in Art. 19. If it were possible to apply 
a load instantaneously, its velocity being zero when it begins to 
act on the beam, the total work done would be P,i/. If a gradu- 
ally applied load produces the same deflection, the total work 
done must be the same, so that 

i/2Py = P.2/andP = 2 7V 

An instantaneously applied load will, therefore, produce 
twice the deflection, and consequently twice the stress, that the 
same load gradually applied produces. 

When a load is gradually applied, no sensible part of the 
work done is spent in giving a velocity to the beam, but all the 
energy becomes potential— the beam is capable of doing work 
when it springs back. When the same load is applied instan- 
taneously, only half of the energy will have been converted into 
potential energy, when the deflection is equal to the static de 
flection ; the other half will have given an increasing velocity to 
the beam and the load, and is converted into potential energy 
during the last half of the deflection, when the velocity decreases. 
The beam cannot remain in this extreme position because the 
deflection is twice that for the load at rest ; the potential energy 
is converted into kinetic energy again, the velocity increasing to 
the point of the static deflection, and then decreasing to zero 
deflection, after which, it deflects again, that is, it vibrates past 
the point of static deflection. 

Experience teaches that these vibrations diminish in ampli- 
tude and finally cease. This is due to various frictional resis- 
tances. 

As explained in Art. 5, twice the static deflection never 
results from suddenly applied loads, but it may be much larger 
even, if the load falls from a height h. In this case the applica- . 
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tion of the load is not only instantaneous, but an initial energy- 
equal to Fh must be accounted for. The work done is equal to 
P{f^-\-y\) but it is not all spent in deforming the beam; a large 
percentage of the energy may be spent in deforming the falling 
body and the beam's supports, and if the elastic limit is exceeded 
some of the energy is transformed into heat. To determine the 
effect upon the beam from the load, and height of fall, is a 
problem of great diflSculty, but if the maximum deflection is 
measured, the stress may be calculated from the static load, 
which will produce the same deflection. 

It is apparent now that the proper way to determine the 
resilience of a beam is by means of a static load. The usual 
impact tests which are made upon railway rails serve, at best, 
only as a comparison of the shock-resisting qualities of the rails 
tested under the same conditions'". 

It is of practical importance to note that while a defect 
(a flaw, a crack, or a hole) reduces the static strength of a beam, 
it reduces its resilience in a much greater degree, so that the 
factor of safety is much less for moving load than for static load. 
An abrupt change of section has the effect of concentrating the 
work done upon the beam, at the weak section. 

85. Points of Contrary Flexure. A beam simply sup- 
ported at the ends, and carrying loads, will be concave on its 
upper side. If by some means opposite moments are applied at 
the ends, the slope of the beam, near the supports, will be 
decreased, and the curvature reversed ; near the supports, the 
beam will be convex on its upper side. The points in the axis of 
the beam where the curvature reverses (where the curvature is 
zero, and the radius of curvature infinite) are points of inflection, 
and are called points of contrary flexure or points of contra- 
flexure. 

Points of contra-flexure occur in beams with fixed ends, an<l 
in beams continuous over supports as shown in Pigs. 97, 98, 101, 
102, 106, 107, 108, 110, and 111. 

The curvature at these points being zero, it follows that the 
moment is zero, and their location is found by finding the value 
of X. for which the moment is zero. 



^See Jolinson's MaiericUs of Construction for a full explanation of 
resilience. 
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Art. 85 





Fig. ©2. 



It is sometimes con- 
venient to imagine a beam 
having points of contra- 
flexure, to be made up of 
beams simply supported at 
their ends and cantilever 
beams. There being no 
moment at the points of 
contra-flexure, the cutting 
of the beam at these points 



does not affect the stresses, provided the loads or reactions at 
these points are taken equal to the shear at these points. This is 
illustrated in Fig. 92 for the case of a beam fixed at both ends. 
This resolves the case of Fig. 98 into those of Figs. 95 and 93. 
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1. Why is the curve formed by the axis of a beam called 
the elastic line? 

2. Will a steel beam deflect more or less than a cast iron 
beam of exactly the same size, if they are loaded in the same 
way? 

3. Name five assumptions upon which the equation of the 
elastic line is based. 

4. What are the difficulties attending the derivation of the 
equation of the elastic line in certain particular cases? 

5. Derive the equation of the elastic line of a cantilever 
beam carrying a uniformly distributed load. What is the end 
deflection in this case? What is the end deflection if there is 
also a load at the end? 

6. What is the end deflection of a cantilever beam for a 
load Pi at its end and a load P^ at its middle? 

7. How do the deflections of ordinary beams and cantilever 
beams vary with respect to their lengths? 

8. Show how to get t/max for the case of Art. 79 from the 
formula derived in problem 5. 

9. If a beam supported at its ends is uniformly loaded, 
how much must it be raised at the middle in order that each half 
shall be in the condition of a beam fixed at one end and sup- 
ported at the other? How many points of contra-flexiire will 
there be in it? 

10. How is the location of the point of maximum deflection 
of a beam found? Why may this be a difficult problem? What 
is the best method of solving it in complicated cases ? 

11. What deflection does equation (40) give? How would 
this equation be used in finding the maximum deflection when 
the point at which it occurs is not known ? 

12. Find the maximum deflection for the case of Art. 78, 
by means of equation (40). 

13. What is the maximum deflection of a girder supported 
at its ends and uniformly loaded, if the cross section varies in 

such a manner that -^^is constant ? Ans. ymax = % c L^ = g^^ 

14. Why is the representation of the elastic line analagous 
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to a moment diagram? What corresponds to the load in the 
former ease? 

15. In what cases is the deflection due to shear not 
negligible ? 

16. What percentage of the total deflection is due to shear 
in a timber beam 12"xl2", having a span of 16 ft. and carrying 
a load P at the middle ? E. = IE. Ans. 1.16%. 

17. What is the total elastic resilience of the girder shown 
in Fig. 91 if jE? = 29000000, and the elastic limit of the material 
is 32000 lbs.? Are there any factors affecting the result pre- 
judicially? Ans. 36400 in. lbs. 

18. What is the most economical way of increasing the 
moment of resistance of a beam? The resilience? 

19. For the same live load, which has the greater resilience, 
a short beam or a long beam, if the maximum stress is the same 
in both? 

20. Why does a bridge vibrate ? 

21. Analyze the beam shown in Fig. 102 in the manner 
showTi in Fig. 92, and compare the maximum moments in the 
two cases. 



CHAPTER IX. 

SPECIAL CASES OF BEAMS AND GIRDERS LOADED AND 
SUPPORTED IN DIFFERENT WAYS. 

86. Explanation of Table. Figs. 93 to 112 illustrate all 
of the cases of simple loading that an engineer will encounter 
in ordinary practice. Accompanying these are equations giving 
general and maximum values of the shears, the moments, and 
the deflections, and diagrams showing how these vary. 

The beam is shown as a single heavy line in its bent condi- 
tion, thus forming a diagram of deflections. The deflections are 
determined from the equation of the elastic line, the ejffect of the 
shear being neglected (83). The origin of coordinates is usually 
taken at a support, and in such a manner as to make the equa- 
tion of the elastic line as simple as possible. 

The moments and shears are determined by the application 
of the equations of equiliJM*ium by the method of sections, the 
section being taken where«|| stresses are wanted. The loads all 
being vertical, there are nS^Jiorizontal components except for 
stresses (66). From '*the sum jd the vertical components 
equals zero,'' 

Shear at a section = shearing stress at the section. 

Shear = S external forces on one side of section. 
From *'the sum of the moments equals zero," 

Bending moment at a section == moment of resistance. 

Bending moment = 2 moments of the external forces, on 
one side of the section, about a point in the section. 

These formulas apply, of course, to any kind of a simple 
beam or girder in which E and I are constant, and when these 
quantities are not involved, to other beams, some applying to 
trusses at certain sections. 

It is well in applying the formulas to use inches and pounds 
in calculating deflections, because these correspond with the 
values of E usually given. 
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It should be remembered that the condition of perfect fixity 
at the ends of beams is seldom found in practice, except in 
beams continuous over a support as in a double cantilever. 

In certain constructions, the greatest deflection, and not 
the maximum fiber stress will govern. 

Some cases not shown in the table may be gotten by simply 
turning the figure upside down, making loads of reactions and 
reactions of loads. 

The student should, whenever possible, avoid using formu- 
las in numerical problems; the fundamental principles should 
be applied. 

87. Shear and Moment Diagrams. The shear and mo- 
ment diagrams. Pigs. 93 to 111, are laid out from horizontal 
lines, the ordinates on opposite sides of these lines having oppo- 
site signs. It is usual to consider a shear acting upward on the 
part to the left of a section as positive, and such shears are laid 
out above the base line. For the same reason, bending moments 
which tnake a beam concave on its upper surface {as in an ordi- 
nary beam) are positive, but are laid out below the base line. 

These diagrams are convenient in showing how the shear 
and moment vary along a beam, and may be constructed by 
laying out ordinates calculated from the general equations given, 
or by the graphic methods of chapter VI. They are particularly 
instructive in showing that where the shear passes through zero, 
the moment is a maximum (or minimum), and that the points 
of zero moment are points of contra-flexure (85). The area of 
the shear diagram to the left (or right) of a section, is equal to 
the ordinate of the moment diagram at the section (70). 

The shear and moment diagrams may usually be drawn 
after several ordinates have been laid out, because their char- 
acter is usually apparent upon inspection of the general equa- 
tions for S and M; the moment diagram for uniform load, for 
example, is always bounded by a parabola. 

88. Shears and Moments in Cantilever Beams. Fig. 93. 
If the origin is taken at the free end, Px = M^ and ilf max = PL 
evidently. If the origin is taken at the fixed end M^ = P{L—x) 
or Mx = Mj, '-R-^x=^PL—Px = P(L—x), the sign of M4 being 
evident. This shows that if there is a moment at a support, it 
must not be neglected, if that point is in that part of the struc- 
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ture which is under consideration. The same principle holds at 
any section of a beam (70), so that if the shear and moment at 
any section are known, the shear and moment at any other sec- 
tion may be found. See Pigs. 109 and 112. 

If a timber beam acts as a cantilever 20 ft. long with a load 
of 3000 lbs. at its end, 

itfm*x = 3000X20 = 60000 ft. lbs. = 720000 in. lbs., neglect- 
ing the beam's own weight for the sake of simplicity. 
Prom equation (12), if the working stress is 1500 lbs. per sq. in., 
720000 _AOQ_JL _i|W^_ , ,, 

6X480 
If h is assumed as 16 in., b = j^ttjo = 11.25 in. 

A commercial size would be 12"xl6", making the extreme 
liber stress 

"= ^ = AxIg^X16X16 = 1^05 lbs. per sq. in. 
The shear is 3000 lbs. at each section. The mean unit shear is 
3000 



12X16 ^^^^'^ ^^' P^^ ^' ^^' '^^® maximum shearing stress 
(at the neutral axis) is 15.6X1^/^ = 23.4 lbs. per sq. in. (71), 
which is much smaller than what is usually allowed. (Cambria 
p. 361). 

Pig. 99. The origin is taken at A ; the same results can, of 
course, be gotten if it is taken at B. 

In this case the shear diagram is a straight line since 
S = R^—wx is the equation of a right line. The equation for M 
is that of a parabola. 

It will be noted that the maximum deflection is much less 
than in the above case, for the same total load. 

Pig. 103. The equations for a triangular load are easily 
derived, if it is remembered that its center of gravity is at i 2^ 
from B. 

89. Shears and Moments lor a Beam Supported at Both 
Ends. Pig. 95. The reactions are gotten by the law of the 
lever, and the shears are equal to them, -^max = RJi = i^2^a ^t 
the load, where S = 0. i/max does not occur at the load but where 

^ =4), which is evidently in the longer segment. 

Pig. 96. The reactions are apparent. The moment between 
the loads must be constant, because the shear is zero (70), or 
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because the external forces form a couple whose moment is P/, 
for any section between the loads (30). 

Fig. 100. This is perhaps the commonest case. The reac- 
tions are apparent. The shear at the middle = R^—y2wL = y2 
wL—y2 wL = 0, and must vary uniformly between the ends and 
this point. The moment is, of course, a maximum at the middle 
and is 

K1XV2L-V2WLXV4L = Af„ax = VswL^' = VsWL (42) 

This value is the same as the general equation will give 
when X = %L. 

Equation (42) is important because it is used very fre- 
quently. %WL is the middle ordinate of the parabola. 

If a girder 25 ft. long carries a total uniform load of 
4000 lbs. per lineal foot, 

t(;=:4000 lbs. W = 4000X25 = 100000 lbs. L = 25 ft. 

H^ = n^ = 8^^ =: 50000 lbs. 

Shear at middle = 50000-4000X12^/2 = 0. 

Mrnnx = Vs Wi = 1/8X100000X25 = 312500 ft. lbs. 

Moment at 5 ft. from one end = 50000X5— 5X4000X21/2= 
200000 ft. lbs. 

Comparing the moment produced by a uniform load with 
that produced by a concentrated load at the middle, it is found 
that a beam will carry twice as much load when it is uniformly 
distributed as when it is concentrated half way between the 
supports. 

Fig. 105. Under the uniform load, the moment diagram is 
parabolic. If the load were concentrated at the middle of CD, 
the diagram would be FGH; if at C and D, it would be FKNH. 

90- Combinations of Concentrated and Uniform Loads on 
Cantilever Beams and Beams Supported at tlie Ends. Since 
the weight of the beam itself is usually taken as a uniform load, 
the case of a beam carrying concentrated loads only does not 
occur. 

Finding the shears and moments in a cantilever beam for 
any combination of uniform and concentrated loads, applied on 
any part of the beam, is simply a matter of adding together the 
results gdtten for each load considered separately, or applying 
the eiiuationa of equilibrium. This is also the case for combina- 
tions of loads on beams supported at both ends, but, in general, 
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the section at which the maximum moment occurs is not appar- 
ent from a consideration of the loads separately. The maximum 
shear is equal to the greater reaction, and after this has been 

i determined, the section of 

mmm\ '^'''''^'^'^ moment is easily 
imm^/M g:otten, because it is located 
where the shear passes 
through zero. If, for ex- 
ample, the cases of Figs. 
100 and 95 are combined 
^^- 1^^- as shown in Pig. 113, the 

shear passes through zero at 14 ft. from A, and Afniax = 14000 X 
14-1000X14X7 = 98000 ft. lbs. 

In Pig. 114 the shear ^ 

passes through zero at the .,. .. , .. ,^^^. ^^-^ ' y\;:y--' ' y':iM 
load and M„,ax = 9000X16 ^ 
-500X16X8 = 80000 ft. ] 
lbs. 

The same rule applies ^^' ^^^• 

when there are any number of loads on the beam. With nothing 
hut concentrated loads, the shear must evidently pass through 
zero at a load, and therefore the moment is a maximum under 
some load. This is also evident ^f a moment diagram is drawn. 

91. Bendins: Moments and Shears for Beams Having: 
Fixed Ends. In order that the end of a beam may be fixed, 
there must bo a moment at the support of such magnitude as to 
keep the eitustie line horizontal at the support, as was explained 
in Art. So, and acting as shown in Pigs. 93, 97, 98, 99, 101, 102 

and 103. This condition is imposed by making ^ = at the 

fixed end. In Fig. 98, for example, 

Jfx<li = Rix — Ml 3fx>li = Rix — Mi — P{x^ h) 

Putting these values into the differential equation of the 

ela^stic line, two values of -^ and two values of y will be gotten. 

The conditions to be fulfilled are, y = when x = 0; y =0 when 

X = l^+l^ ; -^ == when a; = ; ^= when x =■• l^+l^ ; at C, 

y for one segment is equal to y for the other segment; and at C, 

-^ for one segment is equal to ~~ for the other. These six 
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conditions determine the four constants of integration, B^, 
and Jfj. 

Since it is necessary to use the equation of the elastic line 
to determine the reactions and end moments, they are statically 
indeterminate, that is, they depend upon the deformation of 
the beam. In the above case, knowing any two of the quantities 
Biy J?2, -3^1. antl If 2, the moment and shear at any section are 
statically determinate, that is, they are gotten by means of the 
equations of equilibrium. When l^ = Zj? ^1 = ^2 ^^^ ^1 = ^2 
by symmetry, that is, the e^juations for the two segments become 
identical. 

Knowing 3/i and R^, the points of contra-fiexure are located 
by putting the above values for the moments equal to zero and 
solving for x. Knowing the location of the points of contra- 
flexure, it may be convenient to treat the beam as made up of 
two cantilevers supporting a beam similar to that shown in 
Fig. 95 (85). 

92. Bending Moments and Shears for Continuous Beams. 
Fig. 107 shows a two-span continuous beam. If the middle sup- 
port be lowered, the beam will deflect and the load on the middle 
support will decrease, finally becoming zero when the deflection 

5 WZJ^ 
is equal to ogv-gj ; the beam becomes discontinuous and now 

has a single sjmn L = 2l (Fig. 100). 

If the middle support be raised, the load on the end sup- 
ports will decrease, finally becoming zero when the end deflec- 
tions are -s^n> and the beam becomes a double cantilever 
SEP 

(Fig. 99). 

These considerations show that the reactions, and therefore 
the shears and moments depend upon the deformation of the 
beam, that is, upon the elastic line, jiust as lor beams having 
fixed ends, and are therefore statically indeterminate; beams 
with fixed ends may, in fact, be considered as special cases of 
continuous beams, as will now be shown from the simple case 
of Fig. 107. 

In this case, the elastic line insist be horizontal at the middle 
support on account of symmetry. Imposing this condition by 
means of the equation of the elastic line, together with the con- 
dition of zero deflection at the supports, the reactions are deter- 
mined and the moments may be gotten as in ordinary beams. 



162 CONTINUOUS BEAMS. Art. 92 

In place of using this method, which is quite similar to that 
outlined in the previous article, the equation of the elastic line 
will be used indirectly as suggested above. 

Since the beam is horizontal at the middle, each arm may be 
considered like a cantilever cnrrying a uniform load acting 
downward, and a load at the end acting upward, such that the 
end deflection will be zero. (Or the beam may be considered as 
one simply supported at the ends, with a uniform load and a 
concentrated load {R^) acting in opposite directions). 

The deflection at the end is 

^jfoT the uniform load (Fig. 99), 

^ for the reaction (Fig. 93). 
and these must be «qual. 

Since, by symmetry, the end reactions are the same, the 
middle reaction R2 = '2ivl—%td=^ wl. These results are the 
same as those given with Pig. 101, and the deduction of the other 
equations will be exactly the same in both cases.. The deduction 
of some of the equations may be simpler if the origin is taken 
at A. Each arm is resolvable into a beam supported at its ends 
of %l span, and a cantilever of length y^l. The maximum mo- 
ment in the former is %X''?4m;^X%^ = i^r^^'^'S which is the same 
as that obtained from the general equation when x = %/. In 
like manner, from the cantilever, the moment at the center sup- 
port \a-i/^wlxysl-%^^'^'XVJ= - VhwI'. 

Pig. 97 shows a case similar to a continuous beam of tw^o 
equal spans symmetrically loaded, and the equations are de- 
ducible" in a manner similar to the above. The cases of Pigs. 98 
and 102 ajre the same as one span of a continuous beam of an 
indefinitely large number of equal spans, similarly loaded, and 
the equations may be checked by applying the general equation 
for continuous beams which will now be deduced (93). 

It should be noted in Fig. 107 that the shear on either side 
of R.^ is not equal to the reaction, but the reaction is equal to the 
numerical sum of the shears. The moment is a maximum at three 
of the points 'where the shear passes through zero, one of these 
moments being negative and the other two positive. 

If the middle support were raised, the end reactions would 
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decrease uniformly, so that if it were raised half as much as 
necessary to make the reactions zero, that is, if it were raised a 

distance jg^> the end reactions would be ^^ wl; if it were lowered 
a distance '^, the center reaction would be f wL 

93. General Equations for Continuous Beams^ It was 

shown in Art. 91 that the stresses in a span of a continuous beam 
become statically determinate when the moments at the supports 
are known; if, therefore, an equation can be deduced involving 
the moments at three successive supports, a continuous beam of n 
spans having n+1 supports and n— 1 unknown moments at sup- 
ports (the moments at the end supports being zero), will furnish 
71—1 equations from which to determine the n—1 unknowns. 

Such an equation (for uniform loads) was published by 
Clapeyron in 1857 and, as in the special cases above, is based on 
the equation of the elastic line. The deduction of this equation 
for uniform load follows. 

Fig. 109 shows two successive spans of a continuous beam 
of an indefinite number of spans; Mq, Mr, and 3/^ are the mo- 
ments at the supports ; S.-i is the shear just to the right of q and 
Sg is the shear just to the left of s. The moments at the supports 
may be assumed positive. 
For span qr 

M, = Mr^+S^x-y^WrX' (a> 

Mr=M^+S^k-y2Wrl' (6) 

S^l, = Mr-M^+y2Wrl' (C) 

— £jg=: J/q+^V-i/oieva:^ from (a) and (39) (d} 

- Ely = iM,2^ + tS,x« - ^,w^ + Cix + (C, = 0) (/> 
When X =- tr, y = and (/) becomes 

= i JIf/r + iS/r - VWI + ^i^r and • 
Ci = - iM,l, - iS,li + -^jw/, (g) 

At r, from (g) and (c), when a; = Zr 

-EI^= M,lr + iS/, - W; - iK^r - Wr + U^f ^rR 

^For a complete treatment of the continuous beam with variable 
moment of inertia, see Howe's The Theory of the Continuous Girder, 
For a grapliical treatment of the continnons beam see Eddy's Researches 
in Graphical Statics. 
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Multiplying (c) by J I, and substituting in (ft) 

= iM,l, + iM,l,-\-^iWj?, (t) 

For the span rs, by analogy, 

- JE/g^ = - \M.lr,, - iMA.. - ^V^r.i Pr.i (A:) 

At the middle support (i) and (k) must be equal. 

M,l, + 2MXlr + /r.i ) + MJr,, == - ] (w,P, + w^,, /J,, ) (43) 

This e(iuation expresses what is called the theorem of three 
moments for unifoi'm load. In a similar manner, the theorem 
of three moments for concentrated loads is derived. Its deriva- 
tion is simplest when the locations of the loads are given as shown 
in Fig. 112, in which kr and fer+i are fractions whose values may- 
vary from to 1. The distances kl are sometimes measured 
toward the right in both spans, in which case, the form of the 
e(|uation of three moments is different in one term. The equa- 
tion is (Fig. 112). 

Mj. + m^i, + h,^ ) + MJr., = 

- XP^K - k] )li - 2P,,, (iv, - n., )rU, (44) 

Applying equation (43) to the case explained in Art. 92, 

M^ = M, = 0; /, = ^r+i = I; wv = Wr+i = w'; 
4MJ = — \wP and Ah = — l^P 
Taking moments about B, 

R,l-y2wr' = Mj, = - Yswl' 

Kl = \U^il—y^wl^= %it'Z as before. 
Applying equation (43) to the case of Fig. 108, 

AMJ. = — \wP and Mb = — ^^wP. 

R^l ==z Mb = — ^\y^P and Rs= — i\tvL 

R\l — \wP = Mn = — 1^6^^'^ ^^^ -Ri = + I'^^B w?/. 

R2 = vi — jRi — Rb = ivl — ^^wl -f- iV ^^^ =^ 8 ^•^• 

^2=R2 & = iwl -^^f^wl = ^%WI 

or S'2 = Ri — wl= ^\wl — wl = — ni w'/. 

These shears act in the same direction, of course; the oppo- 
site signs are gotten from opposite ends of the beam. 
S= R\ — wx= i\ivl — u\v 

= when x= ^\/ or x = / 
M= R\x — \wx^ = {^ndx — ^u'x^ 
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= when a; ^= JZ 

3f ma. = ^wP —^x^rvP = ^wP for x = ^l 
= — tV^P when x = l 

Applying equation (44) twice to the ease explained in Art. 
91, the same results are gotten. It is necessary to consider the 
beam as one span of a continuous beam of many equal spans, 
similarly loaded, as shown in Fig. '115, in order that the elastic 
line may be horizontal at the supports. There will evidently be 
but two different moments at supports. 




M^L + 2Ji;x2L + MJj = — Ph{ 1 — k\)D — Pfe ( 1 — P) U 

(a) 
In like 



M^+2Mr = - PLk^{\-k\ ) 

This is for the left-hand and central spans Fig. 115. 
manner, for the right-hand and central spans 
2,|f,+4Mq= - 2PLk^{l'-k\ ) 
Subtracting (a) from (6) 
33f, = PLh( 1 — ik?) — '2,PLh{ 1 — ik?) 



(M 



Since hiL = ^i k\ = 



3Jf, = P^l 



'2)- 



A Iso hjj = /« 
.2P/,(1— ^) 



h = 



'"-f^-^H^^ 



= P^{li + 2L2-4li^2k) = -SP 



2P^((i + 2hl2 + P,-l',) 



U 



>w« 



JW, = — P^' as given under Fig. 98. 

Substituting this value in equation (a) or (6) 

ilf r = — P ^ as by the method of Art. 91. 

Applying equation (44) to the case of Fig. Ill, 
2M^(^nl + 0+ MM=~ P(k — l^)P and 
M^nl -f 2Mo(nl + 0= 

3f c = "~^ Ma which in the first equation gives 
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2ilfB/(l + n)-^3f„ = -P(fc,-P)(n + l)/ 
3/b = — 2 ^ (k-k^) (l+n) when H = ^+Sn-\-Sn\ 
Multiplying this value by 



2(1 -tw) 

The reactions may now be determined from the following 
equations . 

Ril — P{l — kl)=Mj, Ril(+nl)—P(l^kl + nl)+B2nl=Mc 
RJi = 3fc R^{1 + nl)— Rffld =M^ 

In this case, as in the case of Fig. 110, there must be one 
negative reaction if the beam is to be continuous. 

When there is a partial uniform load on any span, it may be 
divided into a number of equal parts and each part treated as a 
concentrated load. 

94. Practical Uses of Continuous Beams. Continuous 
beams are avoided, when practical, on account of the uncertainty 
of the stresses. This uncertainty is due to the difficulty of 
making the supports fit the unstrained outline of the beam, to 
the elasticity of the supports, and to the possible settlement of 
supports. When the supports do not fit the unstrained outline 
of the beam, they are said to be **out of level." A slight change 
in the ** level" of the supports, may cause marked changes in 
the stresses (92). If the exact level of the supports were fixed, 
the stresses could be calculated by means of modifications of 
equations (43) and (44). These modified equations are obtained 
by taking the axis of x so that the elevations of the supports will 
be 2/q, 2/r, and y^ ; then there will appear in the second members 

of equations (43) and (44), the term +mi (^^^ + \^^' ) 
Swing bridges rest upon three or four supports when in the 
''closed" position, and one of the limiting conditions for which 
stresses are calculated is that of a continuous beam. This is the 
most important application of the above formulas^. Sometimes 
the track of a railway bridge is supported directly by the top 
chord of a deck-truss bridge, in which case the top chord is u 
continuous beam with elastic supports; the bending stresses are, 



^See Merriman and Jacoby's Roofs and Bridges, Part IV, Wright's 
The Designing of Draw- Spans, and Johnson's Modem learned Stmo- 
tures. 
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however, usually calculated upon a simple assumption^. Railway- 
rails and long lines of shafting are continuous beams. 

When a continuous beam is arranged at certain points 
(points of contra-flexure, for example) so that it can not take 
any moment at these points (hinges), it becomes a canh7ei'cr 
structure, and the stresses are statically determinate and not 
aflfected by small changes in the ** level" of the supports. 

95. Live Loads on Beams. Since live loads are moving 
loads, it becomes a question of finding the position of the load 
which will produce the maximum moment or maximum shear at 
a section of a beam. Having determined the position of the 
load, the procedure is the same as for stationary or dead load. 

It is evident that a single concentrated load moving over a 
cantilever beam will produce the greatest moment when it is at 
the free end; moving over a beam supported at both ends, ir 
will produice the greatest moment when it is at the middle of the 
span, and the greatest shear (at the end) when it is at the sup- 
port or just to the right of the left support. See the general 
equations accompanjdng Figs. 93 and 95 

To determine the proper position of a moving load on a 
cantilever beam for any maximum stress is usually a very simple 
matter, and will not be discussed fifrther. The common cases, 
including both concentrated and uniform loads, will now be 
considered. 

96. Two Concentrated Moving Loads a Fixed Distance 
Apart. In Fig. 116, P^ is greater than Pj ^^^ they are a given 

fixed distance a apart. The re- 
sultant R, of Pi and Pa, should 
be at the center of the beam for 
^"^ a maximum moment in the beam 
if it were not for the fact that 
it always comes under a load as 
sho^vn by the moment diagram 
(90), and by the fact that the 
shear passes through zero at a 
load. Evidently the maximum 
moment occurs under the great- 
er load, but this load cannot be 
at the middle of the span with- 




Pig. 116. 



"See the Greneral Specifications of the American Bridge Co. 
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out disregarding the fact that R should be as near the middle as 
possible. These two factors make it impossible to have the maxi- 
mum moment at the middle ; the center line of the beam must be 
half way between F^ and R, as will now be proven. 

Mc = Rii = R^^=^^±^x =^ (Lx^ 2? — bx) 

^ =^ (i_2a;-6)=0 when Mo = M^ 
X = V2Tj—y2i, that is, Pj is %6 to the left of the center and 
therefore R must be ^6 to right of it. The load under which the 
maximum moment occurs must be as far on one side of the center 
of the beam as the resultant of the loads in on the other side of 
the center. 

If p^ = 36000 lbs., P, = 28000 lbs., L = 40 ft. and a = 8 
ft., 36000 6 = 28000 (a~6) =28000X8-280006 and 6 = 31/2 
ft., Pi must be placed 1% ft. to the left of the center line so that 
R will be 13^ ft. to the right of it or I814 ft. from B. Now 

jBj= ^ (36000+28000) =29200 lbs. and 
ilf^,==/iJ^a; = 29200Xl8iA = 533000 ft. lbs. 
In a similar manner that value of x may be found which 
will give a maximum shear, but it is evident that the maximum 
shear occurs at the end when the heavier load is there and tha 
other load is on the beam. In the above example, when P^ is at ^, 
8^^^ = 36000+ fl 28000 = 36000+22400 = 58400 lbs. 
97. Any Number of Con- 
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m 
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centrated Moving Loads Fixed 
Distances Apart. Fig. 117 shows 
six loads which move together. 
The distances between the loads 
being known, the location of 
the resultant is foimd at a dis- 
tance b from P4. Exactly the 
same reasoning will apply as for 
the case of two loads, and the 
same rule for the position giv- 
ing maximum moment will ap- 
ply; the load must be so placed 
that the center line of the beam 
will bisect b, when the maximum 
moment occurs under P4. The proof is as follows, B' being the^ 
resultant of the loads to the left of C 
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dMo R 



• x + h)x^ Re 



r^^ — ^ (i - 2x + 6)= when M^ = 3f_ 

x= i/^L+i/^&, that is,\p4 is Vij& to the right and R is i/^6 to 
the left of the center line. 

The maximum moment does not necessarily occur under the 
load which is nearest the resultant, but might occur under P^* 
for example, in which case R would have to be placed on the 
right of the center line. The moments for both cases should be 
calculated, and compared. 

As the load is not usually turned end for end, the maximum 
shear may occur at either A oxB; there must evidently be a load 
at A or B, and it is uncertain which load at either end will give 
the maximum shear. P., at A, for example, might produce the 
maximum shear, in which case P^ would not be on the beam at 
all. The shear for each case should be calculated, and the results 
compared. The maximum shear w^ll be equal to R^^ or R^, of 
course. 

For a complete discussion of this problem as applied to 
train wheel loads, see Chapter XIIT. 
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98 A Continuous Uni- 
^form Movins: Load. A uniform 
live load is usually assumed to 
be of indefinite length so that it 
may come onto a beam from 
either end and cover the whole 
beam. 

Fig. 118 shows a beam of 
span L which is to carry a live 
load of w lbs. per ft. What is 
the value of a for a maximum 
moment at C ? A load anywhere 
on the beam mil produce a posi- 
Fig. 118. five moment at C, (Fig. 95), 

therefore there should be as much load as possible on the beam, 
that is, the beam should be fully loaded. For maximum moment 
at any point of a beam supported at its eyids, it should have a 
full load. The maximum moment in the beam occurs, of course, 
at its middle. See Fig. 100. It may, of course, be proven 
analytically, that for maximum moment at C, a should equal x. 
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The dotted moment diagram is for full load; all ordinates are 
longer than for partial load. 

The maximum shear in the beam occurs at the end, and is 
equal to the reaction; it occurs under full load because a load 
anyivhere on the beam will increase E^ or R^. 

The maximum shear at C occurs when the load extends from 
C to the farther support, for if there were any load to the left 
of C, part of it would go to R^ to increase it to R^', while all of it 
would be subtracted from R/ to give the shear at C;,in other 

words, it decreases the shear more than it increases it S =R/ 

— wa. It may easily be proven analytically that a should be zero. 

It is often necessary to find the shear at an intermediate 
section of a girder. 

99. Combination of Uniform Live and Uniform Dead 
Load. Fig. 119 shows a girder of 50 ft. span; the dead load is 

600 lbs. per foot and must, of 
courae, always be a full load; 
the live load is 2300 lbs. per 
foot, and is taken as a full load 
for all moments and for maxi* 
/;» nuim end shear; it is taken as 

Fig. 119. a partial load only for maxi- 

mum shear at an intermediate section (98). 

The reactions for full load are (2300+600)25 = 72500 lbs., 
and this is the maximum or end shear. The maximum moment 
is, according to equation (42), 

i/8irL = 1/^2900X50X50 = 906250 ft. lbs. 
The maximum moment at 16 ft. from one end is 
72500X16-2900X16X8 = 788800 ft. lbs. 
The maximum shear at 16 ft. from the end is (partial load) 
2?i-600 X 16 = 600 X 25+ ^J 2300X34-600X16 = 41600 lbs. 
At the middle of the span, the dead load shear is zero, and 
the maximum live load shear is (for the load covering half the 
span) 

-^-2300X25 = 14375 lbs. 

100. Maximum Live Load Sliears in a Continuous Beam 
of Two Spans. In a two span continuous beam (spans equal or 
unequal), it is only necessary to consider one section (in the 
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left-hand span, for instance) at a distance x from the support, 
to find the loading which will give the maximum shear at the 
section. For any section in the other span the reasoning will be 
the same, or the beam may be considered turned end for end. 

In Fig. 120, the shear at I 

any section in the first span 
is evidently 8^ = -^E^{%l), 
If there were any load to the 
left of the section, it would 
increase B,-^ (and therefore Fig. 120. 

the shear) but it would decrease the shear more, because only 
part of it goes to the left support (98). Any load to the right of 
the section would increase U^ and the shear the same amount. 
The loading then, for maximum live load shear, so far as the 
first span is concerned, is the same as for a single span. It re- 
mains to consider the effect of loads in the second span. Any load 
in the second span causes a negative reaction at the left end- 
Figs. 108 and 110 reversed. This would decrease U^ and there- 
fore the positive shear at the section ; the second span should be 
free from live load. 
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It follows that the second 
span should be fully loaded 
for maximum negative shear 
Fig. 121. ^^ ^^® section as shown in 

Fig. 121. In this case, the first span should be loaded to the 
left of the section, for while any load in this part will increase 
the positive reaction (JKi), it will increase the negative shear 
more. The load in the first span produces a +72i, and that in the 
second span a — A*i, but whichever is the greater, the loading 
shown in Fig. 121 will give the maximum negative shear. 

If the live loads are concentrated loads, they should be 
confined, as far as possible, within the spaces indicated by the 
above uniform loads, at the same time bringing as much load as 
possible near the section. See Chapter XIII. 

It may be possible for the live load to advance from both 
ends, but it may not be possible for it to cover an intermediate 
space as in Fig, 120; this must be determined in every particular 
case from the character of the live load. 
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101. Maximum Live Load Shears in a Continuous Beam 
of Tliree Spans. For a maximum positive shear in one of the 
outer spans of Fig. 122, 
the loading should be as 
shown, because Fig. Ill 
shows that a load in 

either end span will pro- Pig. 122. 

duce a positive reaction at both ends. The first span is not fullif 
loaded, because a load to the left of the section will increase 7?^ 
less than it will decrease the shear. A load in the middle span 
will evidently produce negative reactions at both ends. 




The loading for 
maximum negative 
shear at any section in 
an outer span, must be 
the complement of that 
for maximum positive 
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Fig. 123, 



shear or as shown in Fig. 123. 

The loading for maximum shear in the middle span is easily 
determined but is seldom needed. 
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102. riaximum Live Load Moment in a Continuous Beam 
of Two Spans. In a two span continuous beam, any load in the 
second span will produce a i 

negative moment in the first 
span, at any section (Fig. 110 
reversed). A load in the 
first span may produce either 
a positive or a negative mo- 
ment, depending upon tho Fig. 124. 
location of the load and the 
section; but since the point 

of contra-flexure lies between 

4 
a; = -g Z and x = i, the xxio- 

ment is always positive for 

a load anywhere in the first Fig. 125. 

4 4 

span, if x<:;^ ^ I; therefore, for x < -^ I, the loadings should be as 

shown in Figs. 124 and 125. 
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For « > ^ i, a load in the 
second span will, as before, 
produce a minus moment; a 
load in the first span may 
produce either a plus or min- 
us moment, depending upon 
its location. If the location 
of P, Fig. 110, is found 
which will produce zero mo- 
ment at the section under 
consideration, all loads to 
the left of this load will evi- 
dently produce a minus mo- -pi^, 127. 
ment at the section, and all loads to the right, a plus moment; 
the loadings, therefore, for the two maximum moments will be 
as shown in Figs. 126 and 127. A single load at Z>, a distance kol 
from the left support will give zero moment at a distance x from 
this support. The value of &o is given with Fig. 110, for equal 
spans. 





Fig. 128. 



103. Maximum Live Load Moment in a Continuous Beam 
of Tliree Spans. Only 



points in the end spans, 
which are of equaJ 
length, will be consid- 
ered. As shown by Fig. 
Ill, any load in the 
third span will produce 
a positive moment at 
any section of the first 
span, and any load in 
the first span will pro- 
duce a positive moment 
in the first span at any 
section to the left of thii 
point of contra-flexure. 
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Fig. 129. 
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For the end spans there 
are, therefore, two cases 
as in a two span bridge. 
A load in the middle 
span will evidently pro- 
duce a negative moment 
in both end spans. Figs. 
128 to 131 show the 
four cases for any sec- 
tion in the first span. 
The minimum value of 
Xo is gotten by substi- 
tuting the value of R^, 
as given with Fig. Ill 
in the equation for the 
general value of Xo and 

making k = 0. Xo { min. ) = ji^2^2n ' 




Fig. 130. 
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Fig. 131. 
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The value of Ajo is given with Fig. 111. 



QUESTIONS AND PROBLEMS. -CHAPTER IX. 166 

1. Are both the maxinmm shear and maximum moment 
required in designing a simple beam? What is required for 
a girder? 

2. Upon what assumptions are the formulae for deflection 
accompanying Figs. 93 to 112 based? * 

3. In Fig. 95, find the value of y at C from the equation of 
the elastic line, for the segment CB, with origin at A, 

4. In Fig. 97, what must be the value of l^ in order that the 
maximum negative moment shall be equal to the maximum pos- 
itive moment? 

5. In the beams of Figs. 93 to 104, how do the maximum 
moments vary with the total load? With the length? How do 
the maximum deflections vary? 

6. In Fig. 106, how many points of contra-flexure are 
there ? How many maximum moments ? 

7. What is the usual convention with regard to signs for 
shears and moments? 

8. Construct a shear and a moment diagram for the case 
of Pig. 113. 

9. A cantilever beam 9 ft. long carries a uniform load of 
100 lbs. per ft., and a concentrated load of 6000 lbs. at 3 ft. from 
the free end, what is the maximum shear? The maximum 
moment? 

10. What size of / beam would you use for a floor joist 
carrying a total uniform load of 12000 lbs., the span being 20 ft. 
and the greatest fiber stress allowed 16000 lbs. per sq. in. ? What 
is the greatest load this beam ^vill carry if it is concentrated at 
mid-span ? 

11. In problem 10, the deflection is what proportion of the 
span length? 

12. What is the maximum moment in the ties on a railway 
bridge if the supports are 7 ft. center to center and the rails are 
taken 5 ft. center to center, the total load on the tie being 
18000 lbs.? 

13. AVhat is the maximum, moment in a vertical beam 
carrying a water pressure of 15 ft. depth if the beam is supported 
at its ends, the distance between siipports being equal to the 
depth of water? What if the beam is fixed at the lower end? 
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14. If in Fig. 113, there is also a load of 12000 lbs. at the 
middle, what is the maximum moment? The maximum shear? 

15. What is meant by a ** fixed end?'' In which beams. 
Figs. 93 to 112, are the shears and moments statically indeter- 
minate ? 

16. What is the maximum moment in a beam supported at 
its ends for a load P at mid-span? What is the maximum mo- 
ment if the ends of the beam are fixed, and where does it occur ? 

17. Where does the maximum moment occur in a beam 
ha\ang fixed ends and carrying a uniform load ? 

18. What is the maximum moment for live load in the 
floor beam of a highwaj'- bridge, the total uniform load being 
40000 lbs. and covering a length of 20 ft., the span length being 
2.11/2 ft.? (Fig. 105, 1^ = 1^=: 9 in.). 

19. If in Fig. 106 Z^ = /g = 8 ft. and l^ = 18 ft., what will 
be the moment at the middle of the beam if the load between 
supports is 2000 lbs. per ft., and the load on the cantilevers is 
1500 lbs. per ft. ? 

20. Does the case shown in Fig. 107 become a statically 
determinate one when the points of contra-flexure are known ? 

21. How does the maximum moment in Fig. 107 compare 
with that in e^ch span when the beam is discontinuous? 

22. Deduce the equation of three moments for a uniform 
load of w per foot on a continuous beam of three spans, i^, ?2, 
and ^3. 

23. In Fig. Ill, what is the value of jK^ when there are 
two loads, each equal to P, symmetrically situated in the outer 
spans? 

24. Deduce the equations accompanying Fig. 97 from 
equation (44). 

25. A traveling crane has four wheels which run on two 
crane girdera; these in turn are supported on four wheels which 
rim on crane-runway girders. If the load on each crane wheel 
is 40000 lbs, and the wheel base is 10 ft., what will be the max- 
imum moment from the wheel loads, in a crane girder having a 
span of 48 ft. ? What the maximum shear ? 

Ans. 770000 ft. lbs. and 71670 lbs. 

26. Find, in the above example, the maximum moment 



QUESTIONS AND PROBLEMS.— CHAPTER IX. 167 

and maximum shear in the crane-runway girder of 20 ft. span. 
The wh^l base is 9 ft. and the load on each wheel is 90000 lbs. 

Ans. 540000 ft. lbs. and 139500 lbs. 

27. Find the maximum moment and maximum shear in a 
beam of 19 ft. span for a live load of four equal wheel loads of 
40000 lbs. each, the distances center to center of wheels being 5 ft. 

Ans. 373200 ft. lbs. and 96800 lbs. 

28. What is the maximum live load moment in a girder 
of 100 ft. span for a uniform live load of 2575 lbs. per ft.f 
What is the maximum live load moment at 25 ft. from a support f 

29. In the preceding problem, what is the shear of 25 ft. 
from the support for the same loading which gave the maximum 
moment at this point f What is the maximum live load shear at 
this point ? 

30. In the preceding problem, find the maximum shear and 
maximum' moment at 25 ft. from the support when the live load 
is combined with a uniform dead load of 760 lbs. per ft. What 
is the maximum shear in the girder in this case? 

31. A continuous girder has two spans of 40 ft. each ; the 
dead load is 600 lbs. per ft. and the live load 3000 lbs. per ft. 
Will it be a continuous beam when the live load covers one arm, 
if it is impossible to have a negative reaction at the ends? See 
Pigs. 107 and 108. 

32. In the preceding example, what will be the dead-load 
shear at 20 ft. from the end? -What the maximum poBitive and 
negative live-load shears at the ends? 

Ans.-3000 lbs.+52500 lbs. -7500 lbs. 

33. In the above example, what will be the maximum posi- 
tive and negative moments at 20 ft. from the end ? 

Ans.+540000 ft. lbs.-180000 ft. lbs. 

34. At what point on the girder of problem 31 must a 
concentrated load stand to produce zero moment at 36 ft. from 
the left support ? Ans. 2.98 ft. from left support. 

35. In Fig. 110, what must be the value of k for a maxi- 
mum moment at the middle support? 

Ans. fc=|/ J 

36. If in Fig. Ill there is also a load P at a distance kl 
from A% will all the reactions be positive? 



CHAPTER X. 
STRESSES IN BLOCKS AND COLUMNS. 

A pieca of material in compression is a block when its ratio 
of length to least width is small. When this ratio is large it is 
called a column, a pillar, a post or a strut. The boundary be- 
tween these two classes is not a definite one, as will appear from 
the following discussion. 

Arch stones of stone bridges and ordinary masonry pillars 
are examples of blocks. Compression members of trusses, and 
posts in buildings are examples of columns. A vertical colmnn 
is usually called a post, and secondary compression members, 
such as those belonging to the wind bracing, are called struts, 

104. Concentrated Loads on Blocks. When the load and 
reaction are uniformly distributed as 
in Fig. 132 (a), the unit stress on any 1 1 j i n 1 1- T 

square cross section is ^c=-x- When 
the load is not uniformly distributed, or 
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is concentrated, the stress on any cross ^"J W 

section near the ends, can evidently not ^^' ^^^' 

be uniformly distributed, but it may be at some intermediate 

cross section, provided the line of action of the resultants of the 

external forces is coincident with the axis of the block. 

Bauschinger's experiments on sandstone blocks show that 
the smaller the surface of application of the load, that is, the 
nearer the load approaches a concentrated one, the less the ulti- 
mate strength will be.^ Thus a block of stone will carry more 
load when loaded as in Pig. 132 (a) than when loaded as in Fig. 
132 (b), as would be expected by analogy with uniformly dis- 
tributed and concentrated loads on beams. 

105. Eccentric Loads on Blocks. Fig. 133 shows a block 
CDEF which is supposed to be loaded with a concentrated load 



^ See Johnson's Materials of Construction^ Chapter III. 
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F, or such a non-uniform load that its resultant P will be at a 
distance e from the axis of the block. If 
two forces, each equal to P and acting 
parallel with its line of action, be assumed 
to act in opposite directions at a (in the 
axis of the block), the effect will not be 
changed. The load P is therefore equiva- 
lent to a concentric load P and a couple 
whose moment is Pe. (34). The concentric 
load produces, on an intermediate section 
AB, a uniform unit stress as shown by the 
diagram ABcd; the couple produces a 
uniformly varying unit stress (diagram 
^^fo) precisely like that produced upon 
the section of a beam. (64) (13). The 
moment of the couple being anti-clockwise 
the bending stress will be compressive at A 
and tensile at J? ; it is zero at the center of 
gravity of the cross section. 

Combining the diagrams for the two 
kinds of stress there results : 

1. Diagram ABh in which the maxi- 
mum unit tensile stress due to bending is 
just eqiial to the unit stress due to the 
direct compression. 

2. Diagram ABno in which the maxi- 
mum unit tensile stress due to bending is 
greater than the unit stress due to direct 
compression. 

3. Diagram ABkm, in which the maximum unit tensile 
stress due to bending is less than the unit stress due to direct 
compression. 

These values of the maximum unit stress are expressed by 

the equation P Mvi P Pevi ,.^. 

a™.«=^± -j^ -j± -^ (45) 

For example, if a load on a stone wall 24 inches thick has 
an eccentricity of 3i/^ inches and amounts to 8000 lbs. per lineal 
foot, ^ _ 8000 . 8000X3^X1'2 




I. 




Fig. 133. 



^max ' 



12X24- tIjX 12X24X24X24" 



=27.8 ±24.3- 



=+ 52.1 and + 3.5 lbs. per sq. inch. 
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Both extreme fiber stresses are compressive in this ease. The 
average unit sitress is the mean of these two and is 27.8 lbs. per 
sq. inch, or the same as the uniform unit stress, which is ska 
apparent from an inspection of Hbe diagrams Fig. 133. 

The extreme fiber stress at B is zero when 



Pevi 



or when 



For a rectangular cross section this becomes 

as is evident from the stress diagram ABh whose center of grav- 
ity is Yq AB from o or y^ AB from A. (In this ease the dia- 
^am for the total stress on a cross section is similar to that for 
unit stress). If the eccentricity of the load is greater than one- 
sixth of the total width of the section either way from the center, 
the stress at the further edge becomes tensile. Then to avoid the 
tensile stresses in masonry, as is usually required, the resultant 
x>t the loads must not fall outside of the middle third of the 
width, or more definitely, it must not fall outside of the shaded 
jsone in Fig. 134 
<a). 

For a circular 
cross section the 
above equation 

will give % d as r-i/^^i/7-T-J•^H 
the limit for 6, (c7) 

that is the result- Fig. ia4. 

ant must not fall outside a central zone whose diameter is equal 
to y^ the diameter of the cross section. Fig. 134 (6). 

When in a rectangular cross section, no tension is possible, 
the stress diagram is still a triangle in the second case, as Apo 
for example. Fig. 133. The distance of the resultant from A is 



f- 

1 
1 


hi h 

i ! 


"4 

-1 




Total stre8s=^pX&Xy2«i» 



omax* 






■e)bX¥i»m 



"(I h—e) b 
Ab the eccentricity e, -increases, the denominator diminishes 



Art. 10& CONOBNTRATllD LOADS ON BLOCKS. 



171 



and ^diRx. increaseB. When tenMan is possible, e^n^y of eonrae 
exceed ^ h, but when it is not, the maximum eeeentrieity is 
limited by the str^igth of the material. If no tension were {KXh 
sible and e could be made equal to ^ A, 5maz would be infinite. 

A case quite similar to the above may be illustrated by 
means of a bridge pier (Fig. 135) haying a horizontal force act* 
ing near its top. The horizontal" 
load of 70,000 lbs. is equival«it to 
a force of 70,000 lbs* acting at g 
and a couple whose moment is 
70,000X26=1,820,000 ft. lbs. The 
couple produces a uniformly vary- 
ing pressure upon the foundation 
and the vertical loads a uniform 
pressure, so that equation (45) is 
applicable. 

P 100,000+420,000 



~1 



I 

I 

I 

I 

J.. 



A 

Mvi 



6X26 
1,820,000X13 



=3330 



I ^^^ ^l rooco I 



=2690 



iiyX6X26x26x26' 
Pressure along aA=2690+ 



1" 



I 



Fig. 136. 



3330=6020 lbs. per sq. ft. Pressure along cd=3330— 2690^=640 
lbs. per sq ft. 

In equation (45) /== | v^dA is the measure of the cross 

section's resistance to turning about the neutral axis. If it is 
assumed that the entire area is concentrated in a single point, 
then 

l=Ar' (46) 

in which r is the distance from the axis to the point at which 
the area would have to be concentrated in order to have the same 
moment of inertia as the actual moment of inertia ; r is called the 
radius of gyration. 

Substituting this value of / in equation (45) 
P , Peoi Pi 



Ar^' 



-0+^)=.(n^) 



(46a) 



8. 



A ^^ 



(47) 



^c is a reduced working unit stress in compression depending 
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tipon the maximxun allowed unit stress, the eccentricity, and the 
form and size of the cross section, s^. may be applied to the total 
stress to find the required ar^a just as 5w is applied in tension or 
in blocks in compression when the load is concentric. 

Equation (47) can best be solved by trial because r depends 
upon the section which is to be found. Both A and r are un- 
known. 

Li Fig. 133 it is evident that one side of the block will be 
compressed more than the other, and if there is any tension, one 
side may even be extended. This is similar to the deformation 
of a beam (64) and the axis must bend. The point a moves to- 
ward the left so that the moment is really greater than Pe since 
the final lever arm is greater than e by the amount of the de- 
flection of the axis between a and the section under consideration. 
In a block, however, this deflection is so small compared with e 
that it is negligible. 



106. Columns Eccentrically Loaded. 

eccentrically loaded, the deflection is not 
negligible as it is in a block. As in Fig. 
133, the stress at any section is composed 
of two parts, direct compression and 
bending. The lever arm of the couple 
is, however, not e, but e+ymax— y. Fig. 
136. The moment of the couple is 
M=—P (e+i/n,„— t/). y may be found 
from the differential equation of the 
elastic line just as for a beam, (77), but 
in this case the moment is in terms of y 
and not of x. 

Putting e+yinax=ei for convenience. 



If a column is 



Integrating : 




Fig. 136. 



(l)=:£<2.,-^)3'+^ 



dy_ 
dx' 



=0 when i/=0 hence C=0 
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Extracting the square root and transforming 

'^j^^TlT^^p (a) 

Intc^ating again, the equation of the elajstie line is: 



i. 






when 25=0, y=0 benee C'=0 



>! 



H*="'ti£; (^> 



when ic=7, y^=ymMk and (48) becomes 



From (6) 



.bere«=^-^^^^|g, (49) 



vers B I 1 — co«^Z , /»/ in /c/\\ 

^ 1 — vers 61 cos 9 1 ^ ^ ' 



Equation (50) determinef? the maximum eecentrieity which 
is e-j-t/nmx; having this the eccentricity at any section may be 
found, it being f+f/max— ?/, V being obtained from equation (48). 
Stresses are found as in a block. The maximum stress will occur 
in the extreme fibre at the base on the compression or concave 
side. 



s^=^-r= 



,^ ,^^ei <s^) 



Equations (48), (49), (50), (51), and (52) give complete 
information with regard to stresses in and deflections of origi- 
nally straight and homogeneous columns within the clastic limit. 
If tlie average unit stress allowable is found from equation (52) 
the area of a column's cross section is determined as simply as 
that of a tension member. This equation is, however, so difficult 
of application that it is not used in practice; it may be used as 
an occasional check npon results obtained by the usual methods. 
p 
—T- appears on both sides of the equation (see equation (49) ) 

while i\ and r also depend npon the section which is to be found. 
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If in equation (51) fii is put equal to e, that is if the bending 
is neglected, Smax will be the same as for a block (Eq. 45a) and Se 
the same as given by equation (47) ; but according to equation 
(52) this is true only when sec 01=1 or Bl==Oy and according to 
equation (49), W has this value only when 1=0. It follows that 
a column may be treated as a block when it is short, the boundary 
line between the two depending upon I and e (equations (50) and 
(49) ). When t/max is small compared with e, i/max is negligible. 

To show the influence of the bending, ^/mux is given below in 
terms of e for a column composed of two steel channels 10 in.X20 
lbs.X200 inches long. Applying equation (50) for a column\ 
fixed at one end; 

for P= 50,000 lbs. yu^r= \ 8ec( 200 J 5?2^^_)— ll e 

jmax— L y \y900nO(K)5Kl57 4^ J 

t/„.,=(8ec. 0.662—1)6= 0.269e~ 
for P=100,000 lbs. i/max=(sec. 0.936-l)c= 0.688e 
for jP=150,000 lbs. 2/max=(sec. 1.146-1)6= 1.430e 
for P=200,000 lbs. 2/n,ax=(sec. 1.324-1)6= 3.105e 
for P=-=250,000 lbs. ?/m»x=(sec. 1.478-1)6= 9.6286 
for P=270,000 lbs. 2/m«x==(sec. 1.540-1)6=30.8826 
for P=2.81,000 lbs. t/xuax=(sec. 1.570— 1)6= a 

It is to be noted that the influence of the bending increases 
at first slowly and then very rapidly, so that for the greater loads 
6 is negligible compared with jt/max. In fact, 3/max= a for a load of 
only 281,000 lbs., or an average stress of 23,900 lbs. per sq. in., 
no matter how small the eccentricity may be, so long as it is not 
zero. This must be interpreted to mean that the equilibrium 
between the load and the induced stresses is not possible except 
for loads less than thi.s ; under greater loads the column fails. Of 
course if e is large, the elastic limit may be exceeded for a less 
load than 281,000 lbs., and it should be remembered that the 
equations are not applicable beyond the elastic limit. Thus if 
6=^1/2 in. and P=250,000 lbs., i/„,ax=^9.628X 1/2=4.814 in. 5^,= 

2'OOOOA ,4.814+0 5. \ .^ .^,, ,, . «. ^,. 

ir^H V ^^ iri — 5 l=:63,500 lbs. per sq. in. Since this 

exceeds the elastic limit, the deflection would be much greater 
than that given by the formula and the column would fail. 

The important case in which the eccentricity is very small, 
—for practically concentric loads— will be considered in the next 
article. 
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107. Columns Concentrically Lxiaded. It is practically 
impbfisible to apply loads to either tensile or compressive members 
without a slight eccentricity ; this causes the member to bend. In 
a tensile member the load has a tendency to reduce this bending, 
btit in a compressive member the tendency is just the opposite, 
and this is of great importance as is shown by experiments, and 
as will also appear from a discussion of the equations in the pre- 
ceding article.' 

An ideal column is one having. a perfectly straight axis, and 
the material of which is homogenious and in the same condition 
throughout. If such a column be loaded concentrically it will 
not bend. The practical column will bend under any load until 
the load and the stresses are in equilibrium or xxntih the column 
fails. 

If the load is not great enough to cause failure, the column 
is in stable equilibrium, for if its deflection be changed by apply- 
ing a small transverse force, and this force is then removed, it 
vnll return to its original deflected position. If the load be ap- 
plied gradually, a point will be reached at which failure takes 
place suddenly. The load under which stable equilibrium just 
ceases must, therefore, be the ultimate load which the column 
will carry. This critical load is easily found from equations (49) 
and (50), for it is the load which will make ymax=oc, which is 
true when di=%ir. As shown by the example in Art. 106, this 
is quite possible in an ordinary column. From equation (49), 
which applies to a cohunn fixed at one end and free at the other. 



from which 



^ ry AE 



P^.=i^AE^ (68) 

This then is the load that will produce failure when the 
eccentricity is so small that there is no danger that the elastic 
limit will be exceeded for a less load, as was illustrated by the 
example in Art. 106. It should be remembered that initial stresses 
and bends, and non-homogenity of the material in a column, have 
an influence quite similar to eccentric loading; when these all 
happen to have a tendency to produce bending in one direction, 
they form the most unfavorable case, which niust always be as- 
sumed. It is assumed, therefore, that care has been taken to 
have the column straight and the eccentricity very small. Equa- 
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tion (53) is, therefore, applicable under conditions approaching 
very closely to the ideal, as it is independent of the eccentricity.^ 
Equation (53) is based upon the maximum deflection and 
not upon the maximum unit stress. It is much simpler than 
equation (52) in which it would be impossible to assign a satis- 
factory value of e for concentric loads. No doubt, when the col- 
umn fails, the stress has reached the ultimate strength of the 
material. It has been shown by many experiments on steel,* that 
the yield point is the ultimate strength in columns, that is, the 
stress-deformation diagram does not rise above the yield point 
in steel.' Since the equations do not apply beyond the elastic 
limit, or limit of proportionality, it will be on the side of safety 
to call the elastic limit the ultimate strength. When equation 

p 

(53) gives values of — ^ greater than the elastic limit, (as it 

will for small values of — ) it is no longer applicable. Under this 

formula the column is treated as a bloc^ Equation (53) may be 
written in the form of equation (54) and must be used in con- 
nection with equation (55). 



A 

A 



(54) 
(65) 



a« is the unit stress at the elastic limit. Applying a factor 



^Pi>of. Wm. Cain has shown by a rigorous analysis th^t equation 
(53) gives the load on the ideal column that is Just sufficient to keep 
the column deflected after it has been sliighitly bent by a transverse 
force, ^nd he deduces a formula for the amount of the maximum de- 
flection for loads greater than this critical load. This fomnula shows 
that a load only a few pounds greater than the critic^I load 'will cause 
a deflection so large that, practicaJly the critical lojjad is the ultimate 
load. Slight yariations from the ideaJ oooKiitlon would produce the 
same result See Trans. Am. Soc. C. E., Vol. XXXIX. p^ge 96. 

aSee a paper by Chas. Mar^all, Trans. Am.'Soc. C. B., Vol. XVII, 
page 53. 

sSee also Johnson's Afateriala of Construction, p^ge 363, for an 
account of experiments by M. Considers showdng that the stren^^th of 
a column is a function of the elastic limit of the material and is inde- 
pendent of the ultimate strength in either tension or compression. 
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of safety to Sc, the working unit streas is gotten. The same factor 

of safety is usually used for all values of — . It is difficult to 

assign a rational value. 

Equations (54) and (55) give the same value of 8e when 

«, = ^n^E-j^, or when 



^4j 



(66) 



That is, equation (56) gives the value of — at which equation 

(54) begins to be applicable and equation (55) ceases to be ap- 
plicable. 

It may be noted that the stress due to direct compression is 

negligible when -^ in equation (51) is very much greater than 

unity ; tfiis is the case when e^ ^ 1^^]*^^ that is, when ynax is large ; 
but ymax is infinite when secOU^ oc or when equation (54) holds. 
Long columns, therefore, fail by bending, and short columns by 
direct compression. In ordinary cases, however, both kinds of 
stress are combined, and buckling may take place for a load less 
than Pmax as given by equation (53) ; that is, the elastic limit is 
passed. The difference in these loads depends upon the eccen- 
tricity and the initial curvature of the column. 

If the effect of the initial curvature be investigated, it will 
be found to vary in a manner quite like the effect of eccentricity 
as shown by the application of equation (50). This diflference, 
then, increases as the eccentricity and initial curvature increase. 

The effect of the ustutl variations from theoretical conditions 
can only be found by experiments. This is discussed in Art. 109. 

108. End Conditions. The column shown in Fig. 136 has 

a fixed end and a free end. At a fixed '£nd the direction of the 

tangent to the elastic curve corresponds with that of the axis of the 

dv 
column before it is bent, that is -r^=0. When the end of a col- 

' ax 

ujrm is perfectly free to turn so that its end condition has no 
iufiuence whatever on its bending, the end is said to be pivoted. 
A round end would be formed by a hemispherical end on a fiat 
surface ; the deflection of the column shifts the point of applica- 
tion of the load slightly. When there is a rocker bearing in place 
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of the flat bearing, a round end becomes a hinged 'end, A hinged 
end is also formed by a pin connection in which the clearance 
between the pin and the pin hole is small. A ball and socket joint 
is hinged in all directions, while a pin joint is hinged in bnt ooe 
direction. When the end of a column is a plane normal to its 
axis, and it rests squarely on a plane surface, it is flat ended. Un- 
der certain conditions a flat end might be a fixed end, but this 
cannot be accomplished perfectly by fastening the column to its 
bearing on account of the elasticity of the fastenings. 

In structural work, columns have pin or hinged ends, flat 
ends, liveted ends and flxed ends. Pivoted ends do not occur. 
On account of f rictional resistance, a pin-ended column occupies 
an intermediate place between pivoted and flat-ended columns. 
This frictional resistance depends upon the size of the pin, being 
largest for large pins. Compression members in riveted trusses 
are columns with riveted ends. Such columns are usually as- 
sumed to be flat-ended. The ends are not fixed on account of the 
elasticity of the connections and the deflection of- the truss. When 
a truss deflects, the angles between the members change and some 
bending is induced in them because their ends are not pivoted. 




(bj (cj 

Pig. 137. 
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In practical column formulas, ^uch assumptions of end con- 
ditions are usually made as will be on the side of safety. In 
theoretical analyses, only the pivoted and fixed end conditions 
are investigated. Fig. 137 shows that the fundamental cases are' 
really combinations of the simple case of a column fixed at one 
end and free at the other, provided the ends are not allowed to 
move sidewise, so as to change their relative lateral positions, 
for this would, of course, change the curvature. 

Figures 137 (a), (6), (c), and (-d) show, respectively, col- 
umns with one fixed end and one free end, with two pivoted ends, 
with one pivoted and one fixed end and with tow fixed ends. The 
points F are all fixed points because at these the tangent to the 
elastic curve is vertical ; the points P are all pivoted because at 
these the bending moment is zero. It is evident that the points F 
and F divide the column (d) into four equal parts and it follows, 
that for the same strength, and for the different end conditions 
shown in Fig. 137, a column's length should vary as 1 :2 :3 :4. 

tf it is desired to have the preceding equations apply to 
columns of cases (6), (c) and (d), and to have them in terms of 
the total length of the column, it is only necessary to substitute . 
for I its value in terms of L, namely t=i^L27 ^=^%i« a^d fc= 
V4^4 respectively. For the four cases of Fig. 137, equation (54) 
becomes : 

(64) 

'•=¥=^<« (67) 

«^^=2.26ir»J?^, <68) 

«.=%i=4^£^, (59) 

For the same lengths the strengths are to each other as 1 :4 :9 :16. 

It is to be noted that the top of column (c). Fig. 137, is not 
on the tangent at its lower end, but is located like the point of 
contra-flexure in column (d). When the ends are both on the 
tangent line, the factor 2.25 in equation (58) becomes 2.05. 

The greatest stress occurs at the points F ia Fig. 137, and is 
the same in all four cases, for the same load, on each column, the 
radius of gyration being the same. In case (d), the points of 
contra-flexure P are usually nearer the ends on account of lack of 
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perfect fixity, and the maximum stress is at the middle of the 
column. If then the location of the points of oontra-flexure are 
known, the part of the column between them may be treated as a 
column with true pivoted ends. 

Columns do not necessarily bend into the simple curves 
shown in Pig. 137. In case (6), for example, double and triple 
flexure occasionally occur, and the column carries a much greater 
load. Experiments show that these conditions are unstable. 
With an increase of load the column goes over into the weaker 
condition of single flexure.^ Multiple flexure is due to variations 
from the ideal conditions tending to produce bending in opposite 
directions in different parts of the column. Its possibility fol- 
lows from equation (49) because, sec 01=== a when ^Z=i^«-, tft= 

-Jir, tft=|v, etc. 

In Pig. 137 (fe), on account of the symmetry, the tangent to 
the elastic line is vertical at ihe middle, and each half of the 
colunm is in the condition of a column fixed at one end and free 
at the other— case (a). This condition will not be changed if the 
column be cut in two, provided there is no tension on the convex 
side. It follows that a column m^ay have a fixed end tvithout be- 
ing fastened, or that a flat end may be a fixed end. An elastic 
base, however, will deform until the stresses developed are equal 
to the pressure from the column. Since this pressui'e is greater 
on one side than the other, the column, if free at one end, will 
lean; the elastic curve will be tangent to the inclined position, 
and the stresses will be but slightly different from those in the 
case of a true fixed end. In a column with two fixed ends, for 
example, any turning of the ends will move the points of contra- 
flexure toward the ends— the column will approach the condition 
of a column with pivoted end If the ends abutted against per- 
fectly inelastic surfaces, they would be in the condition of perfect 
fixity so long as there was no tension on the convex side, near the 
ends; the intensity of the direct compression would have to be 
greater than the intensity of the tension due to bending. 

P ^ M^vi 
A^ I ■ 



*See fL report on Experiments on the Strength of Wrought Iron 
struts, by Jamee Christie, Mem. Am. Soc. C. E., Trans. Am. Soc. C. B.» 
Vol. XIII, page 88. 
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Prom equation (50) 

• P ' PesecOlvi esecSlvi^^ 



(60) 



If the ends are not fastened but simply press against flat 
rigid surfaces, there will be the less liability of separation on the 
convex side, the broader the ends are, for v^ and r refer to the 
end surfaces here. 

A column's support approaches rigidity when it is a large 
mass like a bridge pier, and when the end of a column is so large 
that the intensity of pressure on the support is comparatively 
'small. A further difficulty in the practical application of equa- 
tion (60) lies in the fact that no ^ 
satisfactory value of e can be as- 
signed to take account of all the 
variations from ideal conditions. 

If the end of the column is 
forked, as shown in Fig. 138, it will 
be fixed when 

i Pk=M 

M being the bending moment at 
the end due to the column bending, 
or this combined with the moment 
due to transverse loads on the col- 
umn, the support being assumed 
inelastic. 

When the ends of a 
column fixed at both 

ends are not fastened, they will turn as soon as the 
pressure on the convex side passes zero ; the curva- 
ture between the points of contra-flexure. increases 
and beyond them it decreases— the points of contra- 
flexure move toward the ends, and when they ar- 
rive at the ends, we have the case of pivoted ends 
so far as the form of the elai^ic line is concerned, 
but on account of the flat ends, the end pressures 
will be eccentric, as shown in Fig. 139. 

It follows that the stress in a flat ended col- 
umn will be less than in a column with pivoted 
ends, because the turning of the ends produces an 
eccentricity tending to reverse the curvature. Equa- 
Fig. 139. 




^^^^^^^^^^^ 



Fig. 138. 
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tion (51) will give some idea concemiog this contingency, but 
with elastic supports, the column's end will turn under a much 
less load than when the supports are rigid. 

109. Column Formulas. By a column formula is usually 
meant an equation which gives the average working stress by 
which the total stress in a column, concentrically leaded, must 
be divided in order to obtain its area. Finding the required area 
of a column's cross section is, therefore, a very simple matter, 
since all specifications give one or more column formulas. It is 
not as simple, however, as finding the required area of a tension 
member, because the shortest method of solving the formula, is 
by trial. 

It is assumed that care has been taken to have the column 
straight and the load concentric, but practically it is impossible 
to know, in any particular case, how great the variations from 
ideal conditions are. 

If the condition of the column approaches very closely to 
the ideal, as explained in Article 107, then equations (54), (57), 
(58), (59) and (55) are applicable, and are used for the prac- 
tical column by many engineers, particularly in continental 
Europe. Equation (57), which applies to a column with pivoted 
ends, was published by Euler in 1759, and is <5alled Euler's For- 
mula. The question arises, does the practical colunm approach 
the ideal closely enough so that its strength will be but slightly 
below that given by Euler's Formula? It is only by experiments 
that the effect of variations from the ideal column can be deter- 
mined. With experiments on practical columns, a good test of 
Euler's Formula cannot be made because the end conditions are 
uncertain, as is apparent from a careful reading of Article 108. 
Then, too, Euler's Formula is not applicable beyond the elastic 
limit, but in a steel column the stress at failure does not exceed 
this limit much. 

Most engineers in this country base their column formulas 
upon experiments, and put them in terms of the maximum al- 
lowed unit stress. These experiments eliminate, to a certain ex- 
tent, the uncertainties as to end conditions, and show rather wide 
variations from the mean, as would be expected, particularly 
when multiple flexure occurs. It is highly desirable to have more 
experiments in order to reduce the discrepancies between various 
column formulas now in use. 

Equation (52) might be used as a column formula if a sat- 



Art. 109 COLUMN FORMULAS. 188 

isfactory value can be assigned to the eccentricity. If sec. 01 is 
developed into a series, and the higher powers omitted, equation 
(52) becomes: 

P ««.x 



''^'^'^2?1^ AE 
When e is very small— when care has been taken to have the 
load concentric and the column straight—, --^ will be less than 

e and may be neglected. Since e is unknown, ^i-rg may be set 

equal to — (since it will be a small fraction) which is to be de- 
termined by experiment. We have then the following formula 
which, in this country is called Rankine's Formula, 

' a IT 

This equation is best solved by trial, since r depends upon 
the section sought, but the solution is very simple compared with 
that of equation (52). 

Equation (61) represents a curve which is laid in the middle 
of a field of results, plotted from experiments made upon columns 

having various ratios of — . The value of a so determined would 
not, of course, apply beyond the limits of — ased in the experi- 
ments, or to any other end conditions or kind of material ; but it is 
assumed to apply to any form of cross section. Even within these 
limitations, a is evidently not a constant, but the formula can be 
made to represent the experiments very closely between certain 

limits of — ; this is sometimes better accomplished by putting 

for ^max, a value different from its value in tension. It is not per- 
missible in all cases to omit the higher powers in the development 
of the series for sec 01. Rankine's Formula, therefore, is purely 
empirical. It was originally deduced by Navier from equation 
(51) in a manner which gave a much simpler value of a than 
that given above, and which shows more clearly that a cannot be 
a constant, but it is none the le^ indeterminate theoretically. 
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Many different column formulas have been proposed, but in 
recent years the Straight Line Foi-niula has come into favor with 
the engineers in this country, because a straight line can be made 
to represent the experiments as well as any curve, for the usual 



values of — which occur in practice. 
r 

is of the form 



The Straight Line Formula 






I 



(62) 



is the experimental constant and, as in 
is also sometimes chosen to fit the ex- 



In this forinula c 
Rankine's Formula, Sa 
periments. 

Fig. 140 shows in a general way, the relations between the 
commonest column formulas for steel columns having an elastic 
limit of 40,000 lbs. per sq. in. A portion of Euler's curve is of 
no value because it lies above the elastic limit. The ultimate 




I 

strength of a column cannot exceed the elastic limit if its ratio — 

is greater than perhaps 40. If this ratio is less than this limit, 
it is difficult to determine the point of failure. A block will de- 
form indefinitely, but a column will bend suddenly when the 
yield point is passed. While the elastic limit is a proper limit 
of strength, it would evidently not be rational to apply the same 
factor of safety to it for the shortest columns as for the longer 
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columns. This difficulty is, however, of little importance, as vety 

few practical columns have ratios oi — less than 40 or greater 

than 150. The portions of the curves shown dotted are of little 

importance. 

Rankine's and the Straight Line formulas are experimental, 

and Fig. 140 shows that the strength of the practical column is 

/ 
considerably below that of the ideal for the usual values of — , 

and particularly for those occurring oftenest in practice. No 
numerical values for the empirical constants are given in these 
equations, because they vary widely in the formulas as applied 
to the different sets of experiments that have so far been made.^ 
For definite values the student should refer to the various stand- 
ard spcifications. 

There is no reason why the Straight Line and Rankine's 
Curve ^should cut the vertical axis in the same point or at the 
particular value of Sc shown in Fig. 140 ; it is only a question of 
having these lines represent the average of the experiments 

within the usual values of — . Neither is there any definite value 

at which these lines meet Euler's Curve; this depends upon the 
end conditions and the kind of material. Nearly all experiments 
show that Euler's Curve is applicable for the larger values of 

values usually above those used in practice. 



'For dlagnuDfi ffhowiD«g the results of a nuxn^r of sets of experi- 
ments on coMimns, and for column formulas fitted to Uiem, see Burr's 
Etag^eUy and RevUfance of the Material of Engineering, pp. 479 to 
6(H$. 6th BdlUon. 

Fbr diagrams showing the results of some very carefuj tests maJe 
by Tetmajer, see Johnson's MateriaU of Construction, Figs. 297 and 
298, or Tr^ns. Am. Soc. C. E?., Vol. XXXIX, pp. 109 and 111. 

For diagrams showing the results of experiments made in this 
country before 1885, see a paper by Thos. H. Johnson, M. Am. Soc. 
C. E. in the Trans. Am. Soc. C. B., Vol. XV, page 617. This paper gives 
the Straight Line formulas whdcfli Mr. Johnson proposed. 

For the results of some very careful experiments upon columns 
of single angles, bei^me, cbanneje, tees, and tubes, see papers by Mr. 
James Christie, Trans. Am. Soc. C. E., Vol. XIII, pp. 86 and 254. 
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Fig. 141. 



110. Columns in Towers. Fig. 141 shows a two-story 
tower, composed of four columns 
fastened together with bracing. 
The column being held at the mid- 
dle, may take on the reverse curva- 
ture shown by the dotted line. The 
point A being a point of eontra- 
flexure, will be in the condition of 
a pivoted end; but if the connec- 
tion of the strut AB is large and 
rigid, and if the strut itself has 
considerable stiffness, there will be 
a tendency to hold the column in a 
vertical line at A. The two seg- 
ments of the column are treated as separate columns with inde- 
terminate end conditions; a safe assumption is that of pivoted 
ends. The bracing in the vertical planes holds the columns against 
buckling in two directions only. To prevent buckling in a diago- 
nal direction the horizontal braces AC and BD may be used. 

If the column AE, Fig. 142, be held against 
sidewise movement (in all directions) at points 
A, B, C, D and E, by means of pivoted connec- 
tions, then each segment is in the condition of a 
column with pivoted (fiids. Of course initial 
bends may interfere considerably with the uni- 
form bending indicated by the dotted liqe, but 
under the most favorable conditions, the seg- 
ments are in the same condition if the column is 
of uniform section and divided into equal 
lengths. 

If the strut connections are not pivoted, the 
bending will not be so great. 

If the load on the column is ecc/ntric the 
effect will be quite different. In this case the 
small accidental eccentricities are neglected. It 
is not possible to make an exact solution in a 
practical case because of the indefinite end con- 
ditions, but the cases shown in Fig. 143 will fur- 
nish a guide for the judgement. The column is assumed to be 
continuous, and except in case (&), to have pivoted ends. Under 
the assumption of pivoted ends, the lines of the reaction fall in 



Fig. 142. 
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the axes of the eolimuis. With square ends, they would move 
toward the load when the lower story of the column is bent so 
83 to be convex toward the loaded side, decreasing the eccen- 
tricity; in the opposite case the eccentricity would be increased 
as the column bends. 
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Fig. 143. 



The cases of the one story cqlumn, (a) and (&), Pig. 143, 
are given for the sake of completeness. The other cases show that 
the influence of the eccentric load decreases very rapidly in the 
stories above or below it, and may be neglected in the third or 
fourth story from the load. In case (/), for example, the maxi- 
mum moment in the lower story is -^Pe at C. The maximum 
moment in any case occurs at the top of the column when the 
load is at the top, and is Pe. 

The horizontal reactions are gotten by applying the differen- 
tial equation of the elastic line to each segment. In case (c), for 
example, there are seven quantities to determine— three reactions 



AB 
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and four constants of integration. The conditions for determin- 
ing these are, the sum of the horizontal components equals zero, 
the sum of the moments about B equals zero, y==fi whoi vd=0^ 

1/5=0 when x=lf yi==0 when ^=0, yi==0 when «i= I and ^ is 

the same for x=I and x^=d excepting signs. 

EI^^=^Pex+\Hi^+C (a) 

EIy=-\Pei?^Hix^+Cx +(C=0) 
(T=0 since when x=0 y=0 
since y=0 when x=l 
0=4 Pelr^HiJ^ 

E^==\HtX,*-\-Cx (a,) 

EIyi==iH, xi»+C, X, +( Ci=0) 
Ci=0 since yi=0 when xi=0 
since yi=0 when xi=Z 

Making x=4 in (a) and Xi==2 in (Ox) 

lfiF=0=P6-Zr,Z+ir,I or H,l=H^l—Pe 

Substituting this value of H^l in the preceding equation 

This value in the above equation gives 

if^iP-f 

For the point of contra-flexure 

Pe—Hix=0=Pe—i P-^ x and x=4f 



BC 
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Having all tho ertemal forces, the moment at any section of 
the column is easily gotten. When a column has several eccen- 
tric loads, the corresponding cases in Fig. 143 may be combined 
and the reactions added algebraically, to get the resultant reac- 
tions as shown in Pig. 144. 
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In this very simple case, the loads and eccentricities are 
taken equal throughout, and the transverse members between col- 
umns are assumed to be rigid. In practice, such columns do not 
have a constant moment of inertia as here assumed, nor are the 
connections of the horizontal members pivoted. If, for example, 
the loads on column 3 were concentric while those on column 1 
were eccentric, the problem would be statically indeterminate, 
and the reactions would depend on the stiffness of the columns: 
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The moments are a maximum at the ends of the segments, 
and have opposite signs above and below the points of division. 
The maximum moment is Pe at the top of the colunm. The mo- 

ment at the bottom of the upper segment is Pe— 1.61P j- 1= 

-~0.61P6. At the top of the second segment the moment is 
— 0.61PeH-Pe=+0.39 Pe. At the intermediate points (three 
stories or more from the top or bottom), the moment is zh %Pe. 
This is the resultant of the opposite kinds of bending produced in 
any particufer story by the various loads. 

In high office buildings, each story is usually treated as an 
independent column— or rather as a block— for eccentric loads, 
and the moment is taken equal to Pe. These columns are usually 
so short that their bending, compared with the eccentricity which 
may be somewhat indefinite, is negligible. To get an idea of how 
much this bending is, consider an %"y^W Z-bar column having 
a length of 14 ft. and carrying a load of 25,000 lbs. with an ec- 
centricity of 6 inches. Assuming pivoted ends, equation (50) is 
applicable provided I is taken as half the length. 

={sec 17.09°-1)=6 ( 1.046-1 )=0.276 inches. 
If the entire load on the column is eccentric, the bending 
will, of course, be much greater. 

111. Combinations of Buckling and Bending. When a 

column is subjected to a transverse load in addition to the longi- 
tudinal load, the bending due to the transverse force has more 
influence upon the buckling stress than that due to the longitudi- 
nal force P. The lever arm of P is due to a combination of the 
action of both loads. In practice, such a column is sometimes 
treated as a block in which the unit stress in the extreme fibre is 

P , Mvx 
"=-!+ — 

and is allowed to be as large as the working stress in tension. Of 
course s should not exceed the working stress given by a column 
formula because the accidental eccentricities, etc., may conspire 
to make M greater than that calculated from the deflection given 
by the formulas below. In practice M is usually taken as de- 
pendent upon the transverse load only, but to be exact both loads 
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must be considered as acting simultaneously. The law of super- 
position is not accurate enough in some cases. . 




z. 

Fig. 145. 
Pig. 145 shows a common case for which 

The equation of the elastic line is 
EI^=—U^\vn?—\wLi—Py . 






when x=0, y=0, hence 



C2= 



w 
OP 



when 2?=L, 2/=0, hence 

^ w{\~co8eL) w J. 

Substituting the values of C^ and Cj 

w 
^y=jp{\ ^ a^— i ^ Lx—l-\- cos ftr + tan ^dL tdn ftr) 

When x==y2L 

,=J^(| ^ i«_j ^ L«_l_|_ «w ^ tf L+ ton i d L «n ^ tf L) 



w 



y««= ^(«c i *i-i-i «* P) 



(63) 



The equation for t/max may be put into a simpler form by 
developing sec y^^L into a series in accordance with the formula 

6l.x« , 



aeca 



■^-'-2+ 24 



720 



.«fc 



'For the formula of iategratlon see Johnson's ^'^ Differential Eqpia- 
Uont." Art 82, or Bojrd's " Differentlil EquaHons," Art. 33 and 41. 
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Terms higher than those given are negligible in practical 
examples. Now 

yu.^-^p{i e^I^-i <^i + 24x16 + 720X64>/ 
~"384A "•" 120 /"" 384P\ +^0'/ 

It will be noted that the first term of this expression for 
the maximum deflection is equal to the deflection when the trans- 
verse load only is acting, and the second term is the additional 
deflection due to the addition, of P. The second term is usually 
small compared with the first, and may be neglected in order to 
simplify the practical applications of the equation. A further 
simplification may be made by substituting %W2^=itft=^maxi- 
mum moment due to transverse load. 

yn'«x= 4g^ approximately (65) 

«:nax=^+ (ilit+iVma:i)^apprOX. 

Substituting the value of i/max 

«™x=^+Jlf.^ ( l+l^) approx. (66) 

The law of super-position of stresses holds when the last 
term is negligible. 

Equation (66) is best solved by trial. A numerical example 
will illustrate the application of the above equations and the 
effect of the approximations. 

Assume a column of 2 channels 15 in.X33 lbs. X 360 in. long; 
w=12y2 lbs. per inch ; 7=625 ; .1=19.8 sq. in. £=30,000,000. 
P=180,000 lbs. W=4,500 lbs. 

Mt=y8 WLr=ys 4,500X360=202,500 in. lbs. 

ft=v'^=\ 180.000 =nnna» 
EI '30,000,000X625 
^^'=^.0000096 



V2^i=0.003lXl80=0.558=32.<'0 
PI/_ 180.000X360X360 
EI~ 30,000,000X625 ~ 



1.245 
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From equation (63) 

: 12.6 / 0.558X0558 \ 

*-" ~0.0000096X 180,000 V' 2 / 

125X0.0235 

0.0000096.x 180,000 

From equation (64) 

5X4500X360X360X360 ,, . ^ .^.,._r, ,«.. . 
y-«= 384X30,000,000X625 (1+0- 1245)=0. 1646 in. 

Prom equation (65) 

_ 5X202 500X360X360 _^ 
y«.— 48X30,000,000X625 "^'^ • 

Equations (63) and (64) give practically the same result, 
while equation (65) give a close approximation. 
Prom equation (66) 
. ^ . 180,000 . .^ -^7.5 /. , 5X 1 245 \ 
'-«= ~T9X"+^^'^^625V^+— 48 -^^ 
=9100+2750=11,850 lbs. per sq. in. 
Whether or not this is excessive depends upon the column 
formula used. 

The case illustrated in Pig. 146 is of common occurrence in 
practice. 

M^,=P,^+Pyi 

Fig. 146/ 
Considering first the longer segment and proceeding as in 
the case of Pig. 145. ' 

Pli 

y=Ci8in$7>-\'CiC08 6x — -^x 

since 2/=0 when cd=0, €2=0 and the equation of the elastic line 
becomes 

P / 
y=Ci sin $ x — —px (a) 

Pl\ 
yi=(Ti sin $ xi -^ xi (ai) 




Similarly 
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To evaluate Cj and C/ we have the conditions u=y ly when 
x=l^, and Xi=l2, *^<^"^=^when x=di and «i=If 

Differentiating equations (a) and (aj, imposing the condi- 
tions, eliminating, and reducing 

^~ePsin {liO+lifi) ^^ 

Substituting this value in equation (a), differentiating and 

dy 
putting -^ ^=€y that value of x may be found which will make 

y=yuuiX' The resulting equation is, how^ever, too complicated for 
practical use. Only a slight error will be committed if it is as- 
sumed that the maximum deflection occurs at the same point that 
it does when the longitudinal load is not acting ; and to be on the 
safe side, the maximum moment from transverse load may also 
be taken as coming at this point. Under these assumptions, 

^^ 3f^,=/>4ii+i^„. (67) 



y=3/„„ when x=li\^^^^=af 
Prom (a) and (6) 

^- = -pye^n{ue+k0)- TT^ > <^^> 

As in the case of Fig. 145, it will usually be found accurate 
enough to neglect that part of the deflection due to P, in which 

case nhk^ fn J I / ^'^\ /fin\ 

y-«=^tg^jjV2;a-|-/i ^yapprox. (69) 

There is, however, not much difference in the ease with which 
equations (68) and (69) are applied. 

When Pt is in the middle l^==l2=y2L=x^ and equation (68) 
becomes, y^^^^itaniOI^BL) (70) 

An equation similar to equation (64) may be gotten if 
tan y^^Jj is developed according to the formula 

ian a;=aJ+%a;*4-^a;"+ etc. 

powers higher than the fifth being negligible in ordinary cases. 
Equation (70) becomes 



Artlll. C30MBINATI0NB OP BUCKLING AND BENDING. 196 

Substituting the value of $ 

This eciuation is similar to equation (64), the first term being 
the deflection due to tha transverse load acting alone. 

If the second term in the parenthesis be neglected and 
i^P^L=Aft=maximum moment due to transverse load, be in- 
troduced 



and 



y«.x = r^^j^vV^oiAmMiy (72) 

«_=4+lf,^^l-h^^^approx. (73) 

If the ends are fixed, the deflection will be much smaller, and 
values of VmMx corresponding to the approximate values given 
above are sufficiently accurate. For this case equation (66) for 
uniform load becomes, 

' «„„ =4+ ji, TFZryEt the ends (75 ) 

Equation (73) for a single load at the middle becomes 

■p 

«m»« =-J+ -''t-f-*^ ^^^ ^'^dfl ( 77 ) 

If but one end is fixed and the other free to turn, the ap- 
proximate formula corresponding with equation (66) for uniform 
load is 

B^^^^h »^^(i+iS7)t ** y- <^^) 

«„. =-J -H WlJ^ at the fixed end (79) 

Equation (73) for a single load at the middle becomes 

'-"=4 +^^K^+i6™)^ ** 2/-.. (80) 

«m.x=-jH-A-Pt^^ at the fixed end (81) 
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If the longitudinal forces are eccentric, the moment is in- 
creased or decreased; the eccentricity is added to or subtracted 
from the maximum deflection as given in the above equations. 

The column load is often made eccentric in order to neutra- 
lize the maximum bendinfg moment due to the transverse load. 
Thus in the case of Pig. 145, it would oi\ly be necessary to move 
the forces P downward so that 

the column then being treated as if it carried a concentric load P. 
On account of the moment Pe being constant throughout the 
whole length of the column, and the moment from the uniform 
load decreasing toward the ends, the column would bend in two 
segments, and a small excess of Pe over % WL would cause the 
column to go over into single flexure—- the weakest condition. It 
would be better to make the moment zero at about i/^L from the 
ends so that the column would have two points of contra-flexure 
and be bent into three segments, but the end conditions are us- 
ually too uncertain to make this assumption safe. 

If the ends are partly fixed, as they always are in practice, 
it may be impossible to counterbalance the center moment, be- 
cause it may not be practical to have an eccentricity large enough 
to turn the ends sufficiently ; besides, as the center moment de- 
creases, the end moments increase. It might be a question of 
equalizing the end and center moments (see equations. (74) and 
(75) ), but the uncertainty of the end conditions would render 
the problem indeterminate. 
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QUESTIOxNS AND PROBLEMS. CHAPTER X. 

1. A block 15 inches scjuare is subjected to a load of 90,000 
lbs., the resultant of which lies 2 inches from the center, on a line 
through the center parallel to one side. Find the maximum and 
minimum stresses. 

2. In problem 1 where should the load be placed in order 
to have a tensile stress of 100 lbs. per sq. in. on one side ? What 
is the maximum compressive stress in this case ? At what points 
is the stress zero 1 

3. A pier 2 ft. square and 6 ft. high is subjected to a direct 
load of 180,000 lbs. at the center and a horizontal force at the 
top. What is the greatest value of this horizontal force in order 
that no part of the pier shall be in tension? With this force act- 
ing, what is the maximum compressive stress in the pier? 

4. A cast iron block 4 in. square has its resultant load at 
the middle. Compare its strength with that of a block 4 in.X6 in. 
with the load 2 in. from a 4 in. face. 

5. A solid steel rod 2 in. in diameter and 5 ft. long is sub- 
jected to a compressive stress of 50,000 lbs. 0.1 in. from the cen- 
ter, the ends being pivoted. Find the deflection at the center and 
the maximum unit stress. 

6. A 6 in.X4 in.XM^ i^- angle 5 ft. long is used as a column 
with pin ends. Find the total safe load concentrically placed, by 
Euler's formula, with a factor of safety of 5. 

Calculate the safe load of a«imilar angle 10 ft. long. 

Compare these results with tlie values obtained from Rankine's 

formula, with constants as given in the ** Cambria" handbook. 

7. Find the safe load with a factor of safety of 5, on a 
latticed cohunn made of two 10 in. 20 lb. channels 6 in. back to 
back, toes turned out, ends fixed, and length 20 ft. 

8. Find the safe load on a 12 in. 40 lb. I beam, 16 ft. long 
medium steel used as a column, by Rankine's formula, using the 
constants of the Philadelphia building laws. Solve the same by 
the Straight Line formula of the New York building laws. (See 
''Cambria.") 

9. Find the safe load on a cast iron column 10 ft. long, 8 in. 
outside diaiqeter, 6^^ in. inside diameter, by the New York laws 
and the Philadelphia laws. 

10. Find the safe load on a 10 in. round yellow pine col- 
umn, 12 ft. long with flat ends by the New York formula. 

11. Wliat is the diameter of a solid medium steel rod 5 ft. 
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long, with pivoted ends, which is to carry a concentric load of 
24,000 lbs. ? Solve by the Philadelphia laws. 

12. Select an I beam for a column 12 ft. long, pin ends, 
wilh a factor of safety of 5, using Rankine's formula with ** Cam- 
bria" constants. 

13. A 4 in. X 4 in. wooden strut, 10 ft. long, lies in a horizon- 
tal position and carries a load of 20 lbs. per ft. of length, and is 
subjected to a direct compression along its axis of 1200 lbs. Find 
the deflection at the center and the maximum unit stress. 
E=l,200,000. 

14. A horizontal compression member with pin ends con- 
sists of two 10 in. 20 lb. channels and two 12 in.XMj ^^- plates. 
The length is 30 ft. and the webs of the channels are vertical. The 
direct compression is 80,000 lbs. and there is a concentrated load 
of 4000 lbs. at the middle. Find the deflection and maximum 
unit stress. 
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112. Truss Elements. The simplest truss is one made of 
three members in the form of a triangle. See Fig. 48, Art. 48. 
Such a truss can not be deformed without changing the length 
of its members, that is, without inducing stresses in them. It is, 
thirefore, a stable structure under loads if properly designed (2). 

Fig.. 147 shows a truss 
which may be deformed 
without changing the 
lengths of the sides of 
the rectangle CDEF, 
and is, therefore, not a *>? 

stable structure unless Fig. 147. 

the joints are so constructed as to offer sufficient resistance. In 
properly constructed trusses, it is assumed that the joints do not 
offer enough resistance to the small changes of angles between 
members to affect the stresses in them. 

If there were a diagonal member DE (in tension) or CF (in 
compression), the truss would be stable, because it would be com- 
posed of triangles. Every truss, therefore, in order to he a stable 
structure should he an assemhlage of triangles. Any deformation 
of such a truss will be accompanied by axial tresses, that is, direct 
tension and compression. 

Unequal loads at D and F are produced in connection with 
the dead load, when the live load covers a part of the span. As 
shown, a diagonal member DE would be in tension, but if the 
load Pg" were greater than Pj, a diagonal member CF would be 
in tension. 

ilembers made of eyebars or rods have practically no stiff- 
ness and can not, therefore, carry any compressive stress. If 
such members are used for the above diagonals, there will be two 
in the panel ; one acts when P^ is the greater load, and the other 
when P2 is the greater. Both diagonals can not be in action at 
the same time and, therefore, the truss is always an assemblage 
of triangles. If both diagonals were made stiff members so that 
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they could carry compression, one could not change in length 
without affecting the other, and the stresses would be statically 
indeterminate (42). 

Fig. 148 shows a simple truss supported at both ends. The 
top chord is in compression just as the tgp flange of a girder. 
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similarly supported, is in compression. In like manner does the 
bottom chord compare with the bottom flange of a girder. The 
web members resist the shear by direct tension and compression, 
the diagonal members being all tension members and the vertical 
members being in compression. The chord members can resist 
no part of the vertical she^r since they have no vertical compo- 
nents. If one or both chords were inclined, they would carry a . 
part of the shear. The chords resist all of the bending moment. 

Panels are the longitudinal divisions of a truss, formed by 
the web members. 

Panel points are the centers of the joints where the web 
members are attached to the chords. 

A panel length is the distance between panel points usually 
measured horizontally. 

Chord Members are the upper and lower members of a truss. 

A main tic is a web member in tension under full load. For 
a certain position of the live load its stress may reduce to zero. 

A counter tie is a diagonal web member in tension uncler cer- 
tain partial loads only. Counter ties are not necessarj-^ in trusses 
carrying dead loads only. If, in Fig. 148, a continuoas live load 
moves acrass the bridge' from right to left, it tends to distort the 
rectangle CDdc so as to produce tension in the main tie, and 
there will be no stress in the counter tie. But if the live load 
moves from the left to the right, the distortion will be in the 
opposite direction until the head of the live load passes a certain 
point in the bridge. This distortion and that due to the dead 
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load are of opposite kind and may neutralize each other; in which 
case there will be no shear in the panel, and no diagonal member 
will be required. If the live load is great enough, compared with 
the dead load, the distortion will become such as to produce ten- 
sion in the counter tie. As the live load moves to the right, the 
stress in the tie decreases and becomes zero; then the stress in 
the counter tie increases, reaches a maximum and decreases to 
zero; then the stress in the tie increases until the left end of the 
live load stands somewhere in the panel in question. 

No counter ties are required in those panels where there is 
no possibility of a reversal of stress, or where the live load shear 
is always less than the dead load shear. 

A counter brace is a diagonal web member capable of taking 
compression and subject to alternating stresses of tension and 
compression (as c/> Fig. 161), or subject only to compression 
under partial loading (as the dotted diagonals in Fig. 154). If 
in Fig. 148 the counter tie were omitted and Cd were made a 
compression member, it would be a counter brace, and its stress 
would reverse during the passage of the live load. If the counter 
brace happens to be so attached that it can take no tension, as is 
the case in a Howe Truss (Fig. 154), it gets stress only under 
certain partial loads just as a counter tie does, but the stress is 
of opposite kind. 

It is the custom to use counter ties in some types of trusses, 
and counter braces in others, but in some types, counter ties can 
not be used. 

Counter ties are made adjustable in length so that an initidl 
atress may be put into them. The initial stress in the counter tie 
produces the same initial stress in the main tie, as is evident if 
the distortion of the panel is consi4cred. Stresses will also b6 
induced in the posts and chords of the panel, but no other mem- 
bers of the truss will be(|ffected. These stresses, whose magnetude 
are usually much in doubt, may usually be neglected as the fol- 
lowing consideration will show. Their purpose is to prevent 
shock when the live load passes over the structure and the stresses 
change from one diagonal to the other in a panel. 

Pig. 148 (A) represents the panel CDdc. When the counter 
tie cD is shortened, the tendency is to deform the panel as shown 
by the dotted lines. . This deformation is resisted by the main tie 
and consequently a tensile stress is set up in it. Take a section mn 
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through the panel, and if there are no other stresses in the diago- 
nals than the initial stresses, from 2 vertical Components=0 we 
have: 

The Vert. Comp. of the initial stress in cD=^ 

The Vert. Comp. of the initial stress in Cd ; therefore as the 
inclinations of the members are equal, the initial stresses in them 
are equal. 

Now suppose that a load is put on the bridge in such a posi- 
tion that it would produce a tensile stress in cD, This stress would 
elongate cD which would cause the dotted parallelogram to ap- 
proach its original shape of zero stress and thus relieve the 
initial stress in Cd. 

Let the initiar stress in the diagonals be represented by T. 
From Hooke's Law (11) that stress is proportional to deforma- 
tion, it will require a total stress of 2T in cD to cause the parallel- 
ogram to resume its original rectangular shape. But when the 
figure is a rectangle, the stress in Cd is zero and, taking the sec- 
tion mn again and 2 Vert. Comp.==0. 

Vert. Comp. of stress in cl>= shear in the panel. 

Therefore when the shear in the panel is sufficient to pro- 
duce a tensile stress in cD equal to twice the initial stress, the ini- 
tial stress in Cd is reduced to zero and all the initial stresses dis- 
appear. Any further increase of stress in cD will further elon- 
gate that diagonal, and consequently buckle the diagonal Cd, as 
neither of the diagonals are capable of taking compression. If 
the stress in cD, due to the load, is less than 2T, by Hooke's Law, 
one half is taken up in relieving stress in Cd and the other half 
is added to the initial stress in cD. 

A post or hrace is a web member in compression when the 
bridge is fully loaded. When the chords are not parallel, there 
may be tension in some of the intermediate posts and a reversal 
of stress when the live load comes on. Such reversals are un- 
desirable. 

113. ClaMification of Trusfes. Trusses may be classified 
in many different ways. So far as supports are concerned, they 
may be classified just as solid beams are classified (62). The 
material of which they are made is usually structural steel. Some- 



Art. 118 CLASSIFICATION OF TRUSSES. 208 

times they are made of timber or a combination of timber and 
iron. Otherwise they may be classified as follows : 
As to uses. 

Bridge trusses. 
Roof trusses. 
Cranes. 
As to connections at the joints. 
Pin-connected trusses. 
Riveted trusses. 
As to chords. 

Trusses with parallel chords. 
Trusses with inclined chords. 
As to web bracing. 

Trusses with triangular web bracing. 
Trusses with quadrangular web bracing. 
Trusses with sub-trussed web bracing. 
Trusses with sub-divided web bracing. 
Trusses with multiple systems of web bracing. 
Trusses with combined systems of web bracing. 
. When a bridge truss is deep enough to permit overhead brac- 
ing between trusses, it is called a high truss. A loiv truss is not 
deep enough to permit overhead bracing and is often called a 
po7iy truss. (Pigs. 169 and 160). 

When the trusses of a bridge support the floor near the lower 
chord, the bridge is a through bridge; if the floor is supported 
near the upper chord, it is a deck bridge; and if between the 
chords, it is a half -deck bridge. 

Figs. 149 to 167 show bridge trusses of various types. Pigs. 
168 and 169 show a few types of roof trusses. These are explained 
below in detail. In these figures, heavy lines denote compression 
members ; light lines, tension members ; heavy dotted lines, coun- 
ter braces ; and light dotted lines, counter ties. 

Any type of truss may, in general, be modified so as to be 
supported at the top or bottom chord, and may carry loads at 
both chords. 

114. Bridge Trusses Now Out of Date. Some notable 
wooden bridges were built in this country late in the eighteenth 
and early in the nineteenth century. The building of iron 
bridges began in 1840, the compression members being of cast 
iron and the tension members of wrought iron. About 1863 the 
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first bridge having all members of wrought iron was built, and 
cast iron was gradually abandoned. About 1870 steel began to 
be used, and wrought iron went out of use about 1890.^ 

The early bridge builders were very successful in view of the 
fact that they knew nothing about stresses in trusses. To Mr. 
Squire Whipple belongs the credit of having first analyzed the 
stresses in a truss. In a small book which is published at Utica, 
New York, in 1847, he gave the correct analysis of bridge stresses 
and the details of design for a Wipple truss bridge (Fig. 153). 
In this design, pin connections were first introduced. Mr. Whip- 
ple not only gave, in his small book, much sound theory and good 
practice, but built many bridges of the Whipple and bow-string 
types. 

The following are the most important of the older types of 
trusses; for others, and for an account of the evolution of the 
modem truss, reference should be made to the works cited in the 
foot note below. 




BOLLMAN TRUSS 

Fig. 149. 

Fig. 149 shows the Bollman truss, which was patented about 
1850 and introduced as an * * iron suspension truss bridge. ' ' Each 
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FINK TRUSS 

Pig. 150. 



^For historical data concerning American bridge biillddng, see a 
paper by C. C. Schneider, Pres. Am. Soc. C. E., in the Engineerins: 
Record, Vol. LI, p. 707. Also see paper by Tbeo. Cooper, M. Am. Soc. 
C. E., in Trans. Am. Soc. C. E., Vol. XXI, p. 1; Johnson's Modem 
Framed Structures Chapt. I, and Merrim^n and Jaooby's Roofs and 
BridgeSy Part I, Chapter V, -sixth Edition. 
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panel load is separately suspended by ties running to the sup- 
ports. There is no bottom chord and the diagonal members shown 
dotted take no calculable stress but serve to stiffen the truss. 

The Fink Uniss was introduced about the same time as the 
Bollman. It was invented by Albert Fink, an assistant engineer 
on the Baltimore & Ohio Railroad. Fig. 150 shows the principle 
upon which this truss was built. The path of each panel load is 
easily followed ; only the middle panel load is carried directly to 
the supports ; parts of the other panel loads also go over the same 
path. For long spans, the truss was usually built so that about 
half of the posts were of the same length. The Fink truss neces- 
sarily had an even number of panels. The stresses may be easily 
calculated. 




BOiVSTRING TRUSS 

Fig. 151. 

In 1840 Mr. Squire Whipple built his first iron bridge and 
it was of the how-string type (Fig. 151). He pointed out the 
economic advantages of this style of truss in the book referred 
to above. Since the bending moment decreases towards the ends, 
the chord stresses may be made constant by varying the depth 
in a certain way. The upper and end panel points were usually 
made to lie on a parabola, in which case, with full load, there is 
no 3tress in the diagonal web members, and the stress in each 
chord is the same throughout ; the vertical -members are in ten- 
sion, each carrying a panel load to the top chord, which acts like 
an arch whose horizontal thrust is taken by the bottom chord. In 
this case all diagonal web members are counter ties and, for par- 
tial loading, the verticals are in compression. 

If the upper joints lie above a parabola through the ends, 
the counter ties will be as shown in Fig. 151 ; if they lie below, 
the ties and counter ties will have the reverse directions. 

The stresses in a bowstring truss are easily calculated. Under 
full load, and with a parabolic truss, the upper chord resists all 
the shear in each panel. It is to be noted that the tie and counter 
tie, in a panel, do not have the same inclination. 
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Many bridges with bowstring trusses of short span were 
built. In modem bridges, the curved top chord is used only for 
long spans and only the intermediate panel points are located on 
the curve, the end posts being given a steeper inclination than 
in the bowstring truss. 

A few double-bowstring or lenticular trusses have been built 
in- this country. In this type, both the upper and lower panel 
points are on curves. A notable example is the Smithfield Street 
bridge over the Monongahela River at Pittsburgh, consisting of 
two spans of 360 feet each. 




^ST TRUSS 
Fig. 152. 

Mr. S. S. Post invented a bridge in which the trusses were 
of the style shown in Pig. 152. In 1865 he built the first iron 
bridge of this type, the top chord being of cast iron. 

The Post truss has a double system of web bracing. The 
braces have a horizontal projection of one half panel length, and 
the main ties (except the end ones) of a panel and a half. It 
was built with a counter tie in each panel. The stresses are stati- 
cally indeterminate. For full load, the two systems may be as- 
sumed to act independently, but for partial loads, the counter 
ties on one side of the middle act as a single system, while the 
main ties on the other side act as a double system. 




WHIPPLE TRUSS 

Fig. 153. 

In 1852-3 Mr. Squire Whipple built the first Whipple-truss 
bridge on the Rensselaer and Saratoga Railroad. It was replaced 
in 1883 because it was designed for a much smaller load than it 
was then carrying. 
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The Whipple truss (Fig. 153) is called a double intersection 
truss because it has two systems of web bracing. It is a combina- 
tion of two Pratt trusses (Pig. 155) with conunon chords. The 
object was to avoid long panels and the consequent expensive 
floor system and, at the same time, to have an economic inclina- 
tion for the diagonal web menlbers. It was used for long spans 
and many examples of it are still to be seen, particularly in high- 
way bridges. It was displaced by the Baltimore type of truss. 
See Pigs. 157 and 158. 

The stresses are statically indeterminate but it is the practice 
to assume that the two sytems act independently, the chord 
stresses being added together. The division into two systems is 
not the same for partial loading as for full loading, and certain 
ambiguities arise. Since about 1890 very few Whipple trusses 
have been built. The simpler trusses, whose stresses are statically 
determinate, are preferred by most engineers. 

All of the preceding trusses were of the pin-connected type 
although, usually, there were some joints with special details. 
The eyebar was not introduced until 1861. 

115. Modern Bridge Trusses. The Howe truss was pat- 
ented by William Howe in 1840. This truss has been used exten- 
sively, particularly in the first construction of railways. It is 
still being used in sections of the country where timber is cheap 
and economy in first cost is important. Many Howe truss bridges 
have been replaced by steel bridges. 

In the Howe truss the diagonal members are in compression 
and the vertical members in tension. (See Fig. 154.) All mem- 
bers except the vertical tension members are made of timber. The 
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Fig. 154. 

vertical tension members are wrought iron rods with screw ends; 
their use, with cast iron angle blocks at the joints, against which 
the diagonal members abut, permits simple and satisfactory de- 
tails with the minimum amount of metal. The main diagonals 
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are made of two sticks of timber between which the oouBter 
braces pass. The chords are made of uniform section throughout 
the length of the bridge. The panels are short and the loaded 
chord is made deeper than the other chord, because it carries the 
floor and acts as a beam in addition to taking the direct stress. 
Counter braces are used in each panel. 

The Howe truss bridge is sometimes called a combination 
bridge, but this designation belongs more properly to those 
bridges in which all tension members are made of iron or steel.* 

The Pratt truss, which is shown with inclined end posts in 
Fig. 155 and with vertical ends posts in Fig. 148, was patented 




P/P^iy TRUSS 
Fig. 155. 

in 1844. It differs from the Howe truss in that the main diagonal 
members have an opposite inclination and are, therefore, in ten- 
sion while the vertical members (except the suspenders) are in 
compression. At first, only the ties were made of iron, arid it 
was not popular on account of requiring more of this expensive 
material than the Howe truss.' The compression members are 
shorter than in the Howe truss and, therefore, require less mater- 
ial, but this was unimportant until iron bridges were introduced. 
On account of its simplicity, the Pratt truss has become by far 
the commonest type of bridge truss in this country. Its* charac- 
teristic is diagonal tension and vertical compression members. 

As the stress in the top chord increases toward the middle, 
and since it is made of the same outer dimensions in each panel, 
it becomes difficult, in long spans, for several practical reasons, to 
avoid an excess of material in the end panels, unless the depth of 
the truss varies, so as to make the stresses in the panels more 
nearly equal. Fig. 156 shows a form often used and is commonly 
called a carhel-hack truss. The appearance is much enhanced if 
all the joints of the top chord are put on a regular curve. 

^For details 6t modem' Howe truss bridges, see JoIixlsqii's Modem 
Framed Struciureu, Chapter XXIII. 
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Fig. 156. 



As the span increases, economic construction requires the 
depth of the truss to increase. The panel length must also in- 
crease if an economical inclination of the diagonal members is to 
be had ; but th^re is a limit also to the panel length. This diffi- 
culty was avoided in the Whipple truss by running the diagonals 
over two panels. The same object is accomplished by putting a 
sub-truss in each panel of a Pratt truss to carry every other panel 
load to the main truss. 

This forms the Baltimore truss which was introduced in 1871. 
(Fig. 157.) It is a sub-trussed Pratt truss in which the stresses 
are statically determinate. 
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BALTIMORE TRUSS ^ 
Fig. 167. 

As in the case of the Pratt truss, it is economical to have a 
curved upper chord for very long spans as shown in Fig. 158, and 
then it is called the Fettit truss. 
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PETTIT TRUSS 

Fig. 158. 
In either case the sub-trussing may.be of the style shown in 
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Fig. 157 or in Pig. 158, and other members may be introduced 
simply to hold the compression members at the middle. 

The two panels at each end are sometimes made as in Pig. 
156 in order that the end posts may not have such a flat inclina- 
tion ; this makes a combination of Pratt and Baltimore web 
bracing. 

Por short-span highway bridges, the Pratt truss is often 
modified as shown in Fig. 159. This truss is frequently made 
with end posts having an inclination of 45 degrees ; when the end 
panels of the top chord are half as long as the intermediate pan- 
els, it is called a half -hip truss. 
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HALF H/P PRATT TRUSS 

Fig. 159. 

Fig. 160 shows a triangular or barren truss. The use of this 
style of triangular truss is now confined mostly to small highway 




WARREN OR TRIANGULAR TRUSS 

Fig. 160. 



bridges with floor beams attached below the bottom chord. Por 
longer spans, the sub-divided Warren truss, as shown in Fig. 161, 
in used, and the floor beams are attached to the vertical members 
above the bottom chord. The suspender evidently carries a single 
panel load. The other vertical members carry no stress above the 
floor-beams except that part of the dead load which acts at the 
upper joints. 
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SUB-D/I//DED WARREN TRUSS 

Fig. 161. 

In the Warren truss the compression members of the web axe 
longer than in the Pratt truss, and some of them are subject to 
alternating stresses of tension and compression. These disadvan- 
tages lose their importance, however, when the number of panels 
is small, as there are but few such members (see Fig. 161). The 
usual limit of span for this style of truss is about 150 feet. 

While multiple intersection trusses are not in general favor, 
multiple intersection Warren trusses are used on several lines of 
railways on account of the severe treatment they will stand, with- 
out actiial collapse, in cases of derailment. Fig. 162 shows a 




DOUBLE INTERSECTiON 

Fig. 162. 



WARREN TRUSS 



double intersection Warren truss \ this is sometimes sub-trussed 
by inserting short suspenders from the intersections of the diag- 
onals to the lower chord. The stresses are calculated upon the 
assumption that the two systems act independently. 

Fig. 163 shows a combination of four trusses with the neces- 
sary modifications at the ends to allow inclined end posts. The 
four systems are assumed to act independently. 

The term ''lattice girder" is commonly applied to either the 
single or multiple intersection Warren truss when the connections 
are riveted; but it would be more appropriate to designate 
trusses, with more than three systems of web bracing, as lattice 
trusses. In such trusses— when the web members are connected 
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QO/IPRUPLE INTERSECTION WARREN TRUSS 



Pig. 163. 

together at their intersections— it is usually assumed that the web 
members, cut by any cross section, take equal amounts of the 
shear. 

The Town lattice truss bridge was patented in 1820 and Was 
built entirely of wood. Bridges^ of this type are still to be seen 
in this country. 

Very few Warren trusses are built with pin connections, and 
very few Pratt trusses with riveted connections. Riveted Pratt 
trusses are used for low trusses in which the number of panels 
exceeds from six to eight. Baltimore and Pettit trT3S8es are al- 
ways built with pin connections. In general, pin connections are 
used in bridges of long span in which the dead load is large com- 
pared with the live load, and riveted connections in bridges of 
short span. 

116. Special Types of Bridge Trusses. The cantilever 
truss is used in bridges of long span, and particularly for those 
which it is not practical to erect on falsework. Bridges of this 
type are combinations of simple trusses supported at their ends 
and of cantilever trusses, and these may have any style of web 
bracing. Fig. 164 shows a common arrangement for a deck struc- 
ture. The shore spans are usually erected on falsework and the 
rest of the bridge is built out from the two ends (by means of 
over-hanging travelers) in two cantilevers to meet at the middle 
of the suspended span. The members of the lower chord, shown 
dotted, are so made that the stress in them may be relieved. The 
final arrangement is such that the suspended span DE is freely 
supported by the cantilever arms CD and EF, 

The bridge is, of course, made symmetrical wh«i possible. 
Two other arrangements of spans are indicated diagramatically 
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in Fig. 164. A fixed panel may take the place of a fixed span 
when conditions demand. There may be either an anchor span 
or a simple span at the end of the bridge, but it is usually not 
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Pig. 164. 

wise to have a cantilever arm at the end since it must be free to 
deflect upward and downward and this may interfere with the 
traffic. 

The cantilever bridge now being built over the St. Lawrence 
River near Quebec, Can., will have a channel span of 1800 ft., 
the longest in the world. The suspended span of this bridge is 
675 feet long, and is much longer than any simple span yet built. 
A nimiber of simple spans, of the Pettit type, over 500 feet long, 
up to 5461^ ft., have been built. 

The cantilever bridge over the Firth of Forth, in Scotland, 
has two spans of 1710 feet each; these are the longest now in 
existence. 

The Wabash Railroad bridge over the Monongahela River, at 
Pittsburgh, is a cantilever bridge having a channel span of 812 
feet. 

The longest span of the cantilever bridge at Memphis, Tenn., 
is 790 feet. 

There are numerous other examples of this type of construc- 
tion in this country. 

Many different styles of smng-bridge trusses have been 
built ; the type now in conmion use is shown in Fig. 165. In long 
spans, some of the panels may be sub-trussed. The form is that 
of two simple spans hung from a central tower. When the draw 
is open, the truss is simply a double cantilever. When the draw 
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is closed and the ends are raised so that there will be no stress 
iu the top chord at the tower, the truss consists of two simple 




SWING BRfOGE TRUSS 
.Fig. 165. 

spans. For any intermediate end conditions, the truss is contin- 
uous over four supports. It is evident that there will be many 
members subject to reversals of stress. 

This style of truss is usually made partially continuous by 
putting, bracing in the tower panel so light that it carries practi- 
cally no shear. 

In place of the tower a single post is used for short spans, 
making the truss a two-span continuous truss. 

The stresses in a continuous truss are statically indetermi- 
nate, but swing-bridge trusses are commonly assumed to have a 
constant moment of inertia although even the depth of the truss 
is not constant. 

Swing bridge trusses are very seldom built with pin connec- 
tions at all joints, but are either riveted or partly riveted and 
partly pin-connected. 




BRACED ARCH 

Fig. 166. 

Arches diflEer from the trusses described above in that they 
have inclined reactions for vertical loads. The abutments must 
be capable of resisting a horizontal thrust or else the feet of the 
arch must be held by a tie between them (Fig. 169). 

Figs. 166 and 167 show three-hinged arches; there is a hinge 
at each support and one at the crown. The arch of Fig. 166 is 
called a spandi^el-hraced arch ; the bottom chord may be conceived 
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to be an arch which is braced by the trussing. If the arch is 
parabolic there will be no stress in the top chord or diagonal 
members, provided there is a full and symmetrical load ; the trus- 




Fig. 167. 



sing is stressed under partial load. In Fig. 167, the arch consists 
of two trusses, set up against each other, the loads being applied, 
through posts, at the upper joints. Arches of this kind are of 
many different styles, and plate girders are often used in place 
of the trusses. 

Arches are also built without hinges and with only two 
hinges, but for these the reactions are statically indeterminate. 
Stresses in arches with hinges are calculated upon the assumption 
that there is no friction at the hinges. The reactions and stresses 
for a three-hinged arch, being statically determinate, their deter- 
mination offers no difficulties to one familiar with the application 
of the laws of equilibrium (45). 

The three-hinged arch is so built that the crown is free to 
move up and down with changes in temperature. In the other 
kinds, changes of temperature induce stresses in the arch. 

The trusses used in suspension bridges are simply stiffening 
trusses, suspended from the cables, and prevent excessive deflec- 
tions of them. The cables themselves are sometimes trussed to 
stiffen them. 



117. Roof Trusses. Roof trusses may be made in a great 
variety of forms, but it is seldom that the engineer has occasion to 
use any forms except the common ones illustrated in Fig. 168. 
The lower chords are nearly always horizontal. The style of truss 
selected depends upon the span length and the spacing of the 
purlins which are supported by the truss. 

The Howe truss, Fig. 168 (eZ), is made of timber except the 
vertical members for which iron rods with screw ends are used. 

The eiffht-panel Fink truss, Fig. 168 (/), is by far the com- 
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inonest in use ; it may be made into a sixteen panel tnws by sub- 
trussing each panel. 
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Pig. 168. 



TRIANGULAR TRUSS 



The triangular truss, Pig. 168 (i), is usually used for flat 
roofs. 

Stresses in roof trusses are usually gotten graphically, but 
since, for a given pitch of roof, all roof trusses of a certain type 
arc similar figures, whatever the span may be, the stresses will 
be proportional to the panel loads. A table of stresses due to one 
pound panel loads will, therefore, answer for all spans of the 
same type and pitch. 

The stresses in the Fink truss are apparently statically inde- 
terminate on account of so many members meeting at 3, Fig. 
30: on account of the symmetry of the truss, it is evident that 
the stress in 3-13 is equal to that in 3-14 (53). 
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For ordinary roof trusses, like the Fink truss, it is assumed 
that all the load acts as a dead load, and that it is a uniform load 
horizontally which acts vertically over the entire roof. Stresses 
in roof trusses having a variable slope, or a very steep slope, are 
calculated for several diflferent partial and full loads in order to 
find which combination will give the maximum stress in any 
member. See Fig. 169. 




Three Hinged Arch for Railway Train Shed 

Pig. 169. 

Three-hinged arches are used for long spans, of which the 
roof trusses of the train sheds of the Pennsylvania Railroad at 
Jersey City and Philadelphia, and of the Philadelphia and Read- 
ing Railroad at Philadelphia, are good examples. Fig. 169 shows 
an outline of the trusses in the station at Jersey City. 

Cantilever roof trusses are usually used for roofs of grand- 
stands. 



218 QUESTIONS AND PROBLEMS. CHAPTER XI. 

1. What is the truss element ? What is a truss ? 

2. What assumption is made with regard to the joints of a 
truss in calculating stresses ? 

3. Name two types of trusses that usually have two diago- 
nals in at least some of the panels. 

4. What causes a reversal of- stress in some members of a 
tiniss ? Can the stresses in any of the chord members of a truss 
simply supported at the ends ever rfeverse? In what kind of a 
truss may there be a reversal of stresses in the chords ? 

5. If the stress in a counter tie is 25,000 lbs. when there is 
no initial stress, what will it be when the initial stress is 10,000 
lbs. ? What when the initial stress is 15,000 lbs. ? 

6. What types of trusses are best adapted to construction 
in wood ? 

7. Classify the trusses illustrated in the preceding chapter 
as to web bracing. 

8. When was the first book on stresses in trusses published ? 

9. What was the development of bridge building as to ma- 
terials used? 

10. Why did each typo of truss mentioned in Art. 114 go 
out of use ? 

11. What are the economic reasons for using trusses with 
curved chords for the longest spans only ? 

12. What types of truss*^ are commonly made with riveted 
connections and what with pin connections? 

13. Does the cantilever bridge have any advantage over a 
series of simple spans so far as the substructure is concerned? For 
a series of equal spans; what is the advantage of the simple 
trusses over the cantilever trasses ? 

14. What kind of trusses are being used in the Blackwell's 
Island bridge now being built o.ver the East River in New York ? 

15. What traffic is provided for in the plans of the canti- 
lever bridge over the St. Lawrence River near Quebec ? 

16. What are the two arch bridges over the Niagara River? 
What are the lengths of their spans? What the number of 
hinges ? 

17. What style of roof truss is commonest in public buiW- 
injj:s? What in factory buildings? 

18. What different loadings were assumed in calculating 
the stresses for the three-hinged arch used in the trainshed? 



CHAPTER XIL 
STRESSES IN SIMPLE BRIDGE TRUSSES FOR UNIFORM 

LOADS. 

118. Dead Loads for Brids^os. Dead loads are estimated 
as uniform loads, that is, in pounds per lineal foot of bridge. In 
a simple bridge truss (one supported at its ends), the chord mem- 
bers increase in weight toward the middle, while the web members 
increase toward the ends. The weight of the floor and floor sys- 
tem is uniform longitudinally except the weight of the floor beam, 
which is concentrated at the panel points. The wind bracing in- 
creases in weight toward the ends. 

The construction reduces the entire dead load to concentrated 
or panel loads on the trusses, and the assumption of its uniform 
distribution makes these panel loads equal when the panels are 
equal. 

In railway bridges, the dead load consists of the weight of 
the floor and the steel work ; the floor includes ties, guard rails, 
and rails and their fastenings; the steel work consists of the 
weight of the trusses, the floor system, and the bracing between 
the trusses. The floor system consists of the stringers supporting 
the ties and the floor beams supporting the stringers. The floor 
beams are usually riveted to the posts. 

The dead load is estimated in two parts. The weight of the 
floor is given in most specifications ; for unusual constructions it 
may be easily calculated. The weight of all the steel work must 
be estimated from a similar bridge whose weight has been deter- 
mined; but an empirical formula of the form v;==aL+b is often 
used for estimating the weight of the steel per foot of bridge for 
a span L. The constants a and b vary with the style of bridge, 
the load, the specifications, etc. 

In highway bridges, the dead load consists of the floor and 
its support, the joists, the car tracks (if any), handrailing, and 
the remainder of the steel work. Ordinary country highway 
bridges have plank floors, the planks being laid transversely on 
longitudinal beams called joists, placed two to three feet apart. 
The joists rest on transverse beams called floor beams, which are 

810 
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suspended from the trusses at the- panel points oi riveted to the 
posts. City bridges frequently have paved floors, the paving 
being supported by the joists through the means of buckle plates, 
reinforced concrete slabs, brick or concrete arches, etc. The floor 
being designed first, its weight may be calculated. The weight of 
the floor beams, trusses and bracing is estimated from a similar 
bridge or by means of an empirical formula. 

The panel load for dead load is equal to the uniform load per 
foot per truss multiplied by the panel length. In ordinary 
bridges, two-thirds of this is assumed to act at the ** loaded 
chord" and one-third at the *' unloaded chord." 

After all the stresses are calculated and the design is finished, 
an estimate of weight should be made from the design. If the 
total suspended weight exceeds that assumed as dead load, by 
about 4%, r varying with the relation between .dead and live 
loads), the stresses and design should be revised. 

119. Live Laad5 for Brid8:es. Uniform live loads are 
taken of indefinite length, and as advancing from either end of 
the bridge until the whole bridge is covered. 

- For railway bridges, the live load is usually specified as a 
series of wheel loads followed by a uniform load per foot (see 
Chapter XIII), but an *' equivalent uniform load" is sometimes 
used. For highway bridges, both concentrated and uniform mov- 
ing loads are usually specified, but in calculating the truss 
stresses, the uniform load usually governs. Live loads are usu- 
ally taken strictly in accordance with some standard specification. 
As in the case of dead load, the construction converts the 
uniform load into panel loads. 

120. Qeneral Considerations Regarding: Stresses in Sim- 
ple Trusses. The methods of Chapters IV, V, and VI are ade- 
quate for the determination of stresses in any statically deter- 
minate truss (42), but it will be advisable to consider the common 
forms of trusses more in detail, and particularly as regards live 
load and maximum stresses. No new methods are introduced, al- . 
though the simplicity of some of the trusses may make old meth- 
ods seem new. 

The object is to find the maximum stress in each member and 
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if a reversal of stress is possible, both the maximum tensile and 
maximum compressive stresses are to be found.* (28). 

It is as simple a matter to find live load stresses as to find 
dead load stresses, but first the proper position of the live load 
must be knotc7h, which will produce the maximum stress in each 
member, and for those members which are subject to a reversal 
of stress, two positions of the live load mu^st be determined. 

With uniform loads, the maximum panel loads will be equal 
for a symmetrical truss having equal panel lengths, and the 
maximum stress in any member will be equal to that in the 
member which is symmetrically located with it, with regard to 
the center line of the truas ; in other words, the maximum stresses 
will be the same on both sides of the center line. It follows that 
only half the stressed need be calculated. It is customary and 
convenient to assume that the live load advances from right to 
left and to find (in those members subject to a reversal of stress) 
the maximum stress of one kind to the left of the center line of 
the truss, and the maximum stresses of the opposite kind (counter 
stresses) to the right of the center. This procedure avoids turn- 
ing the live load around so as to advance from left to right. 

For a partial live load, there must necessarily be some partial 
panel loads ; for, if the head of the uniform live load is at a panel 
point, the live load at that point is %P, and if it extends into the 
panel, the panel load ahead will be less than y^P and the one be- 
hind, less than P. It is an easy matter to let the head of the load 
extend into the panel a distance x, write an equation for the 
shear or moment whose maximum is desired, in terms of x, and 
then to find the derivative of the shear or moment with respect to 
X ; placing this equal to zero, the value of x which will give the 
desired maximum is found. It is, however, assumed (and this 
assumption is on the safe side) that the live load is added a full 
panel load at a time. We have, then, to deal with full panel loads 
only, for both dead load and live load. The dead load, of course, 
always acts as a full load, but when the live load is considered, it 
will be necessary to deal with partial loads as well as with full 
lead. 

It is sometimes convenient to calculate the stresses in a truss 
for unit panel loads, or for panel loads of 1000 lbs., since this is 

^A few specifications aJso require minimum stresses, and. In this 
case, it must be remembered th^t the dead load stress is not always 
the minimum streee; the stress in a main tie, for example, may be zero. 
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the unit ordinarily \is/(d for stresses. The stresses for any other 
panel load may the^r^e gotten by proportion on the slide rule. 
In the same way stresses may be gotten for a similar truss of dif- 
ferent dimensions, if all the angles between members are the same. 
This is apparent if it is remembered that, for any particular load- 
ing, the stress diagrams made for different panel loads will be 
similar figures. 

In trusses with parallel chords, it is more convenient to write 
the stresses first, for the unit panel loads, in terms of functions 
of the angle of inclination of the diagonal members with the ver- 
tical, because these may be written by inspection and errors are 
less liable to occur. Thus if the stress in a diagonal member is 
414P sec B, 41/2 is the coefficient of stress for this particular mem- 
ber, while P sec6\B the same for aU diagonals. 

The algebraic methods of getting stresses are usually pre- 
ferred, particularly for trusses with parallel chords. If a stress 
is determined by considering some joint, that joint should be 
chosen at which the determination is the simplest. When the 
method of sections is simpler than the other method, for any par- 
ticular stress, it should be used. Involved numerical work should 
bo avoided in order to reduce the probability of error. 

Some general principles will be deduced which will determine 
positions of live load for maximum stresses in certain simple 
tinisses; but it should be remembered that the simplest way of 
finding maximum live load stresses, and one which is applicable 
to any case, is to calculate all stresses for each panel load separ- 
ately and then to make combinations of stresses from such panel 
loads as may reasonably be supposed to act at the same time. If 
cei-tain panel loads produce plus stresses in a member, and all of 
the others produce minus stresses ; the sum of the former gives 
the maximum plus stress and the sum of the latter the maximum 
minus stress. The following example applied to the web members 
of the truss of Fig, 170 will illustrate this. 




6 panels at 20^-/20^^ — 

Fig. 170. 
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The stresses are to be found for a dead load of 300 lbs. and 
a live load of 800 lbs. per lineal foot of truss. 

Dead load panel load=300X20= 6000 lbs. 
Live load panel load=800X 20=16000 lbs. 
The dead load is, of course, a full load, there being five panel 
loads of 6000 lbs. each, which, for the sake of simplicity, are as- 
sumed to act, all at the lower joints. 
Dead load stresses. 

B^=E,=2i/2X6,000=15,000 lbs. 
Sect. 1-1. Z>,=K, sec. 45°, Z>,=15,000X 1.414=21,200 lbs. 

Sect. 2-2. D,=:(R^-P.) sec. 45^ D^= 9,000X1.414=12,700 lbs. 
Sect. 3-3. 7>,=(/?i-P5-PJsec.45^ 

D,= 3,000X1.414= 4,200 lbs. 
Silice the shear acts upward on the left of each section, D^ 
and Z>3 must be in compression and Z>2 in tension. On account 
of the symmetry, D^=D^, 0^^=!)^, D^^=D^, 

Live load stresses. If Pj, Pg, and P^ are considered separ- 
ately, the stresses due to P^ and Pg may be gotten by inspection 
because each load is equal to 16,000 lbs., and P.,, for example, will 
produce the same stress in D^ as Pi produces in P.,. 
Stresses for Pi=16,000 lbs. 

/?^=% of 16,000=2,670 lbs. R.=iot 16,000 = 13,330 lbs. 
Sect. 1-1. D^==R, sec. 45°=2670Xl.4i4=3780 lbs. 

+Z>i=:— 7)2=^-1-7)3=— Z>^=+Z>5 since the shear that 
each must carry is the same and since the shear is up in 
each panel, the signs alternate as the directions of the 
diagonals alternate. ^ 
Sect. 6-6. Z)e=/?2 sec. 45°=13,330X 1.414=18,850 lbs. 

Stresses for P2=16,000 lbs. 
Sect. 1-1. R,= J of 16,000=5,330 lbs. 
i?^=j of 16,000=10,670 lbs. 
D,=R^ sec. 45°=5,330X1.414=7,550 lbs. 

+D,=-Z)2=+Da=-^4 

Sect. 6-6. De=-R2 sec. 45^=10,670X1.414=15,100 lbs. 

-hZ),=-.I>, 
Stresses for P8=16,000 lbs. 

£^=1/2 of 16,000=8,000=^2. 

D^=R^ sec. 45°=8,000X1.414=11,310 lbs. 

+D,=+D,=-^D^^D,=+D,=+D,. 
For Pj the stresses are symmetrical. 
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Collecting the above results in the table below, carefully not- 
ing the signs, the resultant maximum stresses are found ; they are 
symmetrical. The stresses for D^ are all compressive. The stress 



f ^ 


i),' 


\ 




%. 




D. L. 


+21.2 


-12.7 


+ 4.2 


+ 4.2 


-12.7 


+21.2 


3- 


11; 

If; 


+ 3.8 
+ 7.6 
+11.3 
+15.1 
+18.9 


- 3.8 

- 7.6 
-11.3 
-15.1 

-P"3.8" 


+ 3.8 
+ 7.6 
+11.3 

- 7.6 

- 3.8 


- 3.8 

- 7.6 
+11.3 

+ 7.6 
+ 3.8 


+ 3.8 
—15.1 
-11.3 
- 7.6 

- 3.8: 


+18.9 
+15.1 
+11.3 
+ 7.6 
.+ 3.8 


Max. 


+77.9 


-50.5 


+26.9 
- 7.2 


+26.9 
- 7.2 


-50.5 


+77.9 



' in Z>2 is tensile except for load Pb ; the maximum tensile stress in 
Z>j occurs when the live load extends from the right support into 
the panel of />2- There can be no compressive stress in Z>2 because 
Pfi is the only load producing compression and its stress is less 
than the dead load tensile stress: the minimum stress is— 12.7+ 
3.8=^—8.9. The maximum compj^ive stress in B^ occurs when 
the live load extends from the right support into the panel of Z>s, 
and the maximum tensile stress for the complementary loading. 
In the second case the live loads P4 and P5 produce 7.6+3.8=11.4 
tension ; the dead load compression being less than this, the result- 
ant is 11.4—4.2=7.2 tension. Dgns a countcrhrace . 

Since the stresses in D^ and J)^ are the same and likewise in 
Z>3 and Z>4, the stresses of one kind may be found on the right of 
the center and those of the other kind on the left According to 
the above table, P5 should act for a maximum compression or a 
minimum tension in D^\ P,, and P4 should act for a maximum 
tension in B^ ; Pj, Pj, and P., should act for a maximum compres- 
sion In 7)3; Pi, P2, P3, and P4 should act for a maximum tension 
in 2>2 : and all loads should act for a maximum in B^. The gen- 
eral rule, for position of live load, is quite similar to that for a 
solid beam (98). ' 

121. Position of Live Load lor Maximum Chord Stresses. 
Any load on a truss, supported at its two ends, will bend it down- 
ward, thus producing positive bending moment at any section. 



Art.121 LIVE LOAD FOB MAXIMUM CHORD STRESSES. 



226 



It follows that, in order to have a maximum bending moment at 
any jdint of a truss, as much load as possible should be on-^there 
should be a full load, for live load. This rule is the same as for a 
solid beam (98). Now since the stress in any chord member is a 
maximum when the moment at a joint is a maximum, there must 
be a full load for any chord stress. 

If the truss bends downward it is apparent that the top chord 
must be in compression and the bottom chord in tension. If in 
the example of the previous article, the chord stresses had been 
calculated, it would have been found that each panel load pro- 
duces stress of the same kind in each chord. 

Of course, the above rule can not be applied to continuous 
trusses, cantilever trusses, and trusses with inclined reactions 
like the three-hinged arch. 

The above rule may also be deduced by the following simple 
analysis. In Fig. 171 (a) consider the chord member [Zg. Taking 
the section 3-3, the center of moments will be at d. Consider the 




part to the left of the section as in Pig. 171 (6), and let jRi be the 
reaction due to any load on the right of the panel cd. Since there 
are no loads on the part under consideration, and since the "mo- 
ments of I>8 aiid Lg are each zero, the moment of R^ about d must 
equal the moment of U^ about d. Since the former is clockwise, 
the latter must be anti-clockwise, that is, U^ acts in the direction 
shown which makes it compression. 

In like manner let -Bj ^^ the reaction for any load on the left 
of the panel cd and it will be the only external force acting on 
the part to the right of the section as shown in Fig. 171 (c). Since 
the moment of R.^ about d is counter-clockwise, that of U^ must 
be clockwise and U^ must act in the direction shown which makes 
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it compression again. It follows that any and all loads produce 
compression in U^, and for a maximum all should act, that is, 
there should be a full live load. This is true no matter how much 
shear the chord carries. There can be no reversal of chord 
stresses and the live and dead load stresses are of the same sign, 
since both are calculated for full load they are proportional to 
the loads, and live load chord stresses may be taken from the dead 
load stresses by means of the slide rule. 

It has been shown that there are vertical and horizontal 
shearing stresses, and bending stresses in a solid beam ; that the 
vertical shearing stresses resist the shear, the bending stresses 
resist the bending moment, and the horizontal shearing stresses 
produce the increment of the bending moment (71). In a Pratt 
truss (see Fig. 58, Art. 56), the vertical component of the diago- 
nal in a panel corresponds with the vertical shearing stresses of 
the solid beam; the horizontal component corresponds with the 
horizontal shearing stresses; the increments of chord stress to- 
ward the center, produced by the diagonals at the joints, corres- 
pond with the increments of the bending stress ; and the chord 
stresses correspond with the resultants of the bending stresses. In 
Fig. 58, section rs, r/i=Lo=33,300 lbs. is the couple which forms 
the moment of resistance. 

In a truss with inclined chords, the horizontal components 
form the moment of resistance. In Fig. 172, the section 3-3, 
through C, (considering the part on the right) cuts off the forces 
U2, V^y and L3. Considering the horizontal and vertical compo- 
nents of Uzy ai^d taking center of moments at c, so that the mo- 
ment of F as well as 
of Fa and Lg shall be 
zero, 

Hd=Mo 
Mc being the sum of 
the moments of ex- 
ternal forces about c. 
But it is also true that 

L^d^=:Mc=Mo Fig. 172. 

It follows that n=L^ and this is the couple which forms the 
moment of resistance. 

Now since the horizontal componet of a chord stress is a 
bending stress, and since the moment is always positive, the chord 
stress itself must always be either compressive or tensile. It fol- 




Art.122. LIVE LOAD FOR MAXIMUM WEB STRESSES. 



227 



lows that the vertical component of a chord stress, which resisls 
a part of the shear, must always be of the same sign even though 
the shear may reverse. , 

122. Position of Live Load for Maximum Web Stresses. 

Let the shear in any panel of a truss be first considered. For 
maximum shear in a panel, the same principle applies for deter- 
mining the position of the live load as for determining the max- 
imum shear at any cross section of a solid beam, but in a truss 
both the positive and negative shears must be investigated (98). 
The greater of these is usually called the positive shear, and the 
lesser, the negative shear in the panel. 

If, in Fig. 173, panel 4-5 is considered, the maximum shear 
in it will occur when 
there are no loads to 
the left of panel 4-5, 
and when all the 
loads on the right act. 
If 7^1 Is the reaction 
for loads 1, 2, 3, and 
4, then R^+ ^ P is 
the reaction when 
load 6 Ls added. In 
the first case. 
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Fig. 173. 
Shear in panel 4-5=J?i 
In the second case, 

Shear in panel 4-5=i2,+?'P— P=i2i^ P 

A load on the left increases the reaction less than it decreases 
the shear ; the result is a decrease of shear. If the load be all on 
the left of the panel the shear is evidently of opx>osite kind (con- 
sider ffj) and the same reasoning applies. Fig. 173 shows, dia- 
grammatically, the positions of the loads for both maxima. In 
symmetrical trusses, it is customary to consider the panel 2-3 in 
place of 4-5 for maximum negative shear (120) ; the shear is the 
same for both. The positive shear is found on the left and the 
negative shear on the right of the center of the truss. The above 
conclusions are confirmed by the results of the stresses given in 
Art. 120. 

For tvaximum positive shear in any pamel of a truss, the live 
load should extend from that panel to the farther support, and 
for mnximum negative shear to the nearer support. The live load 
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shear in a panel may reverse but the dead load shear is always 
positive. Whether or not there will he a resultant reversal of 
shear depends upon the relative amounts of the live load and dead 
load. 

When there is a reversal of shear in a panel, there will be a 
reversal of stress in the web members of that panel (F, and 2>„ 
Fig. 173) if the chords are parallel, for then the web member 
alone must resist the shear (sections 2-2 and 3-3). When the 
chords are not parallel, the u)ieb member does not carry all of the 
shear; neither does its stress necessarily reverse when the shear 
reverses. In Fig. 174 

S^=R^--P=U2 cos e/—D^ cos e^ 
TJ2 can not reverse ; its sign, in the equation, 
will always be plus. Should D^ be in ten- 
sion, its sign will be plus and the shear, 8^, 
will be positive. When I>2 is in compres- 
sion, however, 82 may be positive or nega- 
tive, according as V^ cos 6/ is greater or less 
than Z>2 cos $2 ; the stress in Dj may be re- 
versed without reversing the shear or vica- 
versa. Evidently, when the chords are inclined, the maximum 
stresses in a web member do not depend upon the shear in such 
a way that the above rule for positions of live load may be confi- 
dently applied. It will now be shown that this rule does give the 
positions for maximum web stresses also, with certain exceptions. 
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Fig. 175. 



The maximum stress in D^ occurs when the moment about a 
is a maximum because 

D^b=Mt, of external forces. 

Considering the part to the left of the section, and no loads 
on this part, R^ is the wily external force. The moment of R^ 
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about a is anti-clockwise, and therefore that of Z>s must be clock- 
wise. Dg is iv te^ision for any load to the right of the section. 
Considering the part to the right and loads to the left of the 
section only, K^ is the only external force. The moment of J?, 
about a is anti-clockwise and therefore that of D^ must be clock- 
wise. I>3 is in compression for any load to the left of the section. 
A similar analysis for Vn will show that V^ is in compression for 
any load on the right of the section 2-2, and in tension for any 
load on the left. 

For maximum stress of one kind in any web member of a 
truss, the live load should extend from its panel to one support, 
and for maximum stress of the other kind, to the other support. 
For a vertical member, the panel is determined by the section. 

Since D3 (Fig. 175) has its' maximum tension with loads 1, 
2, and 3 acting, and its maximum compression with loads 4 and 
5 acting, the algebraic sum of these stresses will be the full load 
stress for D^. This will be a check on the stresses in D3 if the 
stress in Dg for full load is determined ; and this may easily be 
done, because the ratio of live load stress to dead load stress is 
equal to the ratio of live load to dead load. 

If a load on the right of a panel produces stress of one kind, 
and a load on the left stress of the opposite kind, there must be 
some position of a load in the panel which will produce zero 
stress. In Pig. 175, for example, a load in the panel 3-4 may be 
so located that it will produce such panel loads at 3 and 4 that 
the tension produced by one will be just equal to the compression 
produced by the other. There must also be a certain position of 
' a load which will produce zero shear in the panel. These posi- 
tions are easily found and are convenient in placing a live load 
for actual maximum stress or shear (120). 

The stress in a web member will also be zero for loads on 
the left of its panel (for example) if the chords cut by the sec- 
tion intersect on the right-hand reaction, for then the moment of 
the external force is zero. A case of this kind is illustrated in the 
roof truss of Pig. 51, Art. 51 ; there is no stress in any web mem- 
ber of the right-hand half. A section through any web member 
cuts off but one external force {R2) on the right and it passes 
through the center of moments, B, 

When there are loads on both sides of the cutting section, 
the web stress is zero, evidently, when the chords cut intersect on 
the resultant of all external forces on one side of the section. A 
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graphic method of getting the location of this resultant is given 
in Art. 58 ; its position may, however, be more quickly determined 
algebraically. The moment ofythe resultant about the point of 
application of the reaction must equal the sum of the moments of 
the loads on one side of the section about the same point. 

If the center of moments of a web member lies between the 
supports, that is, if the chords cut by a section through it inter- 
sect bet%veen the supports, its stress wiU not reverse and it mill 
be a maximum for full live load. For appearance sake, simple 
23 





X^NJb^ 




/ 




i s ^ 


\^ 




2 


^ 


ff. 








- 


./?. 



Fig. 176. 



trusses are occasionally made as shown in Fig. 176. Boilers are 
placed under one end of the truss so that the reactions will be 
vertical. Considering />2, its center of moments is at n. For 
loads on the right of section 2-2, R^ is the only external force 
acting on the left-hand part of the truss ; to balance its moment 
about Uy Do must be in tension. For loads on the left of the sec- 
tion, E^ is the only external force acting on the right-hand part ; 
to balance its moment about n, D^ must be in tension. Hence D, 
is in tension for any load and its maximum stress occurs with 
full load. 

Similar reasoning will show that V^ is in tension for loads 
on the left of section 3-3, and in compression for loads on the 
right; its center of moments lies beyond the supports. 

In this truss, then, some of the web members will not suffer 
a reversal of stress, and their maximum stresses occur for full 
load, while the others follow the regular rule for maximum shear 
in a panel. Since the chords are always a maximum for full load, 
the general principle may be laid down that, when the center of 
mommts for a member lies between the supports, its stress is a 
maximum for full load. 

A roof truss with eui'ved lower chord, and one arm of & 



Art.123. STRESSES IN PRATT TRUSS BY COEFFICIENTS. 281 

swing bridge with curved upper chord, when treated as a simple 
span, are other eases in which the center of moments for a web 
member may come between the supports. 

Another exception to the rule will be found in Art. 128 for 
maximum tension in the posts of a truss having a curved chord 
and counter ties. 

123. Stresses in a Pratt Truss by Coefficients. As wae 

pointed out in Art. 120, it is convenient to use coefficients in getr 
ting stresses in trusses with parallel chords. For the web mem- 
bers, a coefficient represents a shear; for the chord members, a 
coefficient represents the sum of several shears. The chord 
stresses are made up of horizontal components of diagonal 
stresses. 

All vertical stresses=coefficientX^- 

All diagonal stresseff=coefficientX^ «cc 0, 

All chord stresses=coefficientX^ sec wi 0. 

=coefficientXJ?^ tan 0. j 




i2^U^^.^\^ P K P \^ V 

h ^ — ^ 7 Equa/ Pa/rm/s — ' —H 

Fig. 177. 
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It is necessary to keep the coefficients for dead load and live 
load in the web members separate, as the panel loads are different. 
It is also necessary to keep clearly in mind what loading will 
produce a maximum live load stress in any particular member as- 
determined by the rules of Arts. 121 and 122. This is shown in 
Pig. 177, in which the members having maximum stresses for a 
particular loading are shown in heavy lines. The counter-tie 
live load stresses are determined on the right of the center line 
and the main tie stresses on the left. Since the verticals are al- 
ways in compression they are determined on the left— they have 
no counter stresses. The stress in a suspender is a maximum 
whenever there is a full panel load at its lower end. According 
to the rule, it requires a full load to produce a maximum stress in- 
the end diagonals. 




7pane/s at ; fdft * /26ff. 

DLaOOibsperfA L.L 600 /l?s.p€r ft. 

Fig. 178. 



In Fig. 178, the diagonal length is i/2i^+18*=27»66 ft. 



Sec. e= 



27.66 
21 



Z>. L, P.=3()0X18=5,400 lbs. 
27.66 
21 



D, L. P. sec 0= 5,400 



1Q 

Tan. ft==^ 
L. L. P.==800X18=14,400 lbs. 
=7120 IbB. - - '■ : 



L. L. P. sec tf=14,400 ^-=19000 lbs. 
D. L. P. tan &= 5,400 ^=4630 lbs. 

L. L. P. tan tf=14,400 ^12340 lbs. 

Fig. 177 shows the left-hand reactions for the varioos cases 
which it is necessary to consider ; having these the shears in the 
different panels are easily gotten. The coefficients on the web 
members are these shears for nnit panel loads. In Pig. iTT (/) 
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K^=S, and the shear in panel 4-5 is 3—2=1, which, by the 
method of sections, determines V^ and D,. At joint 7, L^ must 
be equal to the horizpntal component of Di, hence its coefficient . 

is 3. At joint 6, L^=Lj^f hence they have the same coefficient. At , 

joint 5, the horizontal component of D.^ is added to L^ to make ; 

Xj, hence the coefficient of 2^3=3+2=5. At joint 8, the horizon- 
tal components of Dy and I>2 both act toward the right and are 
resisted by IZj, hence the coefficient of Vz is 3+2=5. At joint 9, 
the horizontal component of D^ is added, making the coefficient 
of 17,, 5+1=6. 

It will be noted that all the coefficients for interior web mem- 
bers are smaller for full load than those for partial load. Like- 
wise would the coefficients for the chord members be smaller for 
any partial load than for full load. Since the dead load is a 
full load, the coefficients of Fig. 177 (f) may be used for dead 
load coefficients. '• 

The diagonal members, (except the end posts), the suspend- 
ers, and the lower chord are always in tension ; the posts and top 
chord are always in compression. The dead load shear in the - 
middle panel is zero and therefore there can^ be only live load 
stress in D^ and V, (assuming for the present, all of the dead 
load to act at the lower joints). The dead load shear in panel 
4;5j8j±lX 5 , 400 — ; + 54Q0-lbs. ; the maximum live load negative 
shear is, from Fig. 177(6),-?X1MOO=— 6,170ibs. ; the resultant 
shear is —6,170+5,400=— 770 lbs., and therefore a counter-tie 
will be required in this panel. The dead load shear in panel 5-6 
is -|-2X5,400=+ld,800 lbs.; the maximum negative live load 
shf-ar is, from Fig. 177(o,) —|x 14,400=— 2,060 lbs. ; the resultant 
is positive and therefore no counter-tie will be required in this 
panel. 
Diagonal Stresses. 

D^=3P sec e=3X 7,120=+21,360 />. L. 
= do =3Xl?,000=+57,000 L. L. ' 

+78,360 Total. 
/),= 2 P sec d= 2X 7,120=- 14,240 2>. L. 
= VP sec tf=VXl9,000=-40,700 L. L. 

^^ -54,940 Total. 
^f ^ D^P sec e=-]Xl9,(m=+i^ L. L. No reversal. 
2>3= P sec e= 7,120=- 7,120 D. L. 
= K^P sec tf=VXl9,000=-27,140 L. L, 

^ —34,260 Total. 
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Dg=^P ^c tf=^«Xl9,000=-8,140 L. L. 
Dead load same as I>,=+7,120 D, L 

—1,020 Total. Revereea 
D^=^P sec «=fXl9,000=— 16,300 L. L. and total. 
The counter stress Dq is the same as the resultant shear in 
its panel multiplied by seo $. If there were no counter tie, Z>, 
would be a counter-brace and T, would also be in tension. 
Vertical Stresses. 

ri==5,400 Z>. L.+14,400 L. L.=-19,800 lbs. 
F,r= IX 5,400=+ 5,400 D. L. 
=Jf Xl4,400b=:+20,600 L. L. 

+26,000 Total. 
yr=SXl4,400=+12,340 i. L. and total. 
Usually one-third of the dead load panel load is taken as act- 
ing at the upper joints; this affects the vertical stresses only, 
transferring 1/3X5,400=1,800 lbs. from the lower to the upper 
ends of the verticals. The stress in V^ will be decreased 1,800 
lbs., while the stiesses in T, and F, will each be increased 1,800 
lbs.. 
Chord Stresses. 

L^:^L^=3P tan d=3X 4,630t=-.13,890 D. L. 
= do =8Xl2,340=-37,020 L. L. 

-50,910 Total. 

-/,3=+l7,=5P tan ^b=5X '4,630=28,150 D. L. 

= do =5X12,340=61,700 L. L. 

84,850 Total. 
^L^=+U^=+U^=6P tan ^=6X 4,630=27,780 D. L. 
=a do =6X12,340=74,040 L. L. 
i0i;820 Total. 
If it is not required to keep the dead and live load chord 
stresses separate, the total may be gotten by one operation. 

A truss diagram with stresses marked on the members, is 
called a stress diagram. Sometimes only the total stresses are 
given and sometimes both dead load and live load stress. The 
character of each stress miLst be indicated. 

When the total stress is to be an equivalent static stress, the 
live load stress must be kept separate from the dead load stress 
until the impact stress has been added, as this is usually a certain 
percentage of the live load stress. (84) . (5) . 
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124. Stresses in a Warren Truss by Coefficients. In Fig. 
179, the upper joints are vertically opposite the middle of the 




B panels at\/Sft*7Sff 

O.L ^ ZOO /M,per^ L.L* 700 /bs per ft 

Fig. 179. 

lower panels. For the outer members, the dead and live load co- 
efficients are the same, being for full load. For the web members, 
the dead load coefficients (for full load) are placed near their 
upper ends and the live load coefficients (for loading similar to 
that of Fig. 177) are placed near^their lower ends. The latter 
are gotten by a summation of the lower panel point numbers (see 
Fig. 177). 

It is evident that the lower chord is in tension, and the upper 
chord and end posts in compression. Since there are twQ dia go- 
nals in each panel, a section may h^ taken thr ongh ftit^^gy^ and 
its vertical component must be equal to the shear in the pane l. 
Since all diagona ls ha ve the same in clin ation , thejy^mses in^the 
t wo diagonals ofcTpanel must he equal, for a. partimilar ^ffl ^^^ng ; 
but since tliey are inclined in opposite directions, their stresses 
tvill be of opposite kind. For full load, Z>i is in compression ; I>2 
is in tension ; Z>3 is in compression ; P^ is in tension ; Dq is in com- 
pression. Those near the middle of the tmss may reverse under 
partial live load. z 

The diagonal length=|/7.22-|-i02=l2.5 ft. 
12.5 
" 10 



Sec, 



Tan. e=l§ 



D. L. P.=200X15==3,000 lbs. L. L. P— 700X15=10,500 lbs. 
D. L. P. sec e= 3,000X1.25= 3,750 lbs. 
L. L. P. sec d=10,500Xl.25=13,125 lbs. 
D. L. P. tan *= 3,000X0.75= 2,250 lbs. 
L. L. P. tan #=10,500X0.75= 7,875 lbs. 

The dead load shear in the middle panel is zero and, there- 
fore, there is no dead load stress in D^. The maximum pltis and 
minus shears in the middle panel are the same and, therefore, the 
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maximum compression in Z>s is equal to the maximum tension in 
it. The maximum negative live load shear in panel 3-4 is 
—^^ XI 0,500=— 2,100 lbs.; the dead load shear is+lX3,000 
=r-|-3,000 lbs. ; there is no reversal in D^ or />,. 
Diagonal Stresses. 

Z>i=2 P sec 0=2X 3,750=+ 7,500 Z>. L, 
= do =2Xl3,125=+26,250 L. L. 

+33,750 Total. 
/>2 same as P^ but sign is — - 
+I>3=-I>^= P sec e=lX 3,750= 3,750 D. L, 
=fP«ec6b=:fXl3,125=15,750 L. L. 

19,500 Total. 
==ti\,ec tf=iXl3,125=2,625 L. L. 
and as stated above there is no reversal. 

D^=iP sec *=tX 13,125=7,875 L. L. and Total. 
If one-third of the dead load be taken at each upper joint 
and two-thirds at each lower joint, the dead load coefficients of 
Z>i, Z>3 and 2>5 will be increased by one-sixth and of D^ and D^ 
decreased by one-sixth, as may readily be shown by taking suc- 
cessive sections. 
Chord Stresses. 

L,=2P tan ^=2X2,250=- 4,500 D. L. 
= do =2X7,875=-15,750 L. L. 

—20,250 Total. 

l\=4:P tan ^=4X2,250=+ 9,000 D. L. 

== do =4X7,875=+31,500 L. L. 

+40,500 Total. 

Lj=5 P tan ^t=5X 2,250=- 11,250 D. L. 

= do =5X7,875=-39,375 L. L. 

-50,625 Total. 
— L3=+172=6P tan ^=6X2,250=13,500 D. L. 
= do =6X7,875=47,250 L. L. 

60,750 Total. 
As a check, taking the total panel load 13,500, 
3f,=0 or 21/2X15X^21-13,500 (iy2+y2) 15=10 L,. 
£3=^ (2V2X15X27,000-27,000X15)=60,750 lbs. 
It should be noted that the horizontal components of the di- 
agonal stresses all act toward the right at the upper joints and 
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toward the left at the lower joints; hence the chord coefl&cients 
are gotten by the addition, at each joint, of all the diagonal co- 
efficients. 

125. Stresses in a Half-hip Truss by Coefficients. The end 

paneLs of a half-hip truss (Fig. 180) are like those of a Warren 
truss and the others like those of a Pratt truss. The coefficients 




5 pa/?e/s a/- /Sff.'SOft 

PL.' 2SO /bs pej' ft l.L. « eOO /bsper ft 

Fig. 180. 

are gotten as iif the^ two preceding cases, but since some of the 
chord stresses are made up of horizontal components of diagonals 
having different inclinations, their coefficients consist of two 
parts. 

i7i==:4P ian 

U^=4:P tan e+Ptan 6' 
The other stresses are gotten precisely as in the cases of 
Articles 123 and 124. 

126. Stress Coefficients for a Double- intersection Warren 
Truss. The double-intersection triLSS of Fig. 181 («) is treated as a 
deck structure. Whether or not J:here are joints at the intersec- 
tions of the web members, the stresses are statically indetermi- 
nate according to equation (8) Art. 42. Upon the usual assump- 
tion of two independent trusses as shown in Figs. 181(6) and (c), 
the stresses are statically determinate and the final stresses in the 
chords are equal to the sums of the stresses in these two trusses. 

The case of full Jiv^load will be considered. Trusses b and • 
c are unsymmetrical about their centers, but if the reactions are 
first gotten and then the diagonal coefficients, with their proper 
signs, the chord coefficients are easily determined. One end load 
will be assumed to act on truss b and the other on truss c. 

1+3+5 



Fig. 181(6). Kr= 



Fig. 181(c). A\r= 



7 
2+4+6 

7 



9 ^ 

— =shear in panels 6-7 and 5-6 

12 



= -y-=«hear in panel 6-7. 



\ 



Evidently, B^ for the first truss is the same as R^ for the 
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second, and 72^ for the second, the same as JS^ for the first. The 
sum of the reactions is equal to the total load. 




Fig. 181. 

Pig. 181(6). Shear in panels 4-5 and 3-4= ?— 5=| up. 
Shear in panels 2-3 and 1-2= |— ?=? down 
Shear in panel 0-1= f +| down. 

The same results will be obtained, of course, by starting at 
the right hand end. The shear reverses at 3. In order to deter- 
mine the character of the stress it is only necessary to consider 
the direction of the shear in a panel, and the kind of distortion 
it tends to produce in the diagonal. 

For similar members, the coeiBcients of truss c are the same 
as of truss 6. 

In Fig. 181(6), chord 5-7 is in compression to resist D^ and 
its coefficient is f At 5, the top chord 5-6 and both diagonals act 
toward the right and, therefore, the coeflBcient for 3-5 is 

At 3, one diagonal acts toward the right and the other 
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(DJ toward the left; the coefficient for 1-3 is ^^-f^— ^=V. At 
1, both diagonals act toward the left; the coefficient for 0-1 is 
If — ? — ^ =0 as is apparent at joint o. These coefficients may 
be checked by starting at the right-hand end and proceeding in 
a similar manner. It is somewhat easier to work from both ends, 
up to the point where the shear changes. 

The coefficients for truss c may be taken off of truss h. Add- 
ing the chord coefficients, the final chord coefficients are gotten 
as shown in Fig. 181(a), or they may be gotten directly on Fig. 
181(a), from the diagonal coefficients. 

The coefficients for dead load will be somewhat different, as 
about one-third of a panel load should be taken as acting at the 
lower joints and two-thirds at the upper joints. 

The live load coefficients for the diagonals are independent 
for each truss, but are the same in the two trusses for members 
with the same subscript. For the end panels (Z>i, Z),, and Dj), 
the full load coefficients are the maximum also. For the other 
panels the diagonal coefficients are easily found if the proper 
partial load is considered, and are given at the lower ends of D^ 
toD^ in Fig. 181(6). 

Having all the coefficients it is a simple matter to calculate 
the stresses (124).^ 

127. Stresses in a Baltimore Truss by Coefficients. Fig 183 

shows a Baltimore truss of sixteen panels or a sub-trussed Pratt 
truss of eight panels. It will be convenient to know how the sub- 
panel loads are carried to the main truss. Considering a unit 
load at each lower panel point, the reactions are 7i/i and the co- 
efficient for 7>i is 7^, this being the ^hear in its panel. At joint 
17, assuming D^ and D^ both in compression, 

7y2 ian 9=D^ sin B-\-D^ sin 6 

71/2— l:r^— Z>H COS ^-fZ>2 COS 6 

The stress in V. is evidently equal to the load at its lower 
end— unity. ^Multiplying the first equation by cos 6, the second 
by sin 6 and adding, we get Pj cos ^=7, and this is the coefficient 
for Z>2. Substituting this value in the second equation 
7>B cos 0=y2, and this is the coefficient for D^, 



'It in possible to have a multipl-e-intersection truss that is stati- 
cally determinate. Some of these are, however, collAPSihle or unstable. 
A diflcussion of such trusses may be found in a paper by Mr^ G. N. 
Linday, in the Journal of the Western Society of Engineers, Vol. VIII, 
p. 272; also In Mueller-Breslan's Qraphisohe St^tik, Vol. I. 
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It is now evident that panel load 15 is equally divided at 17, 
and is carried downward to the right and the left. The half panel 
load carried to the right is added to load 14, making the coeffi- 
cient of Yj, 11/2. 

The shear in panel 14-15 is 7%— 1=614, and it is resisted by 
the algebraic sum of the vertical compon^its of the diagonals in 
the panel which is 7—1^=614. 

Since D3, Dg, and A are the only diagonals in their respec- 
tive panels, their coefficients are the shears in these panels, namely 
7i/2-2=5iA>, 7i/2-4c=3y2, and 7i/2-6=iy2. Writing the hori- 
zontal and vertical resolution equations at joints 19, 21, or 23, as 
was done at 17, it is found that the sub-panel loads coming to 
these points are divided and carried upward so that the coefficient 
of 2)4' is l^. Fig. 182 shows the three different kinds of sub-trus- 
sing in ordinary use and how the sub-panel loads are carried to 
the main truss. These 
loads could not bo 
transmitted other- 
wise since the tension 
members, made of 
eyebars or rods, can 
take no compression. 
It is essential to keep in mind what members are made of bars or 
rods. In Fig. 183 all the diagonal members between joints 2 and 
14 are of this kind. 

Now the coefficients for the diagonals in those panels having 
two diagonals may be gotten, for we know that the upper one 
carries a half panel load. The shear in panel 12-13 is 71^—3= 
414, and is resisted by the algebraic sum of the vertical compo- 
nents of 1)/ and 2>4. Since these act in opposite directions, and 
that of D4' is %, that of T)^ must be 5. Looking at it in another 
way, it is known that on half the load at 13 is carried by D4' ; 
then the shear carried by D^ is 7i/j— 2V2=5. In a similar man- 
a ^ (Jt iv? Ui ifj 






Fig. 182. 




D L ' 47S /ds. per ff 
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ner, the shear resisted by !>« is 7|^— 4y2=3, and by Dg is IV2— 
6y2=l. 

The coefficient for a post may be gotten by taking a section 
through it and the sub-diagonal, or by adding the diagonal co- 
efficients at the upper joints. At each of these joints a half sub- 
panel load is added to the stress from the main diagonal except 
at the center post, where there are only two sub-diagonaLsu 

Knowing the directions in which the horizontal components 
of the diagonals act, the chord coefficients are gotten by algebraic 
addition at each chord joint. U^=7+5y2=12y2. U2=12y2 

_i/2+3y2=i5i/2. cr3=i5y2-y2+iy2=i6y,. 'l,=l,=v/2, 

L,=L4=7y2-y2=7 L5=Le:-=7+5=12.L7=ig=12+3=] 5. 

As a check, with a section through U^, Dj and Lj,Mz^=0 or 
50 Li =7y2X6X20-l (1+2+3+4+5) 20 



L7=^ 



45X20—15X20 30x20 



==15X|S=15 tan 



60 "" 50 

Mg=0 or 
50 ?75=7y2X8X20-l (2+3+4+5+6+7) 20 



cr«= 



60X20—27X20 33x20 



=16y2XfJ=16y2 tan 9. 



50 50 

This completes the full-load coefficients. For dead load a 
modification' should be made by assuming one-third of the panel 
load to act at the top chord joints and two-thirds at the lower 
joints. Since the top chord is 40 ft. long, it should be supported 
at its middle by struts V as shown in Fig. 184. Assuming also 
one-third of a panel load at joint 17, the division of the panel 
load affects only the coefficients for the vertical members, increas- 
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ing those for the posts by i and decreasing those for the sob- 
pendere by §. 

The coefficients for the counter ties (maximum negative 
shears) are gotten on the right of the center line just as for a 
Pratt truss. This is evident for those panels having but one diag- 
onal. (The main tie is not in action when the counter tie is). In 
the other panels the stress in the upper member is also zero for 
live load unless the sub-panel load is on; but when the sub-panel 
load acts, the shear carried by the counter tie is decreased by half 
of this panel load, and increased by the increase in jBj which is 
always less than one-half a panel load. Thus for panel 6-7, with 
loads 1 to 6 inclusive acting, the shear is f J with, load 7 added 
the coefficient for D/ is fj — ,\ =|^Tfi^ short, the loading for 
maximum negative shear follows our adopted rule (122). 

In combining the dead and live load stresses in the counter 
ties to find the resultant maximum, it must be remembered that 
the total shear in a panel is resisted by the algebraic sum of the 
vertical components of the diagonals actifig in the panel. In panel 
7-8, the diagonal D^^ is the only one acting for the partial loading 
(1 to 7 inclusive), and therefore D/ resists the entire resultant 
shear in the panel, just as for diagonals D^, D^ and D7. In panel 
6-7, D^^ is not the only diagonal acting, as the dead load panel load 
at 7 is divided between the two diagonals just as shown for the 
left half of the truss, and therefore D^ will always carry at least 
y2 panel load of dead load. This makes the resultant stress in 
2>/=I i\ L.L,PJj.+ {7y2-9+V2)DLPL] sec tf=[?I L. L. P. L. 
-DZ.P.L.] sec e. 

For maximum positive shear (to the left of the center), the 
coefficients in the panels having but one diagonal are the same as 
for a Pratt truss. For D,, for example, loads 1 to 11 inclusive 
should act; the left hand reaction is f g and this is the coefficient. 

In the panels having two diagonal members, the coefficient 
for the main diagonal may be greater when the sub-panel ahead 
is on than when the loading follows the rule for maximum shear 
in the panel. Trying both loadings and remembering that the 
upper diagonal carries one-half of the sub-panel load only, 

^ T. 1 J i ^ p au 1+2+3+4+5+6+7+8 36 

For 2>8, loads 1 to 8. Shear= — — ' — ' — ' ' ' ^ —'T^ 
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^ T. , , , . ,« o,. 454-10 55 

For D„ loads 1 to 10. Shear=— ^^= tj^ 

" Itoll. Shear=- 



16 "" 16 

5 5+11 1 66— 8 58 

' 16 2~ 16 16 



X, ,> , , , ,« «^ 66+12 78 
For 2>«, loads 1 to 12. She a r — ^ 




, .„ «^ -T^- - 91—8 83 

ltol3. Shear=- 



16 16 



T, r. , o , ,. ov 91 + 14 105 

For D„ loads 1 to 14. Shear=- 



16 16 

.. -I* IK ai. 105+15 1' 120-8 112 
1 to 15. Shears— jj ^ = ^^=-g 

An inspection of these figures shows that, for this style of 
web bracing, the maximum stress vn the main diagonal of a panel 
having two diagonal members, occurs when the sub-panel load 
ahead of the parcel is on. It will be noted also that the shear car- 
ried by these diagonals is always decreased by a half panel load, 
when the sub-panel load acts, while it is always increased more 
than this^ the smallest increase above is ^ for the first panel load 
to the left of the center. 

Taking a section through a post and sub-diagonal, remember- 
ing that there is no stress in the sub-diagonal when the sub-panel 
load is not on, and that it carries a half panel load when the 
sub-panel load is on, we have 

For V^, loads 1 to 7, at joint 24, f J+O =^| 

- Ito 9, H—H=H 
For y„ loads 1 to 9, at joint 22, f J+0 =}|^ 

- Itoll, f»-li=« 
For Fj, loads 1 to 11, at joint 20, f f+0 =ff 

- ltol3, «-li=« 

For the posts, the regular rule for loading applies in getting 
maximum stress, except for the post V^, in which the stress will 
be slightly larger if two more panel loads are added than the rule 
requires. All of the post coefiicients will be larger than those 
given above if it is assumed reasonable to have a disconrtinuous 
load; if loads 1 to 11 inclusive, except load 10, acted, for example, 
the coefficient for T, would be ff 

For the position of live load (loads 1 to 7) which gives a 
maximum stress in V^, (the center post) the acting members of 
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the truss are aa shown in Fig. 183, and the total stress in T^ is 
equal to the sum of the vertical components of the diagonals meet- 
ing at joint 24, plus whatever load is applied at joint 24 or 
y4=[ H L.L.P.L.-V2D.L.P.L.] + \y2D.L.P.L.]+\V^D.L.P.L.] 

=}iL.L.P.L.+ysD.L.P.L. 
For full load the stress in V^=l% D.L.P.L.+1 L.L.P.L. The 
one of these two values which is the greater is the one to be used. 
It depends upon the relation of the dead load to the live load. 

Having all of the coefficients, it is a simple matter to find the 
stresses. In getting the maximiim stresses in most of the web 
members, the dead and live load stresses must be gotten separ- 
ately, but in getting stresses for full load the total panel load wiU 
be used. 

Sec9=it Tan ft=jj =0.8 

Z>.L.P.L.=475X20= 9,500 lbs. 

L.L.P.L.=500X20=10,000 lbs. • 

Total panel load=19,500 lbs. 
Ly=L„=^ 714x19,500 tan 0=^ 71/2X15,600=117,000 lbs. (-) 
Jj.j=L,= 7 X 19,500 tan 0= 7 X 15,600=109,200 lbs. (— ) 
7.,=f>,=12 X 19,500 tan 6=12 X 15,600=187,200 lbs. (— ) 
Lj=L,=15 X19,500 tan *=15 X 15,600=234,000 lbs. (^) 
Ui =121/2X19,500 tan «=12i/2X 15,600=195,000 lbs. (+) 
Uj =151/2X19,500 tan *=15y2X 15,600=241,800 lbs. (+) 
17, =16i/2Xl9,-600 tan *=16i/2Xl5,600=257,409 lbs. (+) 
F,= JX9,56o+l X 10,000=16,300 lbs. (-) 
T\=J X9,500+Ii/2X10,000=26,10C lbs. (-) 
y,=4JX9,500+ fS X 10,000=83,100 lbs. (+) 
y,=:2iX9,500+tifXl0,00O=50,300 lbs. (+) 
T^=lj|x9,o00+1 X 10,000=22,700 lbs. (+) greater max. 
F,= ix9,500+ U X 10,000=20,700 lbs. (+) 
/),= 1/2X19,500 sec 0= 1/2X24,960= 12,500 lbs. (+) 
D,=7i/2X 19,500 sec *=7i/2X24,960=187,200 lbs. (+) 
i),=7 X19,500 sec ft=7 X24,960=174,700 lbs. (+) 
Z>3=(5V2X 9,500H-?}X10,000) sec ^=(52,250+56,900) U 

=139,700 (— ) 
D^=(5 X 9,500+? J XI 0,000) 9ec «=(47,500+51,900)f J 

=127,200 (-) 
D,=i3y2X 9,500+ HX 10,000) sec 6b=:(33,250+41,250)|J 

= 95,300 (-) 
D^{3 X 9,500+ ffXlO.OOO) sec #=(28,500+36,250)H 

= 82,800 (-) 
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D,=(iy2X 9,500+}JXlO,000) sec »=(14,250+28,100)f J 

= 54,200 (-) ' 
X 9,500+ HX 10,000) sec 0={ 9,500+23,1.00 )f J 

= 41,700 (-) 
X10,000- VaX 9,500) sec tf=(17,500- 4,750) U 

=16,300 (~) 
X10,000-1 X 9,500) sec ^t=(13,100~ 9,500) gj 

=4,600 (-) 
D'c = { |JXlO,000-2y2X 9,500) sec 0=( 9,375-23,750) || 

=no reversal. 
For full Joad /)/=7>/=Z^/=-Z>,=12,500 lbs. (-) The 
greater value should be used. 

Pig. 185 sho>\'S a Baltimore tiTiss of 14 panels with sub-diag- 
onals all compression members; the other diagonals (excepting 
end posts) are tension members. The sub-panel loads are carried 
to the main truss as shown in Fog. 182. 

The coefficients for full load will be gotten first. For the 
diagonals in the panels having but one diagonal, the coefficient is 
equal to the shear in the panel ; for the other diagonals, the alge- 
braic sum of their vertical components must equal the shear in the 
panel. Panel 12-13 is ^milar to the second panel in Fig. 183. 
The shear in panel 11-12 is 6l^— 2=4^2 ; since D/ carries a half 
panel load of shear, D^ must carry 4 because both vertical com- 
ponents act downward. The shear in panel 7-8 is i^ and this is 
resisted by V/y making the coefficient 'Z>7 zero. 

At joint 12, the horizontal components of D/ and D^' balance 
each other; the coefficient of L^ must, therefore, be the same as 
for L^. At joint 10, L,=^y2+3y2+V2=10y2. At joint 8, Lr= 
10i/2+iy2+y2=12y2. At joint 16, U^=6+i=10, At joint 18, 
L'2=10+2==12. At joint 20, 1^3=12+0=12. 

As a check M^=Oy section through U^, D/ and Lj. 
48 fr3=6y2X6X21-{ 3 +2+3+4+5)21 



Ui- 



_ (89— lo) 21 



48 



==12X1^=12 tan 



20 Vj i? 




L. 13 Li a L^ tfT^ iO Ls 9 L^a L, l 6 5 ^ 

/4 Plan9l9 a/ p//7- 294. ft —^ 

PL*eOO lbs per ft L.L.' 900 tts. per ft 

Fig. 185. 
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For the same section if 2,=0. 

48 i.,=6i/2X8X21- (2+3+4+5+6+7)21 
^ _ 1^27 )_21 ^^2^^ ^ J ^ ^^2^^ ^^^ ^ 

• At joint 12, one half of each of the loads 11 and 13 is added 
to load 12, making ^1=2. 

The coeflScients for the posts are evident by considering 
joints 18 and 20. For dead load coefficients, a modification is 
necessary similar to that shown in Fig. 184 when (me-third is 
considered as acting at the upper chord. Whether or not the 
sub-verticals are introduced, the determination of the changes 
in coefficients is not a difficult matter. 

The live load coefficients are gotten as for a Pratt truss, ex- 
cept that in the panels with two diagonals, the sub-diagonal car- 
ries a half panel load of shear, and, that, as was shown for the 
tniss of Fig. 183, Dz requires a full load. 

The maximum shear in panel 7-8 is f f of which D/ carries 
jTj and I>7, W. The maximum shenr in panel 9-10 is fjof which 
2X5 carries ^ and Z>5, J J. In like manner the coefficient for Dj is 

As the calculation of stresses is now a simple matter, only 
a few will be given. 

D. L. P.==800X21=16,800 lbs. L. L. P.=900X21=18,900 lbs. 
F,=2X16,800+ IS X18,900=(33,600+51,300)=84,900 lbs. (+) 

i)^=(3y2X16,800+ 5 J X18,900) see 0= (58,800+74,200) ^- 

=176,500 lbs. (-) 
iy4=(T<VXl8,900-3y2Xl6,800) sec «=(8,100-58,800) sec 9. 
Since the dead load shear is much larger than the live Joad 
shear, there can be no reversal of stress in D^ and, therefore, P/ 
is not needed. 

Di={0-\-\\ X 18,900) sec 9=S&,25Q ^ =37,650 Ibe. (-) 
Z)',==y2( 16,800+18,900) sec fc=17,850 ^ =23,700 lbs. (+) 

= (H Xl8,900-y2Xl6,800) sec tf=(28,350-8,400) ^ 

=26,500 (— ) 
This sub-diagonal also acts as a counter tie. 
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De'=(|| Xl8,900~li/(>X16,800)5€C ^t=(20,250-25,200) 8ec 6. 
The dead load shear being greater than the maximum negative 
live load shear, in panel 8-9, D^' is not needed. 

It follows that only panels 6-7 and 7-8 need to be counter- 
braced. 

128. Stresses in a Camel-back Truss. For a truss with an 
inclined chord (Fig. 186), coeflRcients of stress can not be written 
by inspection. Their determination involves elimination between 
two ecjuations. It is simpler to get the stresses directly by the 
method of sections, using the moment equation. The objection to 
this method is the tediousness of calculating the lever anus for 
the upper chord and web members ; the lever arms for the lower 
chords are equal to the lengths of the vertical members, which are 
fundamental dimensions of the truss. The lever arms may be 
gotten much more expeditiotisly if they are taken by scale from a 
drawing ; and this will be accurate enough if the drawing is care- 
fully made, to a proper scale, with good instruments. Even if 
their lengths are calculated, they should be roughly checked by 
scale in order to avoid large errors. 

The end and middle panels are (^uite similar to those consid- 
ered in Art. 123. Since Z)^' is zero under full load, it is evident, 
at joint 10, that Y^ will be in tension to resist the vertical com- 
ponent of 1/3. At joint 9 there are four vertical components, but 
it will be found that V^ will also be in tension under certain loads 
—the posts are subject to reversals of stress. 

As was pointed out in Art. 122, no reversal of shear in a 
panel does not necessarily ^mean that a counter tie is not required, 
or that there i« no reversal of stress in, the diagonal. Nor will the 




ti-'-'rT— --fi: 



PL'300,Oiperrf II '0OO/t»^M 

Fig. 186. 

compressive stress in a diagonal, when the counter tie is not pres- 
ent, be equal to the tensil stress in the counter tie, because their 
inclinations are different ; their horizontal components are equal, 
however, for the same loading. 
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This fact furnishes a ready means of finding a counter stress 
after it has been found that the main diagonal stress reverses. To 
prove that it is true, consider Dj for example, Fig. 186. Taking a 
section through U^, D^, and L^, the algebraic sum of the horizon- 
tal components of the stresses cut must equal zero, because all ex- 
ternal forces are vertical. 

U, sin ajF=2>8 sin O^+L^ 
Substituting the values of U, and L^ in terms of the moments 
at 4 and 9, for whatever loading may be under consideration, 

J. . ^ Af 4 sin a« Mg Jf 4 M9 

V^ m «^,— 28 8ma« — 24 = 28 ■" 24 

In a similar manner, if D^ is omitted and the counter tie, D/ is 

inserted in this panel, 

D, «w(9»— (^28" -24/- "V28 24 ) 
This proves that if a tensile diagonal is used in a panel dt a 
truss with inclined chords and vertical posts, the horizontal com- 
ponent of its stress is the same as the horizontal component of the 
stress in the compressive diagonal would be if it were used. 

2>.L.P.=300X20=6,000 lbs. LJi.P.=800X 20=16,000 lbs. 
The full load panel is 22.0, using 1000 lb. units ; and this is tlue 
maximum stress in J^^. For full load, by the method of sections, 
28 L^=66.0X60-22.0(40+20)=2640.0 
. _ 2640.0 
L,= —28" =^*"^- 
( 24 L,=66.0X40-22.0X20=2200.0 

18 L,=66.0X20=1320 
L,=73.3 
If the main diagonals are to be tension members, they must 
have the same direction of inclination as in a Pratt truss. At 
joint 4, since £4 is greater than £3, Z), must be the main diagonal 
in order that the sum of the horizontal components shall be zero. 
Similarly at joint 5. 

For dead load the reactions are 18.0. To find the dead load 
stress in Dj, b may be taken as the center of moments; this in- 
volves the determination of the lever arm aj. Another method is 
to consider the horizontal components at joint 5. 
I), sin ^2=L,-I,=25.0— 20.0=5.0 
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Lj and L^ may be gotten from the full load stresses above by 
proportion. 

The maximum live load tension may be found by this same 
formula if L^ and L^ are ealeulated with load 6 wanting. In this 
case Bi=^V ^ 16-0- 

i^i^Xl6.0XH=38.1 
L3=VVX16.0X^S=57.1 
' i>2 dn »2=57 . l-3a. 1=19 . 
The maximum live load compression in D^ occurs when load 
6 only acts. In this case i^2= t X16.0. 

L,==|X16.0XW=15.2 

is=4Xl6.0XW= 9.5 
2>2 sin ^2=15 . 2—9 . 5=6 . 

As this is greater than the dead load tension above, a counter 
tie must be provided, and according to the principle established 
above, 

D/ sin tf2'=6.0— 5.0=1.0 
Z>, and Z>s^ are determined in an exactly similar manner. For 
dead load, at joint 4, 

I>3 sin ^3=i4~i3=25. 7-25. 0=0.7. 
For maximum live load tension, loads 1, 2, 3, and 4 act, and 
*i=¥Xl6.0. 
L,=VX16. 0X1^=38.1 
Ii^P=Yxi6. 0X41=49.0 
2>3 sin tfa==49 . 0—38 . 1=10 . 9 
For maximum live load compression, loads 5 and 6 act, and 
-B^=fXl6.0. 

i,=f X 16 . OX W=28 . 6 
Ii4=4Xl6.0XM=19.6 
2>3 sin ^3=28. 6-19. 6=9.0 
/>/ sin tf/=9.0-0.7=8.3 
Of course, Dg' may be gotten at joint 2 or with center of mo- 
ments at d. The dead load stress would have to be found for D,', 
as well as the live load stress, for loads 1 and 2. 

To find the dead load stress in V^y consider the section 2-2 
and take h as the center of moments. 

80 Fa=18. 0X40. 0-6. 0(60+80)=-120.0. 
The resultant moment of external forces is a clockwise moment, 
and Va must be in tension to produce an opposite moment. 
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It follows— at joint 5— that 

2>2 cos e^=& . 0—1 . 5=4 . 5 for dead load. 

For live loads it is known that loads 1, 2, 3 and 4 produce 

tension in D^ and D^, that in D^ being the maximum tension; and 

this is the loading for maximum compression in V^, i?=V^ X16-0. 

With section 2-2 and center at h 

80 ^2=^X16. 0X40=914.3 

914. :^> 
^2=— 7T7T— =11.4 L. L. compression. 

The dead load stress being tension, the maximum compres- 
sion in Fj ^s 11.4—1.5=9.9. 

To find the maximum tension in V^, the rule for loading can 
not be applied, because it is possible to have four different trusses 
with different loadings; the adjacent main diagonals may be in 
action, or the adjacent counters, or one diagonal and one counter. 
If, for example, both counters are in action, the section is not 2-2 
but like 5-5 (on the right) and the center of moments is a in place 
of h. Before the effect of any loading upon V^ can be determined, 
it must be known what adjacent diagonal members are in action ; 
the effects of single loads can not he combined. Starting with a 
full load, it is known that />., acts and tends to produce compres- 
sion in F«. If load 1 is taken off, this xjompression will be reduced, 
because the stress in D^ must diminish. It will be found that D^ 
is in tension with load 1 off, and in compression with loads 1 and 
2 off; in the latter case D/ acts and there is no diagonal at joint 
9. This is the condition for maximum tension in Fj. 

If the uniform load is used, the stress in D^ will be zero when 
the head of the load is at a pertain point betwene 2 and 3, so that 
the unloading at the right amounts to more than one panel load 
and less than two. The exact condition, then,, for maximum ten- 
sion in Tj is that of no stress in the diagonals of panel 4-5.^ 

That any further unloading will decrease the tension in F, 
is apparent if the force triangle for joint 9 is considered; Fig. 
186a shows that the greater the chord stresses are, the greater the 
tension in \\ will be. It follows that there should be as much 
had as possible on the truss without having a diagonal in action 
at joint 9. In this case, loads 3, 4, 5, and 6 acting will give the 

For an extensive discussion of this problem nee Mneller-Breslan's 
QraphiBcehe Statik, Vol I. 
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maximum tension in Vg- The stress may be found at joint 9 or at 
joint 5. Before the dead load stress can be combined with this 
stress, it must be found for Z>2 and Dg' acting. 

The case of V^ is much simpler, as it is known that the stress 
in D^' is zero for a full load, under which load {Jg is a maximum, 
and the vertical component of V^ is equal to the tension in V^, 

A graphic method for finding all maximum stresses, which 
requires but two stress diagrams, is often used for trusses with 
inclined chords. The truss diagram should be drawn to a larger 
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Fig. 187. 

scale than that used in Fig. 187(a), but the stress diagrams 
should not be drawn to much larger scales than t^ose of Figs. 
187(6) and 187(c). 

Fig. 187(6) is drawn for a panel load of 1000 lbs. If the 
scaled stresses are multiplied by 6 (6000 lbs. is the dead load 
panel load), the dead load stresses are gotten. For this purpose, 
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cnly the stresses in the members on the left of the center of tiie 
truss (upper half of diagram) need be scaled. Since the maxi- 
mum live load stresses in the outer members also occur under full 
load, they *are gotten by multiplying a i>art of these same scaled 
stresses by 16 (the live load panel load being 16,000 lbs.). These 
multiplications are quickly performed on the slide rule. 

While Fig. 187(c) is a diagram for a load at joint 1 only, 
such that the left-hand reaction will be 1000 lbs., a diagram for 
any other value of the reaction, with a corresponding load at 1, 
will be a similar figure. The stresses will be proportional to the re- 
actions. For a load of 16,000 lbs. at 1, Bi= * ^^^. If the scaled 
stress of D/ is multiplied by \^ , the result will be the maximum 
live load stress in this counter tie. This diagram may also be used 
to find the maximum live load stresses in the other web members, 
because the member is always on the left of all loads, and all stress 
diagrams will be similar figures for that part on the left of the 
loads. 

For 2>/-load 1- i?i= 4X16,000 

For Z>/— loads 1 and 2— R^= f X16,000 

For Z>/ and Fa— loads 1, 2 and 3— Ki= 4X16,000 

For i>3 and Ta— loads 1, 2, 3, and 4— Bi=-VXl6,000 

For Z>2— loads 1, 2, 3, 4, and 5— Rr= V X 16,000 

• If now the scaled stresses for these members (Fig. 187(c) ) 

are multiplied by ^XIG, | X16, fXKi, etc .,the results will be the 

maximum live load stresses in them. 

From these counter-tie stresses, the dead load compression in 
them must be subtracted. The dead load compressive stresses in 
D2' and D/ are gotten by multiplying their stresses as scaled 
from Fig. 18?(6) (lower half) by six. 

The maximum tension in Fo may be gotten from Fig. 187(6), 
because it occurs under full load, as determined above. The max- 
imum tension in F, can not be gotten from either diagram, but is 
bfst gotten as explained above. 

One third of the dead load panel load should be assumed as 
acting at the upper joints. This will affect the stresses in the ver- 
tical members only, reducing each one third of a panel load ; "T, 
will be in compression. 
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QUESTIONS AND PROBLEMS. CHAPTER XII. 

1. How do the weights. of the various parts of a bridge vary 
from the supports to the center? 

2. How is the dead load estimated in a railroad bridge! 

3. How are the panel loads of dead load assumed to act! 

4. How much variation is usually allowed between the as- 
sumed dead load and the final estimated weight ! 

5. What stresses are required in a bridge design f 

6. When a partial live load is on the bridge, how is the 
partial panel load at the head treated? 

7. What is the relation of the stresses in two trusses similar 
to Pig. 161, if the span and height of one are 120 ft. and 24 ft., 
and of the other are 105 ft. and 21 ft., respectively, if the panel 
loads are 24,000 lbs. in each case? 

8. In Fig. 161, what position of the live load will give a 
maximum stress in BC 1 What will the maximum stress in BC 
be if the span is 120 ft., height 24 ft., dead load 400 lbs. per lin. 
ft, live load 600 lbs. per lin. ft.? 

9. In the case of Problem 8, what will be the position of the 
live load for a maximum tension in £c ? 

10. Where must the center of moments for a member lie in 
order for its stress to be a maximum for full load? 

11. What is represented by a coefficient of stress? 

12. Write the dead and live load coefficients on a Howe truss 
of 9 panels, all loads assumed to act at the upper chord. 

13. Write the dead and live load coefficients on a sub-r 
divided Warren truss of 8 panels ; one third of the dead load as- 
sumed to act at the upper chord and two thirds at the lower. 

14. Write the dead and live load coefficients on a deck Bal- 
timore truss with vertical end posts fourteen panels ; all loads as- 
sumed on the top chord. 

15. What is the condition for maximum tension in Fj* ^^S- 
187? InFs? 

16. Make sketches illustrating the four different trusses 
possible with different loadings, as effecting Fj in Pig. 187. 



CHAPTER XIII.. 

STRESSES IN RAILWAY BRIDGES FROM 
WHEEL LOADS. 

129. Kinds of Stress. The live load on railway bridges 
produces stress in various ways. 

1st. Vertical static stresses due to the weight of the locomo- 
tive and train in any position. 

2nd. Vibratory stresses due to various causes, generally in- 
cluded under the term ** Impact.'' 

3rd. Horizontal static stresses due to the centrifugal force 
of the train, if the track is on a curve. 

4th. Longitudinal static stresses due to the momentum of 
the train, and friction on the rails when the brakes are applied. 

The vibratory stresses cannot be calculated, but are provided 
for in a more or less arbitrar\' way by taking a certain percentage 
(varying with different specifications) of the static live load stress 
as *' impact stress/' or by using small working stresses (28). No 
account, however, is usually taken (except in the general design 
of the bridge) of vibratory stresses which do not act vertically. 
Horizontal vibratory stresses also occur even when the track is 
not on a curve, wheri the wind is not blowing and when the brakes 
are not applied. Stresses in bridges having curved track will be 
treated in Art. 166. The stresses produced by the friction be- 
tween the rails and the wheels is of particular importance in via- 
ducts (steel trestles). 

130. Loading. The live load on a railway bridge all consists 
of wheel loads, but nearly all railway bridge specifications require 
it to be assumed to consist of two consolidation engines followed 
by a nnifot-mly distributed load representing the train.^. The 
weights on the wheels and their distances apart may represent the 



I The Specifications of the Pennsylvania Lines West of PittsbuiiSf 
C^ve a uniform loM combined with a single concentrated load. Some 
Specifications also give a special load on two axles 6 ft. to 8 ft apart 
which governs for dhort spans. 
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actual engine in use which will produce the maximum effect on 
the bridges, but they usually represent typical engines supposed 
to be heavy enough to provide for future increase of weight. 

Such a typical loading is shown in Fig. 188 which is Class 
E 40 of Cooper's ** General Specifications for Steel Railroad 
Bridges." In Cooper's loadings the class number is the same as 
the load on a pair of driving wheels in thousands of pounds, and 
ten times that of the uniform load per foot. The other classes 
given in the specification are ^27, E30, ES5 and 1750, but any 
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Cooper's Oass £ ^O Loading 
Pig. 188. 

intermediate class may be made by taking the loads in proportion 
lo the class numbers. Since the spacing of the wheels is the same 
for all classes, and since the loads on corresponding wheels are in 
direct proportion to the class numbers, any stress due to the ^50 
loading, for example, is to that due to the ^40 loading as 50 is 
to 40. 

The ^40 and ii^50 loadings are those oftenest used for steam 
railways. One locomotive (engine and tender) of the B40 load- 
ing weighs 142 tons and covers a distance of 56 ft.; this is an 
average load of about 5000 lbs. per foot, while that of the drivers 
alone is much greater. For spans somewhat less than the length 
of two locomotives, the loading giving maximum stresses consists 
entirely of wheel loads because these give a much greater load 
than the uniform load following. The average weight of locomo- 
tive now specified by a number of the principal railway systems 
is over 160 tons.^ 

131. Equivalent Loadinsr*. On account of the laborious- 
ness of calculating stresses from wheel loads as usually specified, 
many ** equivalent loads*' have been proposed, the idea being to 
substitute a simpler load which would give practically the same 
stresses as the wheel loads, or at least none that would be mark- 

I'For a compurison of different specifications see article by the 
author in Eng. News, Vol. L, page 444. 
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edly smaller. Engineers are pretty well agreed that an equiva- 
lent load will give abundantly accurate results.^ In order to 
approximate closely to the stresses given by the specified wheel 
loads, a number of different uniform loads are used for each 
bridge. Thus, a uniform load is used which will give the same 
maximum moment in the stringer as the specified wheel loads; 
another which will give the same maximum shear in the stringer, 
another that will give the same maximum floor beam concentra- 
tion (and stress in the hip vertical) ; and another that will give 
the same maximum moment in the truss. A through plate girder 
is treated like a truss and a deck plate girder like a stringer. This 
method of equivalent uniform loads gives exact results then, so 
far as the maximum moments and shears in stringers, girders, 
and floor beams are concerned. In trusses, it gives results which 
are approximate except for the maximum moment. This- method 
necessitates the determination of equivalent uniform loads for 
different spans, for shears and moments, for each typical loading 
(only one set is needed for all Cooper Loadings). Having deter- 
mined them for any particular loading for spans varjring by suit- 
able intervals, a table may be made or a diagram plotted for use 
in determining the equivalent uniform loads for any span lengths. 
This reduces the calculations to that for uniform load entirely 
and with results which, for ordinary bridges, may be accepted 
with full confldence.2 

Some engineers calculate stresses from wheel loads and some 
use equivalent loads. One who is in the habit of calculating 
stresses from wheel loads, can do so with facility, but never with 
the certainty and never in so short a time as from the simpler 
load. In most cases the uniform load should be used as a check 
if the stresses are calculated from wheel loads. 

In order to be able to calculate equivalent uniform loads, we 
shall consider briefly methods of finding maximum moments and 
shears from a series of concentrated loads. From the moments 
we obtain the chord stresses and from the sVears the web stresses. 



iFor a thorough discussion of this subject see Trans. Am. Soc. C. 
E., Vol. 42, p. 189. Also Bug. N^ws, Also Johnson's "Modem Framed 
Structures," Chapter VI. 

2 For comparison of resxilts by different methods, with'tiiose by 
wheel loads, see Trans. Am. Soc. C. E., Vol. 42, pp. 215 and 206. Also 
Eng. News, Also Johnson's "Modern Fr;^uned Structures," p. Ir07, (otii 
Bdltion). Also Du Bols. Stresses in Jframed Strtictures, 
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132. Preliminary Considerations in tiie Calculation of 
Stresses from Wlieel l^ads. The problem is to find the position 
of 'the loads that will give the greatest possible moment or shear 
at any point of a bridge. Having the proper position of the loads, 
it is a simple matter to calculate the moment or shear. (Chapters 
III to VI). 

The maximum stress in any number may be found by trial, 
that is, by assuming a number of positions, calculating the stress 
for each position, and then comparing the results. This is indeed, 
in some cases, the quickest as well as the simplest way of arriving 
al the result, because the usual engine loadings are rather simple 
systems of concentrated loads. Certain simple criteria will, how- 
ever, be developed whose employment will, in most cases, save time 
and enable us to determine if a certain assumed position will, or 
will not, give a maximum. 

It will be noted that, in general, it is not only a question of 
finding the position of a definite set of wheels on the span, but of 
finding what set of wheels must be on the span. This can only 
Ve done by trial. To determine what set of wheels to try in any 
particular case certain fundamental principles will help. 

1. To find the maximum shear at any section of a soUd 
beam, there should be as much load as possible between the section 
and the further support, atid its center of gravity should be as 
near the section as possible. There may be some load on the oppo- 
sits side of the section, as is explained in Art. 140. 

2. To find the maximum shear in any panel of a truss, there 
should be as much load as possible between a support and the 
nearest panel point of the panel in question, and its center of 
gramty should be as n^ar to this point as possible. There will 
usually be some load in the panel as shown in Art. 136. Loading 
the longer segment gives the maximum positive shear and loading 
the shorter segment gives the maximum negative shear. 

3. To find the maximum moment at any point of a beam 
(includes truss) there should be as much load as possible on the 
span, and its center of gravity should be as near th^ center of 
moments as possible. 

These principles are applied roughly, of course, that is by 
insx>ection. A diagram of the loads (as shown in Fig. 188) and 
of the beam, should be drawn to the same scale. By moving the 
loads along the beam and keeping in mind the above principles, 
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the diflferent positions to try will be limited to but a few when 
the following faots are taken into consideration. 

If a moment diagram be madef for a series of wheel loads on 
a beam, as in Fig. 117, it is evident that the maximum moment 
comes under a wheel. Of all the possible positions, therefore, 
which a series of loads may have, it is only necessary to try those 
in which some wheel comes at the center of moments, if this is 
possible, because the maximum moment at this point is wanted. 

Likewise for shear, by principle (1) above, the shear increases 
as the loads move up to the section in question, and suddenly de- 
creases as a load passes the section, therefore, the shear is a maxi- 
mum with a load at the section. This is illustrated in Fig. 117. 

By principle (2) above, the shear increases as the loads move 
toward the nearest panel point and decreases as a load passes 
this point, therefore (as in the case of a solid. beam) there must 
he a load at a panel point for a maximum shear in the panel 
ahead. 

The above principles are not perfectly general because they 
assume that chord stresses are gotten from moments and web 
stresses from shears. 

133. Position of Load for ftf aximumjMoment at Any Point 
of a Truss or Qirder. In order to develop a criterion for the 
position of the typical loading that will give a maximum moment 
about any point, let us take some point of the truss shown in Fig» 
189, as point 6 for instance. We have, 



L — oa — X ^ L — az — x 
-ft Y \-(xz ^ 



3fe=Kia— (/i(a— a^— x)— ©, 
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G, =Resu/Tant of 
Loads in /'S 
62 ' ResuJtanf of 
Loads in 5-7 
Gj 'Resultant of Loads in 7'J5 
6 * Resultant of all Loads or? the span 

Pig. 189. 
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Substituting in the last equation for R^ and differentiating 
we have for a maximum, 

„« «, + ^xJ (82) 



This then is the condition for maximum moment at point 6. 
With nothing but concentrated loads on the span, it will, in gen- 
eral, be impossible to satisfy this condition unless there is a load 
at 7 or 5, part of which may be counted with 62 and part with 63 

or Gi. When all of the load at 7 is counted with 0^ ^2+^!i"> ^ 

a L 

and when all of it is counted with O^, _iirlP < ^ provided 

a L 

this particular position gives a maximum moment at 6. It 

is evident that so long as equation (82) holds true, a change in x, 

that is, a movement of the loads, so that one will come at 7, will 

not change the moment M^, This will not be true if the movement 

causes any loads to pass 1, 5, 7, or 15, in which case (?, 61 or 62 

may change. G will change if there is any uniform load on the 

span, but in any case, the change in the moment M^ will be slight 

as it will be due to a small movement. Hence we may always 

test by equation (82) with a load at 7 or 5, unless the uniform 

load reaches 7 or 5. With the type of loads usually specified, the 

uniform load would not reach 7 or 5. 

Equation (82) is used, therefore, to find what loads of those 
on the span (with one at 7 or 5) will give a maximum moment at 
6. Since sevcnal different loadings may each give a maximum, 
the moments must be calculated to see which is the greatest of 
these. With a little practice, it will not be necessary to test every 
possible loading by equation (82). 

When c=14p equation (82) becomes 

1="-^^^ («3. 

When c=p or when alternate web members are vertical (as 
in a Pratt truss) equation (82) becomes 

^^«2+«vS=^^' • (84) 

L a N n ^ ' 
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That iSy the total load per foot on the span mtist equal the 
load per foot to the left of the point at which the maximum mo- 
ment is desired. In other words, if P be the load at the point, 

must be greater than ^=^and must be less than 

a ® La 



~L 

Equation (84) applies at any point of a truss having a single 
system of web bracing with alternate members vertical, whether - 
the chords are inclined or parallel. It also applies to any paint 
of a girder or beam, (?i+(?2 being the load to the left. 

134. Maximum Moment in a Deck Plate Girder. For a 
truss, moments are always wanted at the panel points, but in a 
deck plate girder carrying concentrated loads, the masimum mo- 
fnent is wanted and the center of moments must be found. While 
this occurs near the center of the span, the maximum moment at 
the center is materially different from the maximum moment in 
the girder. 

The problem is to fmd under which load and for what posi- 
tion of the loads the maximum moment occurs. In Fig. 190 let 
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Pig. 190. 



the load at which the maximum moment occurs be at a distance x 
from the center of the girder, e is the distance of this load from 
the center of gravity of all the loads on the span. 

«i=|l(y2i+a?-6) 



For a maximum 






Therefore for a maximum e==Qx (86) 

That is, the load at which the maximum moment in the girder 
occurs, must be as far on one side of the center of the girder at 
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the center of gravity of the total load is on the other side of the 
center. (97). In this case the load near the center becomes the 
point about which the maximum moment is desired, and various 
positions must be tested by equation (84) which becomes 

G ^ Or 

L \L^x 
If the center of gravity of the total load is not easily located 
{x being therefore \inknown) we must calculate the location of 
the center of gravity and determine if it is possible to have the 
assumed loading on the span and still satisfy equation (85). 
Then if P be the load near the center, placed y^e from the center, 
the loading will give a maximum moment at P if 

,y_L, > -J and , ^ _ , < y \^^) 

The nearest wheel to the center of gravity does not always govern, 
\3S. Limits of Span for wliicii a Particular Series of 
Wlioei L^ads will ffive in a Maximum Moment It is evident 
that for a girder of less than about 80 ft. span, the maximum 
moment will occur when the drivers of one engine are near the 
middle of the span, and the smaller loads come on at both ends 
as the span increases, until both tenders are also on. If a certain 
number of wheels, say 5, give a maximum moment in a given 
span length, and 6 in another span length, there must be an in- 
termediate length for which both give the same moment. In Fig. 
191 for a maximum moment under wheel 4, the center of the span 
is 0.57 ft. to the left of the wheel, and in Pig. 192 it is 0.235 ft. to 
the right. In each case we can find B^ and Mmax in terms of L, 
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Fig. 192. 

Putting the maximum moments equal to each other and solving 
for L we get the maximum span on which the loading of Fig. 191 
governs, and minimum span on which that of Fig. 192 governs. 
Of course we must test by equation (86) in order to make sure 
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that no other loading will give a greater maximum. For example, 
it may be a question whether adding a load at the left, or right 
of those sho^i'u in Fig. 191 will give a greater moment in a span 
longer than the limiting span for the 5 loads. It will usually be 
found that the maximum moment occurs when the 3rd or 2nd 
driver is near the center. 

136. Position of Load for Maximum Web 5tres5es in a 
Truss. The general ease is a truss with one or both chords in- 
clined. Since in this case the web does not carry all the shear, 
we resort to the moment equation to get the stresses in the web 
members. 

Let us consider the diagonal 5-6 of Fig. 189. taking the 
section pq the center of moments will be at 7, and the stress in 5-6 
will be a maximum when the moment about Z is a maximum. 

R,- £ Grl j^ 0,+ J Cn 

Substituting for li^ and differentiating we have, when ifj is a 
ma^ximum 

-dbT =^ L * - ^'+^* — p — 

or^=G.^-- -^ (8") 

L p I 

Equation (87) may be written in a form more convenient in 
application thus 

4=<f-'+')-«.-^ (88, 

(j^ is usually and some load near the head of the train, as 
wheel 2, 3 or 4 at the right hand end of the panel in question (the 
load extending to the right) will usually give a maximum. In 
general there must be a load at 7 to satisfy (88) so that when it is 
counted with G.^ the second member of equation (88) will be 

greater than -»r and when it is counted with G., it will be less than 

-j^. If equation (88) is satisfied without a load at 7, the moment 
about I will not be changed if the loads are moved so that one 
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will come at 7 unless some loads come on or go off the span. Even 
in the latter case, the effect upon the shear in 5-7, and therefore 
upon the stress in 5-6, will be slight. Hence we may always test 
for positions giving maximum stress in a web member of any 
pa7iel (by equation (88) ) with a load at the right hand panel 
point of the panel. 

137. Particular Cases of the Application of the Criterion 
for Maximum Web Stresses. Equation (88) applies to any 
simple truss with a single system of web-bracing. In Fig. 189 ; 

When c=0, 5-6 is vertical and we have Pratt bracing. 
When c=p, 6-7 is vertical and we have Howe bracing. 
When c=y*iP, we have the Warren type of bracing. 
When the chords are paralUl i= x and equation (88) be- 

becomes ^=^« (^^) 

In this case the chords carry no shear and therefore equation (89) 
is the criterion for maximum shear in any panel} It will be 
noted that for parallel chords the criterion for maximum web 
stresses is independent of O^. Equation (89) applies, in Fig. 189, 
to 6-7, because 6-8 is horizontal. 

When i equals some multiple of a panel length, equation 
(88) is simplified. 

138. Maximum Shear in a Pratt Truss. ThLs is a particu- 
lar case under equations (88) and (89). The criterion for maxi- 



mum shear then, in any panel, is -j^=(?2 



In general, this equa- 




Pig. 193. 
tjon is satisfied, as shown for (88), when there is a load P at the 



1 'Equation (89) may easily be derived Independently of equation 
(88). 
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right hand end of the panel in question, and when G^2<-jn- ^^^ 

62+P>-^ . In words, the total average load per panel must 

equal the load in the panel in which the shear is waited. 

It should be remembered that for maximum shear in panel 
3-4, for instance, Fig. 193, a load near the head of the train (a 
driver) should generally be at 4, so that as much load as possible 
is concentrated at 4 and to the right of 4. A trial of 2 or 3 wheels 
at 4 by equation (89) will generally be suflScient. 

For all web members the center of moments is at an inJSnite 
distance, but the section changes. For 3'-4 the section is pq and 
the panel in question is 3-4 ; for 3^-3, the section is im, and the 
panel also 3-4 ; for 4^-4, the section is rs, and the panel is 4-5. The 
position of the loads for a maximum stress in 3^-4 and 3^-3 is just 
the same. 

139. Fields of Shear in a Truss. From equation (89) we 
have 0=N02. If F be the load at any panel point, Q varies, be- 
tween NO^ and NiGz-i-P) for maximum shear in the panel to the 
left of the point where P is located. Then P governs for aU panel 
points for which the position of the load is such that the total 
load on the bridge lies between NG^ and iV(6o+P). The points 
on the diagram of loads at which G is equal to these two limits, 
may easily be found. Since the right end of the bridge must lie 
between these limits, when the load moves so that the end of the 
bridge passes from one of these limits to the other, the load P 
passes the panel points at which it governs for maximum shear. 
This range of P is called its field of shear. In this way we are 
saved the labor of testing a number of wheels at each panel point. 

140. Position of Load for Maximum Shear in a Girder or 
Beam. Let it be required to find the maximum shear at any point 
C in the beam of Fig. r> o r» o 

194. It is evident that ^ C T^^ "J 11 i 

the maximum shear 

at C Occurs when Rj^ 

is a maximum, so long ^ 

as there are no loads Fig. 194. 

to the left of C. Loads coming on from the right and moving to 
the left increase B^ until P^ reaches 0, when the shear at C is a 
maximum. As soon as P^ passes C, the shear is suddenly de- 
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creased by P^. Now as the loads move to the left the shear is 
again increased Cbecause B^ is increased and the shears=Bi— P^) 
until P2 reaches C, when it is again a maximum. This may be a 
larger or smaller maximum than the first, depending upon .the 
relation between P^ and the other loads, and upon c^. When all 

the loads move a distance a^, R^ increases SP-i^-. If this increase 

is greater than P^, P^ at G gives a greater maximum shear at C 
than Pj at the same point. This is the criterion for finding which 
kj! two consecutive wheels at a point will give the greater shear. 
It will be found that the first or second wheel of the first engine 
at C will usually give the maximum shear at C. It is sometimes 
a very simple matter to calculate the shear for several possible 
positions without testing by the criterion. It should be remem- 
bered that for maximum shear at C, we should have as much 
weight near C and to the right of it as possible and no load to the 
J eft of it, unless such load will decrease the shear less than the 
movement to this position wiQ increase i^j. If when Pg is at C, 
Pi has passed off the span, there has been a sudden increase of 
shear at C, which may have been still further increased by loads 
coming on at the right. 

The maximum shear in the beam occurs of course at the end. 

141. Maximum Floor Beam Concentration and Stress in the 
H I p Vertical. 
Let Fig. 195, re- 
present loads in 
two panels. It 
is required to > 
find the criter- 
ion for maxi- 
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miim load on the Fix- 195. 

floor beam at B, or maximum fij- 

r, dR, J, C?, G, G, Gi ^^^ 

£or maximum n. —T— =--0= — — r-o*" t— =-r- (90) 

'ax Pi pi pi pt ^ ' 

when the panel lengths are equal Gi=Ot '(91) 

That is, the loads in the two panels must be equal for a viuai- 

imiim load on the floor heam between them. With concentrated 

loads this will, in general, require a load at the floor beam so that 

part of it may be considered in one panel and part in the other. 
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The criterion of equation (90) is the same as for maximum 
moment at B for a span of length Pi+Pi, as may be seen if (90) 

is taken by composition. We will have — ^=— = — ^^^ = 
Q Pi Pi Pt+Pi 

, , that is, the average load per foot on either panel must 

e((ual the average load per foot on the two panels. This is the 
same as the criterion of equation (84) in which Gi-\-Oi corres- 
ponds to Gi and a to p^. 

There may be several different loadings which will satisfy 
the criterion for maximum floor beam concentration. Having de- 
termined the positions it is a simple matter to calculate the con- 
centrations. It is sometimes convenient to calculate the floor 
beam concentration from the maximum moment at the middle of 
a span equal to 2p, since the i>osition of the loads is the same in 
both cases. If the panels are equal, G^^G^ and 

C 

Rj = _L(a2+2p-c+Oi). itf» ==BiP-^Oi(cH-.r— p-aj 

/» 

Tor span=2p jKi= ^iC'\'X—a^'\-a^-\-x). Substituting we have 
ip 

=-^ («2+2p-c+aJ. 
It is evident that if the maximum moment at B as given by 
the last equation is multiplied by — we get the maximum floor 
beam concentration K^,^ 

142. Maximum Stresses in Trusses with Sub-fmnels. In 

Fig. 196 let us consider the members in the double panel 5-7. 
When the top chord 5'-7' is a maximum and when the diagonal 
6'-7 is a maximum there is no stress in the counter 6'-7'. When 
the counter 6'-?' is a maximum. There is no stress in the diago- 
nal 6'-7. Hence the position of the loads for maximum stresBCS 
in these members, cut by the section im, can be determined by the 
previous methods. The counter 6'-?' is determined as 9'-10'. 

The maximum stresses in 6-6' and 6'-5 result from a maxi- 
mum load at 6, but 6'-5 may also take tension when acting with 

lA method of calculating bridge stresees from wheel loads, em- 
bodying this principle, together with a complete ta/ble for Cooper's E 50 
loading, is given in Bng. News, VoL LV, page 695. 
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the counter 6'-7'. When 5-7' is stressed, 6'-7 is not in action. If 
6'-7 is not in action, the only stress in 6'-5' comes from 6'-6, but a 
stress in 6'-6 tends to produce compression in 6'-5, hence for max- 




Pig. 196. 



imum temtion in 6' -5, 5'.-7 and 6'-6 may be considered removed, 
and the stress in 5-7' is found as for a single diagonal in a panel 
(5-7) equal to 2p. It must be remembered, however, that the 
maximum in 6'-7' comes when the panel 6-7 is considered, as 
given above. ( 127 ) . 

When 5'-6' is a maximum, 6'-7' is not in action. Now we 
may consider any load at 6 as carried to 5 and 7, and that that 
part of it carried to 7 is taken through 7-5' as though it had been 
brought to 7 by the stringer. Hence for a maximum in 5'-6', we 
may disregard 6-6' and 5-6' if we call the panel length 5-7=2p. 
Then we have the ordinary case of a single diagonal in a panel. 

For 5-5' we may do as for 5'-6', since they get their maxi- 
mum stresses from the same loading. 

For 5-7 the center of moments is at 5'. This case is evidently 
unusual because a load at 6 will increase the moment about 5', 
while others to the left of the section decrease it. 

Af6' =i?ia— Gi[a— (ai+x) ]+G2[a.f 2p— (a,-|-a:)]^ 

Substituting this value of R^ in the moment equation, we 
have then when M^^ is a maximum. 

dz L ' ' '^ L - a 

Equation (92) is the criterion for a maximum moment at any 
point of the top chord. To satisfy this equation, a load will, in 



B,=G,+G,-f-tf» 
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general, have to stand a^ 6 so that a part of it may be ooDsidered 
with Gj and the remainder with ©a- Having determined the max- 
imum moment at 5' the stress in 5-7 is easily obtained. 

143. Calculation of Moments and Shears by Wheel Loads. 

It is evident from the preceding discussions that, in the calcula- 
tions involved in getting maximum stresses in girders and trusseB, 
it is necessary often to know the distance of any wheel from any 
other wheel, the center of gravity of any number of wheels, the 
left reiaction, and the sum of the loads for any number of loads, 
and the sum of the moments, about any wheel of a number of 
preceding wheels. In order to save time and avoid mistakes as 
much as possible, tables are made and carefully checked, showing 
the total distances of each wheel from the first wheel, the t»tal 
weight at any wheel, of all the preceding wheels, and the sum of 
the moments at any wheel of all the preceding wheels.^ 

A diagram might be made showing the position of the center 
of gravity for any possible combination of loads. This would 
reduce the number of forces on a span to two or three for the 
determination of moments, shears and reactions. With a table, 
however, these are determined by dealing with the individual 
wheel loads. 

Another method of determining the moment at any point of 
a truss or the shear in any panel, is to calculate the panel con- 
centrations from the proper position of the loads, and from these, 
the resulting moments and shears. This may be done from the 
moment table by means of the following equation.^ 

P ' 

in which P^=concentration at the nth panel point. 
P =panel length. 

i!f ^=sum of the moments about the nth panel point of 

all the loads to the left of this point. 

J|f„^^=sum of the moments about the (n+l)th panel 

point of all the loads to the left of this x)oint. 

M„,i=sxim of the moments about the (n— l)th panel 

point of all the loads to the left of this point. 

iSee Johnson's "Modem Framed Structures," p. 79, or Du BotB* 
"Framed Structures," pp. 87 and 88. 

2^r demonstration see Johnson's "Modern Framed Structur es,'* 
Art. 101, p. 87. 
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144. Equivalent Uniform Loads. For stringers and deck 
plate girders, the determination of an "equivalent uniform load" 
practically amounts to determining by the preceding methods the 
maximum moment and shear for each span and then calculating 
the uniform loads per foot which will produce equal maximum 
moments and shears. 

The equivalent uniform load for trusses is usually based 
upon the maximum moment at the center of the ^an. This gives 
chord stresses that are a f e-w per cent too lai^e for trusses with 
an odd number of panels, and in all trusses gives shears which are 
c little too small. 

For multiple intersection trusses, draw spans, arches and 
cantilever trusses, the criteria for position of wheel loads to pro- 
duce maximum stresses are complicated. Methods for obtaining 
Ci^uivalent uniform loads for these are usually more or less ap- 
proximate. 

Pariel lengths for multiple intersection trusses should be so 
chosen that there will be a reasonable distribution of the loads to 
the several systems of web bracing. For example, if there are 
two systems of webbing, and the distance center to center of driv- 
ing wheel bases is 56 ft., the panel length should not be 28 ft. but 
preferably about 19 ft. 

145. Qrapliicai Metliodtf. For finding moments and shears 
due to wheel loads, the graphic method is elegant, rapid and gen- 
erally accurate enough, especially for finding the positions of the 
loads which give maximums. The applications of the criteria are 
nearly always made graphically. Stresses are usually calculated 
from the moment tables when the method of equivalent uniform 
loads is not used.^ 

146. iH>8ition of Loads for Maximum Moment at Any Point 
of a Beam or Truss. We shall consider the special case of a truss 
in which the top chord joints are vertically over those of the 
bottom chord. Fig. 197 is a diagram of Cooper's class ^40 Load- 
ing (see Fig. 188), laid out so that the ordinate at any point is 
equal to the sum of the loads to the left of that point, that is, the 
heights of the steps are equal to the wheel loads by scale. 

To find the position of the loads for maximum moment at D 

iSee Johnsonlf "Modem Framed Structures/' pp. 84 to 89, and 
Bug. News, Vol. 37, p. 157, for complete descriptions of the Oraphlc 
Methods. 
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we use equation (84) , which requires that the load per foot on the 
whole span be equal to the load per foot to the left of D. Now 
the load on the span is represented by FH—EG and on AD by 
NM—EG or NK—EG, depending on whether load 11 is counted 
with the load on AD or DB. We must have then, if a maximum 
moment occurs when wheel 11 is at D, ♦ 

-EG 



NK—EGFH- 



AD 



AB 



EG ^ NM—EG FH 
and Tr^ — ^ 



AD 



AD 




These three fractions are the slopes of the lines EK, EM, 
and EF, and since the slope of EF is greater than that of EM, 
and less than that of EK, wheel 11 at D will give a maximum 
moment. 

Therefore, when a thread stretched hetweeri the points where 
verticals from the ends of the span cut the *'load line,'' intersects 
the *'step" over the load at the point where a maximum moment 
ts wanted, this position will give one of the maximum m,oments 
ai the point. 

Having found the proper position of the load, the moment 
at D may be found graphically by placing a diagram of the truss 
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oil an equilibriiiin polygon for the typical loading, which miust 
be drawn to the proper scale. After drawing the closing line, the 
moment may be scaled oflF.^ 

147. Maximum Shear in any Panel of a Truss. To find 

the position of the loads for maximum shear in a panel we have 

(^ C 
from equation (89) -^d ^= — ^^^ being the total load on the span, 

and ©2 the load in the panel in which the maximum shear is 
wanted. In Fig. 197 lay off A'C equal to one panel length, re- 
gardless of position for a maximum. Now if lines be drawn 

/I 
through 1, 2\ 3', &c, from A\ their slopes will equal— 1 Now if 

P 
we make A'B'=AB, B'T,, B'T^,, B'T^, &c, will represent the total 

load which may be on the span in order that equation (89) may 
be satisfied, when wheels 1, 2, 3, &c, respectively, are at the right 
hand end of the panel in question. Projecting points Tj, T.^, T3, 
&c on to the load line, we see that load 4 must be at B, the right 
hand end of the bridge, when load 1 is at the right hand end of 
the panel in question. That is, wheel 1 must be at the right hand 
end of all panels which it passes in going from B towards A, for 
maximum shears in those panels, until wheel 4 reaches B, or 
wheel 1 is said to govern for this distance. Likewise wheel 2 gov- 
erns at all panel points which it passes when the load moves from 
wheel 4 at fi to wheel 10 at ^, and wheel 3 governs at all points 
which it passes when the load moves from wheel 10 at B to wheel 
16 at jB. The distances that the wheels move while they govern, 
are called their respective ''fields of shear,'' and it will be found 
that these fields overlap by distances e(\\m] to the distances be- 
tween the successive wheels. 

To find the shear graphically, take the necessary moments 
from the equilibrium polygon. The moment of the loads on the 
span, about B, divided by AB, will give the reaction at A. The 
moment of the loads in the panel, about the right hand end of the 
panel, divided by the panel length, will give the load at the left 
end of the panel. 

For stringers and deck plate girders it is simplest to find, by 
trial, the position of the loads giving maximum shear at any 
point. 



lA convenient form of equilibrium polsrgon and a d'escription of 
this method may be found by looking up the reference given on page 269 
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QUESTIONS AND PROBLEMS. CHAPTER XIII. 

1. It what parte of structures are longitudinal forces im- 
portant? 

2. What is '^impact" and how is it taken into account? 

3. In a railroad bridge how are loads actually applied? 
How are they usually specified? 

4. The stress in a main diagonal of a bridge, due to Cooper's 
tAO loading, is 420,000 lbs. What would be the live load stress 
ip. this diagonal if the loading were increased so that one engine 
and tender weighed 150 tons ? 

5. Find the maximum span for which the four drivers of 
Cooper's engine will give a maximum moment and the minimum 
span for which the four drivers and the first tender wheel will 
give a maximum. 

6. Find the position of Cooper's Loading which will give a 
maximum stress in the top chord 2'-3', of Fig. 193. Span= 
120 ft. Find the position for nkaximum shear in panel 2-3. 

7. Prove equation (93). 

8. Why should the panel lengths be about 19 ft. for a bridge 
having two systems of webbing, if Cooper's loading is used? 



CHAPTER XIV. 

STRESSES IN BRIDGES PROM HORIZONTAL FORCES. 

The horizontal forces acting upon a bridge are those due to 
wind, and in the case of a railway bridge, those due to centrifugal 
force, when the track is on a curve. There are also horizontal 
stresses due to yibratibn which are not taken care of except in the 
general design. ( 1 29 ) . 

4 

148. Wind Loads. These must be taken according to the 
specifications governing any particular piece of work, and are 
usually given per lineal foot of bridge or per square foot of ex- 
posed surface. When the latter is specified, the exposed surface 
must be calculated from the design of the bridge. It is usually 
taken as the surface, seen in elevation, of the floor (rails, ties- 
considered solid— stringers, plank, joist, &c.) plus twice the 
elevation of one truss. The exposed surface of a plate girder 
bridge is taken equal to the surface as seen in elevation, or IJ to 
iy2 times this area. 

The wind pressure is usually taken at 30 lbs. per square foot 
when the live load is on the bridge, and 50 lbs. per sq. ft. when 
the structure is unloaded. Whichever gives the greater stresses, 
governs in the design. It would not be safe for a train to venture 
on to a bridge when the wind pressure is greater than 30 lbs. per 
sq. ft. This is equivalent to a wind velocity of over 85 miles per 
hour. 

The live load wind for railway bridges is usually taken at 
10 sq. ft. X 30 lbs.=300 lbs. per lin. ft of bridge, for highway 
bridges at 150 lbs. per lin. ft. of bridge. When wind dead load 
is specified it is usually 150 lbs. per lin. ft. for each lateral sys- 
tem—top and bottom. 

149. Lateral Systems. The horizontal forces are taken care 
of by horizontal trusses between the main vertical trusses, th6 
chords of the latter acting also as chords for the wind trusses. 
The horizontal trusses are spoken of as lateral systems, and in 
high truss bridges we have a **top lateral system'' and a ''bottom 
lateral system." At the "loaded chord" the fioor beams are us- 
ually made to act as members of the lateral system. „^ 
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Wc, therefore, have, in addition to stresses from dead and 
live load, wind stresses in floor beams, and in the chords of the 
main trusses. Pony truss bridges and through plate girder 
bridges have but one lateral system. Deck plate girder bridges 
may have one or two systems. 

The usual practice is to use adjustable rods for the diagonal 
members of ordin^iry highway bridge lateral systems, and angles 
with riveted connections for city bridges and railway bridges. 
These are all usually considered as tension members and therefore 
two diagonals are used in each panel. An exception is the deck 
plate girder bridge, whose lateral systems are usually Warren 
•tiusses. 

The lateral system at the "loaded chord" is assumed to carry 
all the live load, due to the wind blowing against a moving train 
or against vehicles moving across a bridge, as well as its propor- 
tion of the dead load. The other system is assumed to carry dead 
wind load onl}-. In a bridge having but one lateral system, this 
is proportioned to take all the dead and live wind load. 




^' 






n I I Ml 



ISO. Deck Plate Qlrder Lateral System. If we assume the 
live load applied equally to the two girders, (Pig. 198) M' will 
carry a half 

panel of dead ^^ f^ ^ £ ^ 

load wind, and 

a quarter panel 

of live load 

wind, ce being a 

panel length. 

dd is the top 

member of a ' pig. i98. 

cross frame. (Shown in Pig. 198 (a) ). Cross-frames are placed 

at intervals in the span, usually not exceeding sixteen times the 

flange width of the girder, to carry the wind load on the lower 

part of the girder to the top lateral system. The intermediate 

frames are usually made heavier than would be necessary to 

simply take the wind stress. Similar cross-frames are also placed 

at aa' and gg\ These are figured to carry all the horizontal forces 

to the supports. 

Since those diagonals which are in tension when the wind 
blows from one side are in compression when it Wows from the 
other side,*and, since it requires more material for a compression 
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member than for a tension member, the diagonals are all propor- 
tioned for compression. Most specifications allow the chord 
stresses for wind to be neglected unless they exceed from 25% to 
50% of the total live and dead load stresses from vertical loads. 
The calculation of the stresses is a simple matter. (124) . 

151. Throuirh Plate Girder and Pony Truss Lateral Sys- 
tems. For a Pony truss or through plate girder bridge, the later- 
als are usually calculated as tension members, even if they are 

made up of angles. Fig. 



Otrder 



199 shows the lateral 
system of a railway 
bridge. It is figured as 
a simple Pratt truss-— 
one system acting when 



Otrder 
Pig. 199. 

the wind blows from one side, and the other when it blows from 

the other side. 

The laterals are riveted to the stringers at their intersections 
to keep them from rattling and saging, but this is not supposed 
to have any influence on the stresses in them. The plane of the 
laterals is usually near the lower flange of the floor beams. The 
wind stress in the latter, therefore, n^ed not be taken into account 
as it reduces the tension already there. In case there is no end 
floor beam, the end strut is proportioned for ^ the component 
parallel to it, from the end lateral, the other half being assumed 
to go direct to the support. 

152. Deck Bridge Lateral Systems. Fig. 200 shows a deck 
truss bridge with top and bottom lateral systems and sway brac- 




(aj ^ 



Pig. 200. 
ing at the panel points. The bottom lateral system carries its 
part of the wind load directly to the supports. The reactions at 
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the four shoes **a^' are assumed to be equal. The top lateral 
system carries its load to the end sway frames at A, and these 
take it to the supports. In this case of an eight panel bridge, if 
there is no end floor beam at A and the stringers rest directly on 
the abutments,, we shall have 4 panel loads of dead load and 3^ 
panel loads of live load wind going to the supports through the 
end sway frames. If there are end floor beams at 4 we will have 4 
panel loads of each, dead and live wind load, going to the sup- 
ports through the end sway frames. No stresses are calculated 
for the intermediaie sway hracing, but it serves to prevent distor- 
tion of the cross section of the bridge due to loads on the bridge, 
not symmetrical with the center line between trusses and to the 
excess wind load at the top chord over that at the bottom chord.^ 

The lateral systems are simple Pratt trusses and the chord 
stresses must be taken into account if they exceed 25% to 50% 
of the total live and dead load stresses due to vertical load. There 
is no stress in ah from ver- 
tical loads, but it will be in 
compression from wind 
loads. There may be a re- 
versal of stress in some of 
the other panels of the lower 
chord, especially if the span 
is long and the dead load 
comparatively small. 

The stresses in the end 
sway frame are shown in 
Fig. 201. 

p=one panel of wind 
load. 

i2= transverse 




if^^S 



Fig. 201. 



compo- 
nent of end diagonal A'B'\ (Pig. 200). 

In addition to the stress here shown in aa' it is assumed to 
get ^ of the total wind load on the bottom lateral system. The 
horizontal reactions at a and a' are likewise increased. 

d 
It is seen that a stress equal to {R-^-P) -^is added to the 



iSee Johnson's "Modern Framed Structures," p. 114. 
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vertical load stress in the end 
post A'a\ 

If the support is at the 
top chord as shown in Fig. 
202, the end sway frame is in- 
clined and carries the wind 
load from the lower lateral 
Fig. 2'02. system to A, The. stresses are 

obtained in exactly the same manner as given above for the verti- 
cal end frame. The horizontal components of the reactions at A 
and -4' produce a uniform stress in the top chords, compression on 
one side or truss and tension on the other truss. These stresses 
increase the tvind chord stresses. 

The wind load tends to overturn the bridge, therefore suffi- 
cient anchorage must be provided to take the difference between 
the upward pull of the wind and the load acting downward at 
the same time. If the bridge in Fig. 200 was made with an in- 
clined e^id post (fBf the end sway frame, carrying the top lateral 
wind load, should be in its plane. In this case as in that of Fig. 
202, the horizontal components of the reactions would be taken 
up by a uniform stress in the chord. 

153. Through Bridge Lateral Systems. In a through bridge 
with inclined or vertical end posts, the top lateral wind load must 
be transferred tlirough portal bracing and the end posts, to the 
Supports. For this purpose the end posts act as beams, being sub- 
ject to bending stresses as well as direct stresses. 

The top and bottom lateral systems are figured exactly as in 
a deck bridge. (152). Fip:. 203 shows the lateral systems of a 
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through bridge. Each portal gets a stress R equal to the trans- 
verse component of the end diagonal BC or B'C, and half the 
wind loads on Ba, Bb, Be and BC, which may be called a panel 
load-^P. 

154. Portal BraciDs:. Stresses in portal bracing depend 
upon the condition of the ends of the posts. In practice, one or 
both ends may be partially or wholly fixed, as far as elastic sup- 
ports will permit fixity. (108). The end conditions are due 
nvaiuly to the direct stress in the post, whiinh always exists to 
some extent. This direct stress is due to the dead and live loads 
on the structure, and to the wind. 

End posts are nearly always made with two webs, each one 
of which transmits half of any direct 
stress in the post. This direct stress 
D offers a resistance to the turning 
of the ends of the post equal to i^ kD, 
See Pig. 204. If Vi>feZ) is equal to or 
greater than the moment required to 
hold the end of the post in the line of . 
its axis the ends may be considered _, "~ 

-. , ^^««v *^K- 204. 

fixed. (108). 

The maximum resultant of all stresses in the post will occur 
when the live load is on the bridge and the wind forces are acting. 
The maximum stresses in the portal bracing will occur, in general, 
when there is no live load on the bridge. 

The problem of finding the exact stresses in the portal brac- 
ing is very complicated. A very close approximation will be used, 
which is abundantly accurate for all practical purposes. The 
main factors which render the problem complicated are the fol- 
lowing. (See Fig. 203 (a) ). 

Ist. The conditions of partial fixity of the posts at a and B. 

2nd. The distribution of the wind loads between the sup- 
ports a and a\ 

3rd. The deflection of the point F compared with that of B. 

4th. The stiflFness of the connections at B and F. 

For bridges with inclined end posts, the assumption which 
we shall make, that a force acts at the top of the portal, equal to 
the reaction from the lateral system plus one panel load, is based 
on the assumption that one half the direct wind load on the post 
goes to B (Fig. 205) and half to a. The distribution of this direct 
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wind load may be taken as, ^/^ on the distance a^ to a^ to increase 
^2> ^ o^ the distance FB to B, decreasing K^^ (Fig. 206), and the 
remainder to F to increase Q. The effect of this will be to give a 
greater deflection at F than our assumption of loading would 
give. Therefore we are warranted in assuming that F deflects as 
much as B. We shall neglect R2 due to wind on the post, but this 
may easily be taken account of. 

155. Qeneral Ca5e of Portal with Columns Fixed at Both 
Ends. In Fig. 205 assume F to deflect, as much as B, that is, the 

bracing is rigid. So 
js^ B' B_/?i"tP far as the post is 

concerned, we have 
the case of a beam 
fixed at both ends, 
a load at a distance 
a from one end and 
supports not on a 
level, as shown in 
Fig. 206. 

Since there is no 
moment at the 
points of contra- 
flexure (85) the 
reactions //, R\ F, 
and Y\ Fig. 205, 
may be supposed 
\cl\en convenient, 
to act at the points 
Big. 205. of contra-flexure. 




4 



'^> 



I 

hor.contp.x ^^ 

of ar \ 




Fig. 200. 



280 PORTAL WITH COLUMNS FIXBD AT BNDS. ArtliS 

Taking moments about the point of oontra-flexure nearest 
a, Fig. 206, we have, 

ilf,-.B^i=0 or M^=B^^ (94) 

and for the equation of the dastie line (77) we have 

M^.a=EI^=B^^M^ ..(95) 

EI^=Y2B,x'--M^+(C=4i) (96) 

EIy=yQB^^y2M^+(C'=0) ' (97) 

Substituting for jf, from (94) and making x==a 

EIy^=y^R^a^-y2E^a^x, (98) 

'y^-m{^'^^) (»»> 

Similarly if the shear B/ is in o' f" 

»'i=^\ Vsa'-xn ( 100 ) 

If FF' is rigid, j/,=j/i' and we have, after substituting for 
B, and R/ their equivalents, H and H'. 

H'a'*. , _, , H'a'*.. , , , 
y',_ -2gr(K-»='.) -7r-(K-^-'i) _ 

'yl~ Ha? „ r~Ha' ,, Z~^ ' 

2EI (*«— ^') T ^^~^'^ 

multiplying both sides of the equation by jr, 
a»(ia'-xO 

H'- a'iia^^^:)— a»/'(Ja-x,) ^ " ' 

1 
Now H-\-H'=R+P (102) 

H'+Z ^,\ H'=R+P or H'(^ 1-)- -^,)=B+P from which 

"''^MEsrr,- "*'' 

If the posts have the same cross section I=^r and they drop. 
If the supports are on a level a==a^ and (103) becomes 

if' ^+^ (104) 

/'(K~^0"^ 



or 
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If Qp=a' and a?i=^i' (103) becomes 

5'=^=(«+P)t^ <»^) 

In this case when 1=1' we have ir=ir'=H(B+r) . . . (106) 
This case is treated in Art. 159. (102) and (103) determine B. 
and W when Xx and x^ are known. For the conditions given 
these depend upon the relation between c and a and c' and a'. 
The relation between c, a, and a;, will now be found. 

M^,= ?^=.E^-M,-Q {x-a) (107) 

This is the equation of the elastic line from F to B. 

BI^=\^RiX'-M^x-Q {y2X*-ax)+Cx (108) 

The first members of equations (96) and (108) are equal 

when x=a. Hence (7i=— ^Q«*. 

EIif=yQB^-y2M^*-Q {yeX*-y2ax')-y2Qa'x+C, . . . (109) 

V=yi when x==a and when x=c 

EIy,=yQ BjC'-ys M^c'-Q (VgC'-i/^ c»a+i/2ca»)+C, 
EIy,=yQ R,a*-y2 M,a^-Q (ygo'-Vga'+ysa') +C, 

Subtracting— 0=%B,(c»—a»)—y2 B,Xi(c''— o»)-Q {yQC*—yfia* 

-%c*a+%a*c) 

whence 

JZ._ i(c*— 3ac'+3a'c— q») Uc—a) * 

Q— |(ci_«»)-ia;, (c'-a') - (c-<i)[U<^+ac+a*)—^,(c+a)] 

= i(!:=^ (110) 

Also the equation of the elastic line from i^ to jB is 
3f.^.=if/g-/?,(c-»)-Jf» (Ill) 

EI -^=RAcx-y2x') -M^x+C, (112) 

when a?=c,^ =0=^1 (c»—y2c')—i!fiC+C, and (7,=c.V,— yaB^c* 

EIy:=BAy2Cse'-ix*)-y2M,x''-y2BxC'x-\-cMxX+C, (113) 

y=y, when x==a and when x=c, whence 

EIy,=Bx ^.y2C^^'-y9a^) -yzMxa'-yiB^c^a+Mmc+d. 

nhu=Jix (y2c'-y«c'') _y2j»f,c^-y2«,c»+itf,c»+c,. 

0=Rxi>sC*-y2C'a+y2fia^-\a») -3/, (yoa^-ac+ygc*) 
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*^=^i Wtl^y =iRi{c-a)=iR,e (114) 

Mj=R^X2, therefore, K^X2=iBxe and Xr=ie (115) 

.Vxi=0=.?fj,(c-a;,)-<?(a-rci)— Jf, (116) 

Mi=i£^e=iR^{C''a) B^=Q-^R^, Hence 

' From which |-= <^-^-<+-j+¥-^ ^ f (a-^ ) ^i^) 

Prom (110) =i-m y^T^\' / , V 

i (t«+(M:+a«)— ^ar, (c+a) 

Solving for ajj we get X{=^ ^ T^ (118) 

When c==2a or a=V^c, a:i=fa (119) 

(xi would efiual i/^a if J? did not deflect.) 

When c=tt that is the portal is a single strut— a plate girder 
for example (see Art. 160) Xi=i^a (120) 

These would ordinarily be the limits for the relation between 
a and c, and x^ would only vary from 0.6a to 0.5a. Even if a 
were only J c (which limit would very seldom be reached) x^ 
would be only 0.67a. 

In order that the above equations may be applicable (see 
Art. 154) y2ftiD>^.>ifii(c-a)>i/2ff (a-«^. (121) 

(See Equations (114) and (116) ). 

i/2&^ > J/,^i2,a;.> H^l^ (122) 

D may be a direct stress or a reaction. Special precautions 
must be taken in the construction if it is desired to have a reac- 
Hon which will make the end of a column ** fixed/' since an ex- 
ceedingly small change in the direction of the axis of the column 
will destroy this condition. In truss bridges we must depend 
upon the direct stress in the post to fix its ends. 

D is made up of V, (Fig. 205) except at B, the dead load 
stress in the post, and in some cases, also the live load stress. 

(154). 

In Pig. 205 putting the forces H and F, and W and V at a 
and a' respectively, and taking moments of the external forces 
about the point of inflection in aF 
r6=(fi-|-P)(c— T,)+fl'[x,— (c-^)]-|-Hii-,-|-Af,+Afi'— Af^Jf, 
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V =1 [ (R+P) ic-x,) +H'{x,-c+c') +Hx,+lK,e + 

iR^'e—Hx^—HW] 

V'=j [ {B+P) (c-j^)-ir'(c-c'+x/-xJ+ii?,e+iJJ/e](123) 

or 

V'=lr(l?-fP)(c-a;,:-fl'(rt-a'+a;/-xJ+ie(«.+JB/)](l24) 

when c=c', V'=—V, and 

V'=^V=ll(R+P) (c-x,)-H'{x,'-x,)+MJii+Ri')] (125) 

when c=c' and Xi=Xj' 

V'=-V= i [ (A'+P) (c~x,)+M,e(h,+R/)] (126) 

R^=H (127) 

From equations (114) and (116) *i= »/ "^ *°<i ^^o™ 

*=».+«■= ♦«2%3|+ff=»a^5 (.29, 

Recapiiul'ation : 

Find Xi from equation (118) and Xj' from a similar equation 
in a' and c\ Find H and H' from equations (103) and (102). 
Find Bi from (128) and B/ from a similar equation' in F', a', 
and c'. Find F and F' from equations (124), (125) or (126). 

Now all the stresses may be found. 

At B Stress in BB'=B+y2P \-B^=B+'^P+iH ?=^. • • (130) 
At B' Horiz. Comp.B'^==JBB'+y2P+B/=B+P+fii+B/(131) 

At F, Using equations (129) and (102) 

Horiz. Comp. B'P=PP'+Q=PP'+|H?=^+fl 



=U'+ iH'"^^=H'+R^' 



■ ' (134) 
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The mazimtim stress in a'B' ocean at F' or a' and eqnala 
per. sq. in. 

DL-^LL+V H\a'—^,)X width of a' V (136) 

T ' 2T " 

^^ DL+LL+V H'^.Xtoidthofa'B' ^^^^ 

whichever is the larger. 

The mazimnm stress in a'B occurs at J* or o and equals per 

sq. in. 

DL+LL—V , H(o— gi)X»wd tA of aB .,„,^ 
A + 27 <^^^' 

^ DL+LL—V , Hx,Xv)idth of aB ..„J,^ 

or + ^-^_ (138) 

whichever is the larger. 

A= gross area of cross section. 

Z>£=8tre8s from Dead Load. £L=8tre8s from Live Load. 
V produces no stress in BF. F' produces a uniform stress in 

When the wind blows from the opposite direction the condi- 
tions in the posts are reversed. Both cases must therefore be con- 
sidered in order to find the maximum stresses. The same is true 
of BB^ and FF% the stresses in which will, in general, change, as 
can be seen from (130) and (134). The stress in BF' will be the 
same as in B'F. See Eq. (131). 

The connection at B should be designed to take the stress in 
BB' and the vertical component of B'F:=V, although these 
stresses do not act simultaneously. The connection at B' must 
take the horizontal component of B'F, an amount equal to the 
stress in BB' going to BB', and an amount equal to ^ P+Bi 
goinjiT to the post. The oonniection at F' takes the stress in FF' 
while at F, this much of the horizontal component of B'F goes to 
FF' and the balance into the post. At F the vertical component 
of B'F=V goes to the post. 

1M« Qeneral Case of Portal with Columns Rxed at Top 
and Partially Fixed at tlie Bottom. Assuming as in the previous 
case, (See Fig. 205) that F deflects as much as B the distribution 
of the load between // and H' may be found as follows : 
For » greater than a (See Pig. 206). 

EI ^=itf,~«,x+<?(x-a) (189) 
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^=0 wlwD it=c, whence (7i=H«,c»-lf^-<?(%c*-06) 

Jr/^=lf,(«-c) -%7J.(x»-c»)+e(%a;»-<w-%c»+ac) (140) 
For X less than a 

^/ ^=^,-B^ (141) 

EI ^ =M^-y2R^+C, (142) 

When«=«, ^from (140)=»^ from (142). 

M,a-i,4B,«*+0,=Jlf,(o-c)-%/^(a»-c»)+Q(%a»-o»- 
%c*4-ac) 

C',=%B^»-Af^-%^(a-c)» (143) 

^iy=%Jf^-yeB^+(7^H- (C,=0) (144) 

Cf 18 given by equation (143). 

There is nothing in the derivation of equation (115) whieh 
will prevent its use in this case, in fact, the same relation may be 
derived from equation (140). We have then Xi=ie and takiiig 
moments about the upper point of inflection. 

Mr=B^ and lf/=J?,'a!/ '... (146) 

«=«.^=*=^^ (!«) 

Making 3?=a and substituting (145) and (146) in (144) 

_a^,(^s_a<j)+%«.(ac»-ia«) +%o«/-±^d5 («_c)« 

= J^[ o(io+c)-x,(a-fc)] (147) 

similarly 

»/= f^ [ a'(K+«')-«x'(a'-fc') ] (148) 

Now since B,=H, «,'=»', H+ir'=J2+P and »,=y/ .... (149) 



38» PORT AL-CX)LUMNS PARTIALLY FIXED. Art.lM.. 



^ '' ' ra^ [ «'(K+c')-a^'(a'+c') ] 

jff'^ a/qa(ja+c)-ai,(g+c)3 
-ff a'I[u' ( Jo'+c' ) -a!i' (o'+c') ] 

aZ'[rt(ia+c)-x,(o+c)] 
If /=/' both drop out of the equation. 
If the supports are on a level tt=a' and c=c'. 

H'^ ^+^ (151) 

/ |a(^a+c)-x/(a+ c)] 

/'[a(Ja+c)-«x(a+c)l" +^ 

If a=o' and x^=x^', B'=^ ^_tZ_ =(b^P) _^L^ (152) 

— + 1 
J' 

Equations (149) and (150) determine H and H' when «, 
and a;,' are known. These depend upon M, and 2lf/, which in 
turn depend on V. We must therefore solve by approximation. 
This can be more readily done if we transfer (150) as follows. 
Prom the derivation of (150) above, 
H a'I\a'(ia'+c/)-x,'(a'+c')] 

H\- ar\a(ia+c)-x^(a+c)] '"^ 

For convenience let »i'=a'(io'+c'),»i'=(o'-f-c'), ni==o(io+c) 

H a'l[m'-xi'n'] 
and n=(a4-c), then -gr = — -rn r 

Ml MJ 
Now from (145) .i;,=;-Ty and Xi'= -jr, (154) 

Then a/'^(m-«a:,)=a'/ff'(»»'-n'V) 

arUm-arHnXi=a'lH'm'-a'IH'n'x^' 

substituting from (154) 

arUm-aJ'nM^^^a'IH'm'—a'Jn'M," 

since H=R+P—H' 

arm{R-\-P)-armH'—aI'nM,=a'I(H'm'-n'M/) 

^,_ a7Ma(Jta+c) (if+P)-(a+c)3fJ+a'/(a-+cOM,> 

^ o'/a'(K+c')+a/'(io+c)o ^■^°®' 
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When a=a\ c=c\ {m=m^^ n==n') and /=/' 

j'=y,[ij+P+-^|+£-^ (i.f,'-iM.)].........,(l56) 

Get V and V from equation (124) or (125). 

Bt=H and K/==H' (157) 

B_|ff?:Z^andK/=fif'^ ^^^^^ 

Q=B^+H and Q'=:iJ/+H'(See Eq. (129) ) . . . . (159) 
To solve any particular problem, first find the approximate 
moan value of x^ and x\ by 

i(A + P) =^^ (for a=a') 
In this value of D, V is neglected. With this mean value, caUing 
E'-=^H' in (158) find an approximate value of V from (125). 
The second term will become zero, but this will be a ciose approx- 
imation of v. With this value of V find D and 2>' and M, and 
if 2'. Substituting the latter in (155) or (156) we get jff', and 

With these approximate values of H and ff' we get from 
(154) and (158) values of x^ and a;/, B^ and 12/. These in (125) 
give a new value of V. This should not differ much from the 
first approximation. Generally the effect of a change in V on fl' 
can easily be seen without again going through the entire calcu- 
lation. 

157. General Caaitoi Pdrtal with Columns Partially Fixed 
at Both Ends. In this case both x^ and x^ will be less than in the 
first case with both ends of the columns fixed. Equation (123) 
becomes 
»^=-F=i[(/?4P)(c-xJ-J7'(a-a'+2;/-a:J+Jlfi+Jlf/](160) 

^i=-y2*^i^i and M^=y2KI>2=Bx^ (161) 

3f/=y2&/Z>/ and M/=y2l/D/=nW (162) 

It will be necessary to determine H and x^ for two cases, one 
with the live load on the bridge and one with no live load acting. 

Dy^DL or DL+LL (163) 

D/=DL+V or DL+LL+V=D/ (164) 

D^DL^V or DL+LL-'V (165) 

Since Ifj' will be greater than M2, x/ will be greater than-2;i. 
We can find a value which will be nearly a mean of the two by 
ueing equation (155) or (156) to find If' and neglecting V in 
equation (161) and (162). We have then: 

Approx. mean value of x^ and x/= ^-^ - (166) 
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Sinee Jf ^ docs not involve V it can be determined at <Mifle 
from (161). Qaeasing at a value of 7, an approximate value of 
M^' for uae in (160) ia obtained which may be revised as soon as 
V has been approximately determined. M^^ can be revised and 
again applied in (160) neglecting the second term which is smalL 
Now having a dose approximation of V, we can find approximate 
values of !>, and D/, Jlf, and Jf/ from (165), (164), (161) and 
(162). From (155) and (156) we can find the corresponding 
value of H\ From (161) and (162) we find the first approxi- 
mate values of x^ and x^\ Now a revised value of V can be found 
and applied to get as before new values of H\ IT, x^ and x^\ This 
process may be continued until the required degree of accuracy 
is attained. 

Equation (155) ii3 applicable because a change in x, affects 
only slightly H or x-^ except through V, of which we take account. 
It has been shown from equations (115) and (146), in Art. 156, 
that a change in x^ does not effect x^ when the top of the column 
is fixed. We may therefore compare x^s for top and bottom fixed 
and for top not fixed but bottom fixed, even if in the latter esse 
the bottom is only partially fixed 

From equation (118) Xi= y/T ^^^ ^^^ being fixed. 

In a similar manner we may find «i=-o' (saT" ^ ^^*^"^ ^^^ ^'^^ 

being fixed. Both of these values equal %a when a^=c. The first 
equals 0.6a and the second 0.625a when c=2a. It is seen that 
even in the extreme case when 0^=^21^^ the discrepancy must be 
small. 

The stresses for this case are found in exactly the same man- 
ner as for the first case, but the formulas in the recapitulation of 
Art. 155 have to be modified because JB^ and Q are different We 
have: . 

H(a-xJ=Bi («-«,) (167) 

end B^Xr=W^iD^=M^ (168) 

from which Bi== — [ff (a-aH)+Jfil (169) 

e 

M 

snd Xr= g^ (170) 

Q===R,+H (171) 

M'=B+y2P+B,=«+%P+-L [H(a^x,)+M,] ..(172) 
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Horiz. Comp. B'F=iJ+P+B,+fi/=iJ+P+^-[fl(a+«j) 

■+H'{<^'+x^')+M^+M^'] (173) 

FF'=H'+K^'=H'+ — [W («'-«/) +Jf/J (174) 

The maximum stress in the posts laay be gotten from equa- 
tions (135) to (138) inclusive, remembering that H and H^ are 
not the same as in (172), (173) and (174). 

When the wind blows in the q^posite direction the same 
remarks apply as in Art. 155. 

158. Particular Caaes of Streatea in Portal Bradof • We 

shall now apply the general formulas which have been developed, 
to the usual particular cases of construction of portals. The 
various cases will be distinguished by numbers followed by the 
letters a, b, and c. The letter a denotes that both ends of the posts 
are fixed; the letter b that the posts are fixed at their tops, and 
the letter c that both ends of the posts are only partially fixed. 
(The case of one or both ends not fixed cannot occUr in practice.) 

In all the cases which follow we take the supports on a level 
and assume the posts to be alike. Therefore 
a'=a, c'=c, r=I 

It may happen, in any particular portal, that all three cases 
a, b, and c, occur, depending upon whetiier we are considering 
the windward or leeward post, or whether the posts are under 
dead load stress only or both dead and live loads are acting. 

159. Case No. 1. Simple X Bracing. 

Case No. 1 a. Portal with Posts FiaSied Top and Bottom. 

In this case x^=x/ and 

i. ,. /^^«v a(a4-c) 

from equation (118) a?i=o^-x — - 

from equation (106) H=H'=y2[B+P] 

from equation (128) «,=%[«+?] -— ' =«/ 

From equation (126) 

= -^[(iJ+P)(c-*,+ ^')] 
= ^[(/J+P)(c+Ha-4x,)] 
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i P f?tiP+:k(R-i-af^ R-hiP 





i^lRi-PJd+i^J 



i(ff*Pj \ % 



l\ 






a' 



Fig. 207. (GMeNo. 1.) 
(Stxesses giyen are for Case No. la) 

from equation (130) 

Stress in B5'==i^+y2P+%(JBH-P) ^=^ 

from equation (132) 

Horiz. Comp. B'F=(«+P)( 1+.^^|=^ ) 

from equation (134) 

Stress in Fi^'=H(«+P)( 1-|-^^|=^) 

from equation (136) Maximum stress per sq. in. in 

DL+LL+V Vz {B+P)x^Xwidth of a'B' 
a'B'= -^ + ^ 

From equation (138) Maximum stress per sq. in. in 

DL+LL-V y2{R+P)akX*oidth of aB 
aB= ^ + 21 

The connection at B takes the stress in BB' and the vertical 
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component of B^F=V, but these do not act simultaneously. When 
the wind is reversed, this connection takes the horizontal compo- 
nent of BF\ an amount equal to the stress in BB' going to BB^ 

and an amount equal to V^P+%(/?+^) ^' going to the* post; 

The connection at F takes ^ of the horizontal component of 
B'F into FF' and the other half into the post. At the same time 
the vertical component of B^F=V goes into the post. 

If aB is inclined as shown in Fig. 203, the stress in the bot- 
tom chotd of the truss from the top chord wind forces will be 
dzV sin 0: 

Case No. 1 5. Posts Fixed at the Top and Partially Fixed 
ai the Bottom. In order that a post may be fixed at the top we 
must have from equation (121) V^K^^^i^h^^i^^Bia—Xt) 

taking 27=1,^ (2J+P), and Xi= ^^|^^ if equation (122) Ls also 

satisfied we have Case No. la. 

In case No. 15 aj/>a; and H'^H (Fig. 205) although a;==a' 
and c==c\ 

This case must be solved by approximation as indicated in 
Art. 156. Having thus found x^, a;/, H, W, V and V we find the 
stresses exactly as in No. la. This will be illustrated by an ex- . 
ample. 

Lot us take a single track through railroad bridge of 8 panels 
at 24 ft., with a depth of 35 ft. and a width center to center of 
trusses of 16.5 ft., end posts inclined. 

The dead load stress in the end post is 100,000 lbs. and the. 
live load stress 212,000 lbs. The portal is connected so that in 
Fig. 207, c=43.5 ft., a^^l.5 ft., e=12.0 ft. C. to C. of bearings 
on top pin -- A:i=^20 in. C. to C. of bearings on bottom pin= 
*:,=21 in. 

Wind Load per ft.=150 lbs. on top chord. Wind Load per 
Panel=-P=3,600 lbs., ie=2i/2P=9,000 lbs. fi-f P=12,600 lbs. 
Top: i/2A;iZ>=10X 100,000=1,000,000 in. \hn.=D. L. Mom. 

=10X212,000=2,120,000 in. ibs. =L. L. Mom. 

3,120,000 in. lbs. =:Total. 

This is at B. If the post is fixed at this point, it certainly will 
be at B' also. 
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Bottom: %*,ZX^10. 5X100,000=1,050,000 in. lb8.=Z>. L. Mom. 
=10.5X212,000=2,230,000 in. lb8.=L. L. Mom. 

8,280,000 in. lhi.=TotaL 

• 12600 

From equation (121) M^= — 7 — (a— Xj), 

81.5(31.5+43.5 ) _,,, 
^~ 94.5 + 43.6 —^^'^ 

jf,= irp: (31.5~17.1)=45,300 ft. Ib8.=544,000 in .Ita. 

Since this is leas than y^^J^ above, the tops of the posts are 
fixed, 

Jt/3=i/2(fi+P)a:,=6,300Xl7.lX 12=1,290,000 in. lbs. 

Since this is more than ^A;,!) under D. L., not considering 
V which will make the diflFerence stiD greater, the bottom of the 
pest is partially fixed under dead load only. On account of the 
large margin it will evidently be fixed when the live load is on 
the bridge. We have then only the former case to consider here. 

Neglecting T" and calling H=H\ we get nearly a mean value 
of Xi and a?/ from , ^p , p. = — j^riFr- =167 in.=13.9 ft. 

Prom (155), B^= |ff ^^^^ Taking H as above 

e 

JKj approx.=f X 6,30C ^-^12^- =13,800=«j' approx. 

Prom equation (125) 

= j^ (12,600(43.5-13.9)+ ^ 27,600] =29,800 

1st Trial 

2)=100,000 -29,300= 70,700 lbs. 
P'=100,000+29,300= 129,300 lbs. 
Jf,= 70,700X10.5 = 742,500 in. lbe.= 61,900 ft. lbs. 
Jlf/=129,300X10.5 =1,358,000 in. Ib8.=113,200 ft. lbs. 

.V,'— if,= 51,300 ft. lbs. 
From equation (156) 

H'=y,(12,600+ 31 5O0.t+ 43 5) 51,300)=7,430 
^=12,600-7,430=5,170 
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^^ 5170 —^^'^ "• ^* TisoT -r-^ "• 

3nd Trial 

B,= I X 5,170 ^^ ^~^^ =12,600 

«/= 7,480 5^=^=15,100 

F=8 jg^ [12,600(43,5-12) -7,430 X3.2+yx 27,700] =29,300 

Since this is exactly what was iised in the first trial we need 
not again calculate H and x^. 

In any case V will not vary much from the first approximate 
determination, and it is readily seen what effect a change in V 
win have upon M^, M^^ and H\ 

Now we have rri=12.0 ft., a;/=15.2 ft., H=5,170, H'==7,430 

5^=12,600, jRi'=15,100 
Prom equation (130) 

Stress in BB'=9,000+1,800+12,600=23,400 lbs. 

From equation (131) 

Horiz. Comp. B'JP=23,400+1,800+15,100=40,300 lbs. 

Prom equation (134) 

Stress in *'F'=7,430^-15,100=22,530 lbs. 

The maximum stress in the poets occurs at a' but this comes 
under case No. la, as the live load must be on the bridge. 

Case No. Ic. Posts Partially Fixed Top and Bottom. As in 
the previous case we first test by equation (121) and (122) to 
see whether or not either end of either post is fixed under any 
condition of loading. We solve by approximation in a manner 
exactly similar to the previous case, using equations of Art. 157. 
This will be illustrated by an example. 

Let us consider a highway bridge of 150 ft. span with 9 
panels at 16.67 ft. Depth=22 ft. *=17.17. Z>L=630 lbs. per 
lin. ft. />L=:--1,600 lbs. per lin. ft. End Posts inclined. 
DL Stress in End Post=26,400 lbs. 
LL Stress in End Post=66,800 lbs. 

93,200 lbs. Total. 
c= 28 ft. 0=20 ft. e==8 ft. k{=9 in. fc2=9y2 in. 
P=150X16 i =2,500 lbs. i?+P=16.67Xl50X4=10,000 lbs. 
Now let us test for fixity of the ends of the posts. 
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^- /-..ox 20(20+28) 20X48 

From equation. (118) x,-= ^0+28 88 =^^-9^- 

From equation (106) ^=H'=y2(i2+^)=5,000 lbs. 
Prom equation (128) Ui= | X 5,000 ^^^^^^^==8,500 lhs.=/J/ 

From equation (126) V= j^ (10,000X17.1+ | X 17,000) 

=12,600 lbs. 
Prom equation (121) 3fi=-tX 8,500=22,600 ft. lbs. 

=271,200 in. lbs. 
From equation (122) 3f2=5,000X 10.9=54,500 ft. Ibe. 

=654,000 in. lbs. 

Top : i/2Jfc,7)=4.5 X 93,200=420,000 in. lbs. at B with LL on. 
or =4.5X26,400=119,000 in. lbs. at B with DL only. 

V2V/)'=4.5X (93,200+12,600)=476,000 in. lbs. at B' with 

LL. on. 
or -=4.5X ^26,400+12,600)=175,500 in. lbs. at B' with 

DL only. 
These values are greater for live load stress and less for 
dead load only acting, in each post, than the value of M^. There- 
fore thv^ posts are parfialhj iixed at the tops under dead load 
only. 

Bottom: V2Aj2J> =4.75 (93,200— 12,600)=383,000 in. lbs. at a 

or =4.75(26,400-12,600)= 65,500 in. lbs. at a 

i/j,A;//>'=4.75(93,200+12,600)=502,000 in. lbs. at a' 

or =4.75(26,400+12,600)=185,200 in. lbs. at a' 

Since all of these are less than M^, the bottom ends of the 
posts are not fully fixed under either condition. For maximum 
moment in the posts; this problem comes under case No. lb. Here 
we shall consider the other case, that is, dead load only acting. 
We have from equation (160) 

F=-^l(Z^i-P)(c-x,)-77'(x/-x,)+M,+M/] 

Prom equation (166) approx. mean value of x^^ and x/ 

DKAA) 

From equation (161) 

i>fi=4.5X26,400=119,000 in. lbe.=9,900 ft. lbs. 

Before we can get M/ we must know V. 
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For an approximate M^' we will assume F=13,600. (F will 
be larger than 12,600 determined from equation (126) because Xx 
will be smaller.) 

Ist. Approx. ilf,'=>1.5(26,400+13,600)=180,000 in. lbs. 

= 15,000 ft. lbs. 

From equation (160) 

1st Approx. F=j^ 1 10,000 (28-2.1) +9,900+15,000] =16,700 

1st Trial :— 

I?=26,400-16,700^ 9,700 
P'= 26,400+16,700= 43,100 

Jlfj= 9,700X4.75 = 46,000 in. Ib8.= 3,830 ft. lbs. 
Jf/=43,100X4.75 =205,000 in. Ib8.=17,100 ft. lbs. 



13,270=ilf/-Jlf, 

From Bq.(156) ff'=y2(10,000+2g-^gt?§__i3,270)=5,4601be. 

ir=10,000-5,460=4,540 lbs. 
3830^, -■, , ■ 
*'= 4540=^-^ ^*- 
_17100 
'^ 5460 *•" "• 
2nd Trial :— lfi=9,900 as before. 

J(f,'=^(26,400+16,700)=16,200 ft. lbs. 

From Equation (160) 

F=^^ [10,000(28-0.84) -5,460(3.13-0.84) +26.100] 

=16,600 lbs. 

D =26,400-16,600= 9,800 lbs. 

D'=26,400+16,600= 43,000 lbs. 
, , Mf= 9,800X4.75 = 46,500 in. Ib8.= 3,880 ft. lbs. 
•. lf,'=43,00OX4.75 =204,000 in. lbs.=17,000 ft. lbs. 

13,120=ilf,'-2lf, 
20 -4- 28 
W=y2 tlO'000+ 20(6 67+ 28) (13.120)] =5,455 lbs. 

ir=10,000-5,455=4,545 lbs. 



3880 
4545' 
17000 



3^1=4545=0.854 ft. 



.... =3.11 ft. 
5456 
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These values differing so little from tho6e of the finst trial 
shows that they are close enough for practical purposes. 
From Eq. (169) 

22,=i/& [4,545 (20-0.854)+ 9,900]=12,100 
B/=% [5,455 (20-3.11 ) +16,130] =13,540 
From Eq. (172) 

Stress in B5'=8,750+12,100^20,850 lbs. 
From Eq. (173) 

Horiz. Comp. B'l?'=10,000+12,100+13,540=35,640 lbs. 
From Eq. (174) 

Stress in ify'=5,455+13,540=19,000 lbs. 
Maximum stress in the posts occurs at F\ but this comes 
under case No. 1 h. 

For connections see remarks under Case No. 1 a. 



160. Case No. 2. Plate Girder Portal. 

Case No. 2a. Posts Fixed Top and Bottom. 
6=0 and a=c and y2*,D=iA(«+P)a 



In this case 



^-^S'- i^ 



/ 



±0^^^ 






^ateGinder 



Point of'/nffexion^ 
H 




V 



Fig. 208. (Case No. 2) 



From equation (118) 

^=y2a=«i' 
From equation (106) 

J5r=ir'=y2(«+P) 

From equation (122) 

itf,=y4(«+P)a 
From equation (126) 

= ^(R+P) (a+d^x^) 
Bending moment in 
the posts at a, a\ F and 
l?"=y4(B+P)a. 

The maximum stress 
in the posts is at F' and 
is found from equation 
(135). 

To find the stresses 
in the girder take any 
section Im, with the cen- 
ter of moments at m. 



BB'd- (72+y2P)(J-H(a~ajJ+F«==0. 
BB'd^{R+y2P)d+%{B+P)a-yx. 
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When rc=0, BB'=y2B+n ( I+V2 -^) 

When a?=y26, BB'=i^«. 

When x=b, BB'=y2R-H ( 1+% -|^) 

5fi' has therefore a uniform compreflsive stress equal to 14* 
and a uniformly varying stress. The latter equals zero at the 
center, is compressive on the windward side and tensile on the 
leeward side. 

With the center of moments at I 

FF'd=rE (y2a+d) -Fx FF'=H-^^!^—V~ 

When iF=0, FF'=^H ( l+Vo -^) 

When iC=--=%&, FF'=0. 

When x=b, FF'=^H ( l+yg -|-) 

FF' has therefore a uniformly varying stress from compres- 
sion on the leeward side through zero at the center to tension on 
the windward side. 

The difference in stress between BB' and FF' \a y^R. 

The vertical shear in the web at any section is F. 

The moment at the middle of the girder at any section 
Zr,i=y2(i2+y2P)d+yoH(a+ii) -Frc. 

For the connection BF the moment is %(i2+V2^)<^+ 
%J5r(flf+d), and the shear is V. 

All stresses are reversed when the direction of the wind is 
reversed. 

Case No, 2b. Posts Fixed at the Top arid Partially Fixed 
at the Bott&tn, (See Fig. 208.) In this case from equations 

(121) and (122) V2KD^Vs(^+P)<^ and y2*«^<%(B+P)fl, 
but on account of the construction the posts may always be con- 
sidered fixed at the top, so the latter condition is the only one 
that need be tested. 

An approximate mean value of x^ and x/ is determined from 

the equation ^«=T^Xp\- V is neglected in this value of D. 
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Approx. F=-i-(B+P)(o+d-x„) 

D=DL{-\-LL)-V D'=DL{+LL)+V 

From equation (156) fl'=y2[«+P+^(Af,'_j|f,)] 
H=B+P—E' 

T^=X [(*+P)(«+<i-a'i)--ff'U/-a;i)] 

If this value of V is near enough to the value given above, 
we need not again determine H, H', Xj and x^'. 

The bending in the posts at a=Hxi, at a'=n'xi', at F= 
H(a-Xi) and at F'=H'{a—x/). 

The maximum stress in the posts will occur ^at o' or P'. 
Other stresses are gotten in a manner exactly similar to the pre- 
vious case (No. 2 a). 

a a 

Shear in the girder web at any section=F'. 
The monbent at the middle of the girder at any seetion 

Im=y2(ie+y2P)d+H(a-Xi+y2d)-Fa;. 
For the connection BF 

the moment=y2 (/2+y2P)ci+fl( a— a?i+ -^ ) 

and the shear=F. 

All stresses are reversed when the direction of the wind is 
reversed. 

Case No, 2c with the posts only partially fixed at both the 
top and bottom, can never occur because by the construction the 
tops of the posts are always fixed regardless of the direct stresses. 
Of course the connection BF must be properly designated. 

161. Case No. 3. Latticed Portal. 

C(Ute No. 3a. Posts Fixed Top and Bottom. (See Fig. 209.) 
The stresses for this case are the same as for No. '2a exoepting» of 
course, that the stresses in BB^ and FF\ in place of varying uni- 
formly, increase at intervals equal to the distance between con- 
nections of web members. 

The shear at any section may be taken as equally distributed 
over the web members cut. The connection at F must take the 
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Fig. 209. (Oas^No. 8.) 



stress in FF' at F, and 

the stress in the web 

member connecting at 

F, In the connection at 

F^ the stresses are of 

opposite kind. Similarly 

for connections at B 

and B\ 

Intermediate connec- 
tions between B and F 

must take their portion 

of the shear and must 

hold the post in line be- 
tween B and F. When 

the wind reverses all 

wind stresses reverse. 
Case No. 3b. The 

stresses are found exact- 
ly -as for case No. 2 b, 

and the remarks under 

No. 3a apply. 

Cas^ No. 3c. Cannot occur. See remarks under Cast No. 2c. 
162. Case No. 4. Knee Braced Poilal, Case No. 4a. Posts 

Fixed at Both Ends. 
(See Pig. 210.) What- 
ever pieces are inserted 
simply for the sake of 
appearance, or to stiffen 
other members are not 
considered as taking any 
stress. A latticed portal 
in appearance, may be 
made of this, but only 
the members shown by 
full lines in Fig. 210 are 
calculated to take the 
stresses. The members 
shown by dotted lines 
simply serve to stiffen 
the knee braces at their 
middle. 




Potnfof/nf/exion^ \ 




Fig. 210. (Case No. 4) 
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From equation (118) x^=x^'=^ » . 

From equation (106) F=Z7'=i/2(i2+P) 

From equation (128) B^=R^'=%{R+P) ^^^ 

From equation (121) %fciD=Af,^J«-fti, 
From equation (122) 3^fc^.=3f3=JEfoi- 

Prom equation (126) V=--V^=^ [{R+P){C'-x^)+ieR{]. 



-L[,B+P)(c-^+2^-)] 



Stress in BC=JJ+y2P+i2,=B+y2P+%(B+P)^^ — - 
Stress in CJ;'=y2P+U/=y2P+% («+P) ^=^ 

Horiz. Comp. (7F=^=U,+H=Horiz. Oomp. C^'. 

Stress in BF='-^B'F'=V—YeTt, Comp. C2?'==0. 

Bending in the posts at a and a^=y2{B-\'P)Xj^, 

Bending in the posts at F and F'=y2{B+P) {a—Xi). 

The maximuni stress in the posts is at a\ 

The connection at B takes the stress in BC md at B', the 
stress in B^C, 

The connection at C transfers the Horiz. Comp. of CF and 
CF' to BB\ 

When the direction of the wind is reversed the stresses are 
all reversed. 

Case No, 4b, Posts Fixed at the Top and Partially Fixed 
at the Bottom. 

^kiD^Mi^VseB^ and y2kJ)<M^<Hxi 

The approximate mean value of x^ and x^^ is obtained from 

the equation Xta= i/p-l p\ > neglecting V in D. 

Approximate value of B^=R/=%iB+P) ?— ^ 

1 ^ 

Approximate value of y=-ir |(B+P)(c— a^)4- J eJBJ 

Z>=/)L(+LL)-y Z>'=I>L(+LL)+F' 

Jtf2=y2*^ Jlf/=i/2fc,2>' 

M, . , Mi 
^i=jf aiid Xi = jp- 
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J^nd Approximation. 



B,=>^H 



a — Xi 



B/=|lf 



,a— Ji 



F= j-[{R+P) (c-Xx)-^'(^/-^)+y3^(Bi+B/)] 

Now find D, H, and x^ as above. Having now jBj, JSj', H, 
-H'j *i> ^i' aiid F, the atresses are found as in case No. 4a. 

Case No. 4c. Posts Partially Fixed at Both Ends. 
y2KD<Mi<^Bi and y2k^<Mi<Hxi. In these two test 
equations the values of B^, U and x^ are the same as those given 
under Case No. 4a. The approximate mean value of x^ and x^ is 

^*^«= l(R+P) ' ^®^1®<^*"^« F in P. 

ilfj=i^fcjZ>. Approx. Afi'=V^A;i(Z>4-approx. V) from which 

Approx.F= J [(i2+P)(c_avn)+3f,+Jlf/]. 

Now proceed as under case No. 46, using however equation 

(169) for JJ,= — [Hia--x^)-\-M^]. 

€ 

163. Case No. 5. Latticed Portal for Shallow Trusses. 

Case No. 5a. Posts Fished 



iP£' o' 




Point of /nffe/cion.^x 




1—1 



at Both Ends. The style 
of portal shown in Pig. 
211 is used when the 
clearance line comes but 
little below the top of 
the end posts. The top 
flange EE^ is supposed 
to be fastened to the top 
chords of the trusses. 
The posts may be either 
fixed or partially fixed 
at B and B^ so, as far as 
they are concerned we 
may havft any of the 
three general cases. 

H, V, Xi, and Jlf^ 
may be gotten as for 
case No. 4a. 



Fiff. 111. (Case No. 6) 
Taking the section Im with the center of moments at C, 



GG'd+H(c+d-x^)- 



'V-j+M,=0. 
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Taking the center of moments at 0, 



CD=H 



■an 



-yi 



M, 



+B+y2P=-cz>^. 



d ' d d 
Vert. Comp. of (?C=y=— Vert. Comp. of C0\ 
Taking the section rs and the center of moments at B 



Horiz. Comp. of QF=II 



c — Xi 



^■=«.+H. 



BP=YeTt. Comp. of OF-'V=^—B'F\ 
Vert. Comp. of 2>B=Vert. Comp. of D6=BF. 
GB=Horiz. Comp. of DB—R^=-0'B'. 
DE=R-^yzP and D'W^y^P- 

When the direction of *the wind is reversed the stresses are 
reversed. 

Case No, 5b, Posts Fixed at the Top and Partially Fixed at 
the Bottom, H, V, R^ and x^ are found exactly as under case 
No, 4by and then the stresses are found as in the preceding case, 
No, 5a. 

Case No, 5c, Posts Partially Fixed at Both Ends, The ex- 
tcrnal forces are found in exactly the same manner as under case 
No. 4c, and then the stresses as in case No, 5a, 

164. Case No. 6. Plate Oirder Portal Knee Braced 
Case No, 6a, Posts Fixed 
Top and Bottom, In 
Fig. 212 if the plate 
girder BEE'B' is rigid- 
ly connected to the post 
at EBy we may take the 
post as fixed at B in all 
casesy as with the Case 
. No, 2, Art. 160. H, V, 
x^ and R^ may be gotten 
as for the case No, 4a, 
M,=VseR^, 
With a section Im and 
a center of moments at 

Or, 

KK ' ~ 

Ml 



=ff 



-V-r+ 



-f+B+VzP. 
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With the center of moments at I 

Shear between OK and 0'K'=V. 

The stresses to the right of 6 in the girder are statically 
indeterminate. According to the above value of 00^ the stress 
in the bottom flange increases as x decreases. We may assume 
that the increase from G to B is taken by OF, whence OB is con- 
stant and equal to the stress given above for 00^ when «=/, 
therefore, 

a ad 

Taking a section rs with a center of moments at E, 

Horn. Comp. of GF=n '-±^ + ^-GB ^^ 

=V -jr- =— Horiz. Comp. of 0'F\ 

Taking a section rs with a center of moments at B, 

KE=H ^^^ + ^ H-U+i/gP-Horiz. Comp. OP-^ 

Taking a section pq at F, 

BF=V—\Qrt. Comp. of OF=^B'F\ 

d+e d-\-e 

Connections at G and F should take care of both components 
of OF, the strut being either in tension or compression. 

The connection at E should take the stress EK and at B the 
stress OB. In addition the connection between E and B should 

take a shear equal to V -j— - 

Case No. 6b. Posts Fixed at Top and Partially Fixed at 
the Bottom. H, V, x^ and E^ may be gotten as for the case No. 
4b. Then the stresses are found exactly as in the preceding case 

No. 6a. 

Ca.^e No. 6c. This case cannot occur under the supposition 
stated at the beginning of this article. Should EB not be con- 
tinuous with the post, this case resolves itself into one similar 
to No. 5 which will be treated in Art. 165. 
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165. Case No. 7. Plate Qirder Portal for Shallow Trusses* 

Case No. 7a. Posts Fixed both Top and Bottom. This case k 
exactly similar to No. 5. 

There is a horizontal 
shear in the girder, equal 
to R-\-P which is trans- 
mitted to B. This girder 
also takes a vertical shear 
and a bendmg moment. 
The vertical shear equals V 
between OK and Q'K' and 
equals the stress in BF be- 
tween BE and QK. 

The moment is a max- 
imum at OK and G'Z' and 
equals BFyJ. 

With a section Im and 
center of moments at B, 
Horiz. Comp. of OF 




Fig. 213. (Caae No 



J?f'=Vert. Comp. of OF-V. 
H, V, Afj and Xj may be found as for case No. 4a. 
Cases No. 7b and No. 7c are to be treated in a manner exactly 
similar to Cases No. 5b and No. 5c. 

166. Stresses in Railway Bridges havins: Curved Track.^ 

The stresses in railway bridges having curved track, are different 
from those in bridges with straight track, on account of the re- 
sistance which must be offered by the track, in changing the 
direction of a moving train, on account of the center line of track 
deviating from the axis of the bridge, and on account of the dis- 
placement of the center of gravity of the train due to the super- 
elevation of the outer rail. 

We have then, affecting live load stresses, *' centrifugal 
force,*' and ** eccentricity." 

The centrifugal force of a body of weight P moving in a 

PV* PV* 
circular path is CP= = qo o (175) 



gr 



32.2r 



iF\>r a oomipilete disciMeioii of this subject eee Trans. Am. Soo. 
C. B.. VoJ. XXV, p. 459. 
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If Dc be the d^ree of curve, 



5730 1 



Dc 



from which CP=-. 



32.2X5730 



(176) 



If the velocity of the train be taken at 50 mi. per hour 

73x73 
=73 ft. per sec., equation (176) becomes <^^== 32 2x5730 ^^** 

or CP=0.0288PZ>c. In other words the centrifugal force equals 
nearly 3% of the load for every degree of curvature. It is usually 
specified 3% for all curves up to 5° and the additional, reduced 
tD 1% for every degree over 5** on account of the slower speed on 
sharp curves. 

To illustrate the method of calculating live load stresses in 
bridges having curved track, let us consider a 160 ft. span, single 
track, through bridge, of 8 panels at 20 ft. Let us suppose the 
track to be on a 5® curve, that the axis of the stringers corres- 
ponds with the axis of the bridge, and that the latter bisects the 
middle ordinate of the curve in the span length. Fig. 214 shows 
the eccentricity of the center line of track at the floor beams. 




Fig. 214. 



In Fig. 215 C.G. is the center of gravity of the train, sup- 
posed to be at a uniform height k above the center of the track. 



1 See Carhart'fl "Field Book for Civil Engineers," page 31, 82 & 33. 
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CP is the centrifugal force of 
the weight P, and e is the ec- 
centricity of the center of 
gravity with respect to the 
axis of the bridge, taken posi- 
tive outwards, e equals the 
eccentricity of the track plus 
or minus k tan a 

The lateral connection is 
at the bottom of the floor 
beam and the stringers are 
riveted between the floor 
beams. For any particular 
panel, e is taken as the mean 
of the eccentricities at its two ends and for any particular panel 
point, m the mean of the eccentricities for the two adjacent 
panels. The lower lateral system is below the center of the lower 
chord of the trusses. 

Let us assume in our example /c==5 ft. superelevation of outer 
rail==5 in.-^=r:0.417 ft., /=6.17 ft. and q=lQA ft., \=1S) ft., 
6=16 ft. 

Stringers, Taking moments about the outer stringer in Fig. 
215 we get the load on the inkier stringer 




Fig. 215. 



(177) 



_ P,(^b,-e,)-CPif 

^'~ br~ 

Taking moments about the inner stringer we get the load on 
the outer stringer, 

^^,^ PiiV2iAe,)+CPJ ^ j^^ 

We see that equation (177) is a maximum when (7==0, that 
is. when the train is standing still. 

Maximum Load on inner stri}iger=Y2Pi(^ — ^X" V * (^'^^^ 

Maximum Jjoad on outer strin^er=y2Pi(l + 2 "j" "^ )(180) 

Taking the third panel for example, the average eccentricity 

697-4-1 221 
of the track= ' ■■ ■ "^ ' — =0.959 ft. This is decreased by the 

elevation of the outer rail 5 in.=4).417 ft., therefore ei =0.959 — 
0.417=0.542. For the inner stringer we have from equation ( 179), 
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a maximum load= \Pi ( 1—2 ' „ J='V2Pi XO.83. For the outer 
stringer from equation (180) the maximum load 



--=y2Px ( 



1+2 



0.642+0.15X6.17 



) =y2PiXl. 



42. 



-^ - — 7JJX i/s^.^*-. That is, the 

maximum load on the inner stringer is 85% and on the outer 
stringer 142% of what it would be if the track were straight. The 
same percentages hold for maximum moments and shears. Since 
€i Tat ios, the stresses in the stringers vary from panel to panel. 

Stringers are sometimes placed so as to have nearly the 
same eccentricity throughout the bridge. In this case more rivets 
fire required to connect them to the floor beams as they do not 
come opposite. 

The top flanges of the stringers are subjected to transverse 
shear and bending. If the shear be supposed equally divided 
between the two stringers of a 
panel, and if there is bracing 
between the top flanges as 
shown in Pig. 216, there will 
be a bending moment due to 
carrying the centrifugal force 
to the panel points a, b, c, d 
and e. There will be tension 
in ac and compression in bd. 
This action is a relief to the 
outer stringer flange, which 
will be greater if th« bracing 
is put as shown in Fig. 217. 

The shear is transmitted 
to the floor beam through the Fig. 217. 

stringer connection, producing a horizontal shear and a moment 
on the rivets. 

Laterals, Pig. 215 shows the horizontal shear CP resisted 
by one system of laterals, CP being a panel load. When the 
centrifugal force is large, it is advisable to make the laterals so 
ar to act as two systems, half being taken by each. We have 
assumed in Pig. 215 that all of CP is taken up by the lower 
lateral system. In reality the posts will take a smaU portion to 
the top lateral system. The bottom laterals being below the pin 
center, their longitudinal components must be transmitted to the 
bottom chord by bending in the posts. 



1^ Oi/fer 


c stringer ^ 


\ ^ 


A\ / 


\ ./ 




M 


\ 7 


^ 


inner d 




ng. 216. 




Outer 




'* A\ 




\/ \ 



806 STRESSES DUB TO CURVED TRACK. Art. 166 

Since C is a constant for any particular bridge, (unless it is 
on a compound curve), CP and P will be the same for each panel, 
if the live load is a uniform load. Otherwise the maximum shear 
and maximum moment at any point of the horizontal truss, will 
occur for the same position of the load as for maximum shear 
and moment at that point in the vertical truss. 

Floor Beams. Taking moments about in Pig. 215 we have 

Taking moments about I we have 

v.^ P(y26+e)+CPg =-.^p (1+2 fi^ ) (182) 

V, the reaction at the inner truss, is a maximum when the 
train is standing still, and V is a maximum when it is running 
at the maximum speed. The maximum V and F' do not occur 
at tho same time. 

Max. F (inner truss)=y2P(l—^ ) (183) 

Max. V (outer tru88)=i^P / 1+2 ?±^ ) (184) 

In this case e is an average of the two adjacent panels. 
In our example, taking the floor beam between the second 
and third panels. Fig. 214, we have 

, 1.221+2X0.697-0.176_^^, .^ , . .^ .^ , 

e'= ' J =0.61 ft.=eccentricity of track. 

0.61—0.417 (decrease due to elevation of outer rail)=0.193==« 

Prom (183) y«uc=y2P ( 1-^^^^^ ) =y2PX0.976. 

From (184) y-^V2P(l+2 "'^^^+^f >< '''^ )-^%PX 1.217. 

That is the reaction at the inner end of the beam is 97.6% 
and at the outer end 121.7% of what it would be if the track 
were straight. 

The moment in the beam is T(%6— %fci) at the inner 
stidnger, and T'(i^6— %6i) at the outer stringer; Use the 
larger. 

Use F or y to find the number of rivets required in bearing 
on the beam web at the stringer connections, (to carry the live 
load), remembering that these rivets also take a horizontal 
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diear=%CP and a momejit=y4^CPdu (d, being the depth of the 
stringer) except when V ia a maximum, when the train is stand- 
ing still. 

The compression in the bottom flange of the floor beam, as a 
member of the lateral system, reduces the tension from direct 
load, when the train is moving. 

Trusses. The panel loads for the trusses are equal to the 
floor beam reactions, using proper values for P. If actual wheel 
loads are used, it will simplyify the work to use an equivalent 
uniform load for that part of V and V which depends on e and 
is different at each panel point. Prom equations (183) and. 
(184) the panel loads may be found for the various positions of 
loading which give a maximum stress in each member of the 
trusses. 

It is evident that the outer truss will have larger stresses 
than the inner, nevertheless, the trusses are usually made alike. 
The inner truss is made stronger than necessary. When the curve 
is sharp, it might be desirable, on account of economy, to move 
the track nearer the inner truss, thus equalizing the stresses in 
the trusses. This cannot be done in the bottom chord (of a 
through bridge) because this also belongs to the lateral system. 
The stresses in the top chords may be made equal. This will 
necessitate spreading the trusses in order to preserve the required 
clearance. On account of the slope of the end post in a through 
biidge, the clearance is calculated at some distance inside the 
ends of the bridge. 

Moving the track nearer to the inner truss does not save 
material in the trusses, but it saves drafting and shop work by 
making the trusses alike (except the bottom chords). This is 
done in through bridges at the expense of extra material in 
the floor beams and lateral systems, and if the substructure is to 
be new, at considerable extra expense in it, because of the in- 
creased width. 

It will be noted that the wind may have the same or opposite 
efllect, to that of the centrifugal force, in the lower chord, and 
that the maximum compression in the lower chord due to centri- 
fugal force, does 7iot occur when there is a maximum tension in 
this chord from vertical load. 

It will be noted that all stresses are best obtained by first 
calculating them as if the track were straight, and then using 
the multipliers of ^P in the above equations. 
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QUESTIONS AND PROBLEMS. CHAPTER XIV. 

1. If a tension chord stress due to vertical loads is 240,000 
lbs., and the wind stress in the same chord member is 72,000 lbs., 
what unit stress must be used in determining the cross section 
according to the Specifications for Steel Railroad Bridges of the 
Am. Ry. Engineering and M. of W. Assoc. (1906 Edition, see 
Sees. 15 and 23). 

2. The bridge shown in Pig. 193 has a span of 120 ft., 
height 25 ft., distance cent, to cent, of trusses, 16 ft. The end 
post stresses are, Dead Load=94,000 lbs., Live Load=196,000 lbs. 
^1=14 inches. A;2=15 inches. The end posts are alike. 6=8 ft. 
Wind Ijoad=150 lbs. per lin. ft. of top chord. Are the end posts 
fixed at either end? Find the stresses in the portal bracing if it 
is of the type shown in Fig. 205. 

Find, the maximum stress per sq. in. in the End Posts if 
7=1 J90, and the maximum width if the member is 21 inches. 

3. Find the percentages of the load which will go to the 
stringers of the second panel of Fig. 214. 

4. Find the percentages of load which will go to the hip 
verticals of Fig. 2l4. 

5. Show why the maximum bottom chord stresses of the 
two trusses of a through bridge on a curve, will not be equal, 
when the track is so placed that the maximum stresses in the top 
chords are equal. 
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